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Preface to "Neutrosophic Multi-Criteria 


Decision Making" 


The notion of a neutrosophic quadruple BCK/BCI-number is considered in the first article 
("Neutrosophic Quadruple BCK/BCI-Algebras”, by Young Bae Jun, Seok-Zun Song, Florentin 
Smarandache, and Hashem Bordbar), and a neutrosophic quadruple BCK/BCI-algebra, which 
consists of neutrosophic quadruple BCK/BCI-numbers, is constructed. Several properties are 
investigated, and a (positive implicative) ideal in a neutrosophic quadruple BCK-algebra and a 
closed ideal in a neutrosophic quadruple BCI-algebra are studied. Given subsets A and B of a 
BCK/BCLalgebra, the set NQ(A,B), which consists of neutrosophic quadruple BCK/BCI- 
numbers with a condition, is established. Conditions for the set NO(A,B) to be a (positive 
implicative) ideal of a neutrosophic quadruple BCK-algebra are provided, and conditions for 
the set NQ(A,B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra are given. 

Techniques for the order of preference by similarity to ideal solution (TOPSIS) and 
elimination and choice translating reality (ELECTRE) are widely used methods to solve multi- 
criteria decision-making problems. In the second research article ("Decision-Making with 
Bipolar Neutrosophic TOPSIS and Bipolar Neutrosophic ELECTRE-I"), Muhammad Akram, 
Shumaiza, and Florentin Smarandache present the bipolar neutrosophic TOPSIS method and 
the bipolar neutrosophic ELECTRE-I method to solve such problems. The authors use the 
revised closeness degree to rank the alternatives in the bipolar neutrosophic TOPSIS method. 
The researchers describe the bipolar neutrosophic TOPSIS method and the bipolar neutrosophic 
ELECTRE-I method by flow charts, also solving numerical examples by the proposed methods 
and providing a comparison of these methods. 

In the third article ("Interval Neutrosophic Sets with Applications in BCK/BCI-Algebra", 
by Young Bae Jun, Seon Jeong Kim and Florentin Smarandache) the notion of 
(Tj), (KD) F(m,n))interval neutrosophic subalgebra in BCK/BCI-algebra is introduced for 
ijklm,n infoNumber 1,2,3,4, and properties and relations are investigated. The notion of 
interval neutrosophic length of an interval neutrosophic set is also introduced, and the related 
properties are investigated. 

The bipolar neutrosophic set is an important extension of the bipolar fuzzy set. The 
bipolar neutrosophic set is a hybridization of the bipolar fuzzy set and the neutrosophic set. 
Every element of a bipolar neutrosophic set consists of three independent positive membership 
functions and three independent negative membership functions. In the fourth paper ("Cross- 
Entropy Measures of Bipolar and Interval Bipolar Neutrosophic Sets and Their Application for 
Multi-Attribute Decision-Making”), Surapati Pramanik, Partha Pratim Dey, Florentin 
Smarandache, and Jun Ye develop cross-entropy measures of bipolar neutrosophic sets and 
prove their basic properties. They also define cross-entropy measures of interval bipolar 
neutrosophic sets and prove their basic properties. Thereafter, they develop two novel multi- 
attribute decision-making strategies based on the proposed cross-entropy measures. In the 
decision-making framework, the authors calculate the weighted cross entropy measures 
between each alternative and the ideal alternative to rank the alternatives and choose the best 
one, solving two illustrative examples of multi-attribute decision-making problems and 


comparing the obtained result with the results of other existing strategies to show the 


applicability and effectiveness of the developed strategies. At the end, the main conclusion and 
future scope of research are summarized. 

Soft sets (SSs), neutrosophic sets (NSs), and rough sets (RSs) are different mathematical 
models for handling uncertainties, but they are mutually related. In the fifth research paper 
(“Multi-Attribute Decision-Making Method Based on Neutrosophic Soft Rough Information"), 
Muhammad Akram, Sundas Shahzadi, and Florentin Smarandache introduce the notions of soft 
rough neutrosophic sets (SRNSs) and neutrosophic soft rough sets (NSRSs) as hybrid models 
for soft computing. The researchers describe a mathematical approach to handle decision- 
making problems in view of NSRSs and also present an efficient algorithm of the proposed 
hybrid model to solve decision-making problems. 

Neutrosophic sets (NSs) handle uncertain information, while fuzzy sets (FSs) and 
intuitionistic fuzzy sets (IFs) fail to handle indeterminate information. Soft set theory, 
neutrosophic set theory, and rough set theory are different mathematical models for handling 
uncertainties and they are mutually related. The neutrosophic soft rough set (NSRS) model is a 
hybrid model combining neutrosophic soft sets with rough sets. Muhammad Akram, Hafsa M. 
Malik, Sundas Shahzadi, and Florentin Smarandache apply neutrosophic soft rough sets to 
graphs in the sixth research paper ("Neutrosophic Soft Rough Graphs with Application"), 
introducing the idea of neutrosophic soft rough graphs (NSRGs) and describing different 
methods for their construction. The authors consider the application of NSRG in decision- 
making problems, developing, in particular, efficient algorithms to solve decision-making 
problems. 

In practical situations, one often has to handle programming problems involving 
indeterminate information. Building on the concepts of indeterminacy I and neutrosophic 
number (NN) (z = p+ ql for p,q infoNumber R), the seventh paper ("Neutrosophic Number 
Nonlinear Programming Problems and Their General Solution Methods under Neutrosophic 
Number Environments", by Jun Ye, Wenhua Cui, and Zhikang Lu) introduces some basic 
operations of NNs and concepts of NN nonlinear functions and inequalities. These functions 
and/or inequalities contain indeterminacy I and naturally lead to a formulation of NN nonlinear 
programming (NN-NP). These techniques include NN nonlinear optimization models for 
unconstrained and constrained problems and their general solution methods. Additionally, 





numerical examples are provided to show the effectiveness of the proposed NN-NP methods. It 
is obvious that the NN-NP problems usually yield NN optimal solutions, but not always. The 
possible optimal ranges of the decision variables and NN objective function are indicated when 
the indeterminacy I is considered for possible interval ranges in real situations. A neutrosophic 
number (a + bI) is a significant mathematical tool to deal with indeterminate and incomplete 
information which generally exists in real-world problems, where a and bI denote the 
determinate component and indeterminate component, respectively. Kalyan Mondal, Surapati 
Pramanik, Bibhas C. Giri, and Florentin Smarandache define score functions and accuracy 
functions for ranking neutrosophic numbers in the eighth paper, entitled "^NN-Harmonic Mean 
Aggregation Operators-Based MCGDM Strategy in a Neutrosophic Number Environment". The 
authors then define a cosine function to determine the unknown weight of the criteria. The 
researchers define the neutrosophic number harmonic mean operators and prove their basic 
properties. Then, they develop two novel multi-criteria group decision-making (MCGDM) 
strategies using the proposed aggregation operators, solving a numerical example to 
demonstrate the feasibility, applicability, and effectiveness of the two proposed strategies. 


Sensitivity analysis with the variation of "I" on neutrosophic numbers is performed to 
demonstrate how the preference for the ranking order of alternatives is sensitive to the change 
of “I”. The efficiency of the developed strategies is ascertained by comparing the results 
obtained from the proposed strategies with the results obtained from the existing strategies in 
the literature. 

A rough neutrosophic set model is a hybrid model, which deals with vagueness by using 
the lower and upper approximation spaces. In the ninth research paper ("Rough Neutrosophic 
Digraphs with Application"), Sidra Sayed, Nabeela Ishfaq, Muhammad Akram, and Florentin 
Smarandache apply the concept of rough neutrosophic sets to graphs, introducing rough 
neutrosophic digraphs and describing methods of their construction. Moreover, the researchers 
present the concept of self-complementary rough neutrosophic digraphs and, finally, consider 
an application of rough neutrosophic digraphs in decision-making. 

The notion of a neutrosophic positive implicative N-ideal in BCK-algebras is introduced, 
and several properties are investigated in the tenth paper ("Neutrosophic Positive Implicative 
N-Ideals in BCK-Algebras", by Young Bae Jun, Florentin Smarandache, Seok-Zun Song, and 
Madad Khan). Relations between a neutrosophic N-ideal and a neutrosophic positive 
implicative N-ideal are discussed. Characterizations of a neutrosophic positive implicative N- 
ideal are considered. Conditions for a neutrosophic N-ideal to be a neutrosophic positive 
implicative N-ideal are provided. An extension property of a neutrosophic positive implicative 
N-ideal based on the negative indeterminacy membership function is discussed. 

Hough transform (HT) is a useful tool for both pattern recognition and image processing 
communities. In regard to pattern recognition, it can extract unique features for the description 
of various shapes, such as lines, circles, ellipses, etc. In regard to image processing, a dozen of 
applications can be handled with HT, such as lane detection for autonomous cars, blood cell 
detection in microscope images, and so on. As HT is a straightforward shape detector in a given 
image, its shape detection ability is low in noisy images. To alleviate its weakness in noisy 
images analysis and improve its shape-detection performance, in the eleventh paper 
("Neutrosophic Hough Transform"), “Umit Budak, Yanhui Guo, Abdulkadir S,eng “ur, and 
Florentin Smarandache propose neutrosophic Hough transform (NHT). As it was proved 
earlier, neutrosophy theory-based image processing applications were successful in noisy 
environments. To this end, the Hough space is initially transferred into the NS domain by 
calculating the NS membership triples (T, I, and F). An indeterminacy filtering is constructed 
where the neighborhood information is used in order to remove the indeterminacy in the 
spatial neighborhood of neutrosophic Hough space. The potential peaks are detected on the 
basis of thresholding on the neutrosophic Hough space, and these peak locations are then used 
to detect the lines in the image domain. Extensive experiments on noisy and noise-free images 
are performed in order to show the efficiency of the proposed NHT algorithm. The authors also 
compare their proposed NHT with the traditional HT and fuzzy HT methods on a variety of 
images. The obtained results show the efficiency of the proposed NHT for noisy images. 


Florentin Smarandache, Jun Ye, Yanhui Guo 
Guest Editors 
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Abstract: The notion of a neutrosophic quadruple BCK / BCI-number is considered, and a neutrosophic 
quadruple BCK/BCI-algebra, which consists of neutrosophic quadruple BCK/BCI-numbers, 
is constructed. Several properties are investigated, and a (positive implicative) ideal in a neutrosophic 
quadruple BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra are studied. 
Given subsets A and B of a BCK/BCI-algebra, the set NQ(A, B), which consists of neutrosophic 
quadruple BCK/BCI-numbers with a condition, is established. Conditions for the set N Q(A, B) to be 
a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra are provided, and conditions for 
the set NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra are given. An example 
to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra is 
provided, and conditions for the set {0} to be a positive implicative ideal in a neutrosophic quadruple 
BCK-algebra are then discussed. 


Keywords: neutrosophic quadruple BCK/ BCI-number; neutrosophic quadruple BCK/ BCI-algebra; 
neutrosophic quadruple subalgebra; (positive implicative) neutrosophic quadruple ideal 


MSC: 06F35; 03G25; 08A72 





1. Introduction 


The notion of a neutrosophic set was developed by Smarandache [1-3] and is a more general platform 
that extends the notions of classic sets, (intuitionistic) fuzzy sets, and interval valued (intuitionistic) 
fuzzy sets. Neutrosophic set theory is applied to a different field (see [4-8]). Neutrosophic algebraic 
structures in BCK/ BCI-algebras are discussed in [9-16]. Neutrosophic quadruple algebraic structures 
and hyperstructures are discussed in [17,18]. 

In this paper, we will use neutrosophic quadruple numbers based on a set and construct 
neutrosophic quadruple BCK/ BCI-algebras. We investigate several properties and consider ideals and 
positive implicative ideals in neutrosophic quadruple BCK-algebra, and closed ideals in neutrosophic 
quadruple BCI-algebra. Given subsets A and B of a neutrosophic quadruple BCK/BCI-algebra, 
we consider sets NQ(A, B), which consist of neutrosophic quadruple BCK/BCI-numbers with a 
condition. We provide conditions for the set NQ(A, B) to be a (positive implicative) ideal of a 
neutrosophic quadruple BCK-algebra and for the set NQ( A, B) to be a (closed) ideal of a neutrosophic 
quadruple BCI-algebra. We give an example to show that the set {0} is not a positive implicative ideal 
in a neutrosophic quadruple BCK-algebra, and we then consider conditions for the set (0) to bea 
positive implicative ideal in a neutrosophic quadruple BCK-algebra. 
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2. Preliminaries 


A BCK/ BCI-algebra is an important class of logical algebras introduced by Iséki (see [19,20]). 
By a BCI-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies 
the following conditions: 





( (Wx,y,z € X) (((x * y) * (x *z)) * (zy) = 0); 
QD (Wx,y € X) ((x*(x*y)) *y = 0); 

(II) (Vx € X) (xx — 0); 

(IV) (Vx,y € X) (x«y 20, y*x—0 x — y). 





If a BCI-algebra X satisfies the identity 
(V) (Vx € X) (0«x — 0), 


then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions: 


(Vx € X) (x«0 = x) a) 
(Yx, y,z E€ X) (x <y => x«zEy*zz*yXzs*x) (2) 
(Yx, y,z € X) ((x*y)*z = (x*z) *y) (3) 
(Yx, y,z E€ X) ((x«z) * (y*z) € xy) (4) 


where x < y if and only if x « y = 0. Any BCI-algebra X satisfies the following conditions (see [21]): 


(Vx,y € X)(x* (xe (x*y)) = x*y), (5) 
(Vx,y € X)(0* (x y) = (O*x) (0 y)). (6) 


A BCK-algebra X is said to be positive implicative if the following assertion is valid. 
(Vx,y,z € X) ((x*z) * (y*z) = (x*y)sz). (7) 


A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x « y € S for all 
x,y € S. A subset I of a BCK/BClI-algebra X is called an ideal of X if it satisfies 


0El, (8) 
(Vx € X) (Vy ET) (x*yel > xel). (9) 


A subset I of a BCI-algebra X is called a closed ideal (see [21]) of X if it is an ideal of X which satisfies 








(Vx € X)(x EI Oxx € I). (10) 
A subset I of a BCK-algebra X is called a positive implicative ideal (see [22]) of X if it satisfies (8) and 
(Vx,y,z€ X)(((x«y)«zeLys*zel- xszcl). (11) 


Observe that every positive implicative ideal is an ideal, but the converse is not true (see [22]). 
Note also that a BCK-algebra X is positive implicative if and only if every ideal of X is positive 
implicative (see [22]). 

We refer the reader to the books [21,22] for further information regarding BCK/ BCI-algebras, 
and to the site "http:/ /fs.gallup.unm.edu/neutrosophy.htm" for further information regarding 
neutrosophic set theory. 


3. Neutrosophic Quadruple BCK/BCI-Algebras 


We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers. 
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Definition 1. Let X be a set. A neutrosophic quadruple X-number is an ordered quadruple (a, xT,yI,zF) 
where a, x,y,z € X and T, I, F have their usual neutrosophic logic meanings. 
The set of all neutrosophic quadruple X-numbers is denoted by N Q(X), that is, 
NQ(X) := ((a, xT,yLzF) | a, x,y,z € X), 


and it is called the neutrosophic quadruple set based on X. If X is a BCK/BCI-algebra, a neutrosophic 
quadruple X-number is called a neutrosophic quadruple BCK / BCI-number and we say that NQ(X) is 
the neutrosophic quadruple BCK / BCI-set. 

Let X be a BCK/ BCI-algebra. We define a binary operation © on NQ(X) by 


(a, xT, yL, zF) © (b, uT,vI,wF) = (a b, (x « u)T, (y *v)I, (z x w)F) 


for all (a, XT, yL, zF), (b, uT,vI,wF) € NQ(X). Given a,45,45,04 € X, the neutrosophic quadruple 
BCK/BCI-number (a1, a2T, a31, a4F) is denoted by i, that is, 


a= (m, MT, azl, a4F), 
and the zero neutrosophic quadruple BCK/BCI-number (0,0T, OI, OF) is denoted by 0, that is, 
0 = (0,0T, OI, OF). 


We define an order relation “<” and the equality “=” on NQ(X) as follows: 


Re 


Kyox € yj fori = 1,2,3,4 
&£—ije»x = yi for i = 1,2,3,4 








for all Z, jj € NQ(X). It is easy to verify that “<” is an equivalence relation on NQ(X). 
Theorem 1. If X isa BCK/BCI-algebra, then (NQ(X);©,0) is a BCK/BCI-algebra. 
Proof. Let X bea BCI-algebra. For any £,j,Z € NQ(X), we have 


(£63) © (£62) = (x1 * y1, (x2 * y2)T, (x3 * ya) L, (xa * ya)F) 
© (x3 * Z1, (X2 * z2)T, (xa * za)L, (xa  z4)F) 
= ((x1 * y1) * (x1 zi) ((X2 * y2) * (x2 * z2))T, 
((x3 * ys) * (x3 * z3) )L, ((x4 * ya) * (x4 * z4))T) 
« (z1 * y1, (zo * y2)T, (zs * y3)I, (za * y4)F) 
=209 


EO (FOG) = (x1, x2T, x31, x4F) © (x1 * y1, (x2 * y2)T, (xa * ya) L, (xa * Ya) F) 
= (x1 * (x1 * y1), (x2 * (x2 * y2)) T, (x3 * (x3 ya )) L, (xa * (x4 * Ya) )F) 
« (yi y2T, yal, y4F) 
-i 


FO K = (x1, X%2T, x31, x4F) © (x1, xoT, x31, x4F) 
= (x1 * x1, (x2 * x2)T, (xa * x3)L, (x4 * x4)F) 
= (0,0T, OL,OF) = 6. 
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= 0. Then 


eu 


Assume that x © 7 = 0 and 7 © 
(x1 * y1, (x2 * y2)T, (xs * ys) L, (x4 * y4)F) = (0,0T, OL, OF) 

and 
(y1 * x1, (y2 * x2)T, (ya * x3)L (y4 * x4)F) = (0,0T, 01, OF). 


It follows that x; * y; = 0 = y1* xy, Xo*yo = 0 = yo * Xo, X3 * ya = 0 = ya * x3 and 
X4 * Y4 = 0 = y4 * x4. Hence, x1 = y1, X2 = yo, X3 = ya, and x4 = y4, which implies that 


€ = (xi, xoT, x31, x4F) = (y1, y2T,yaL yaF) = i. 


Therefore, we know that (NQ(X); O,0) is a BCI-algebra. We call it the neutrosophic quadruple 
BCI-algebra. Moreover, if X is a BCK-algebra, then we have 


00 € = (0xx,, (0 * x2)T, (0 * x3) I, (0 x x4)F) = (0,0T, 0I, OF) = O. 














Hence, (NQ(X); 5,0) isa BCK-algebra. We call it the neutrosophic quadruple BCK-algebra. 


Example 1. If X = {0,a}, then the neutrosophic quadruple set NQ(X) is given as follows: 


where 


0 = (0,0T,01,0F), 1 = (0,0T, 0I,aF), 2 = (0,0T, al, 0F), 3 = (0,0T, al, aF), 

4 = (0, aT, OL, OF), 5 = (0, aT, OL, aF), 6 = (0, aT, aL, OF), 7 = (0,aT,al,aF), 

8 = (a, 0T, OL, OF), 9 = (a,0T,OI, aF), 10 = (a,0T, aL, OF), 11 = (a,OT, al, aF), 

12 = (a, aT, OL OF), 13 = (a, aT, OL, aF), 14 = (a, aT, aL, OF), and 15 = (a, aT, al, aF). 


Consider a BCK-algebra X = {0,a} with the binary operation *, which is given in Table 1. 


DN 


Table 1. Cayley table for the binary operation “+”. 


Then (NQ(X), 6,0) is a BCK-algebra in which the operation © is given by Table 2. 


Table 2. Cayley table for the binary operation “©”. 








© 6 i 3. 38 45 6 7 8 9 ido fi i2 135 Mm D 
0 0 6 6 6 0 0 0000 0 0 0 O0 O O0 
i i 6 10 i 0 10 10 1 6OÓ i #6 i O0 
2 3 F 0 0 2 2 0 02 2 0 Q0 2 2 6 6 
3 3 3 i10 3 3 10 33 i1 «6 3 & i D 
4 à 4 4 4 0 O0 00232 4 4 4 6 60 6 6 
5 5 à 5 4 i 6 i 654 5 à i 6 i 6 
6 6 6 44 3 3 66066 4 à 2 3 6 6 
7 7 6 5 4 3 2 {1 67 6 5 à 3 42 1 O 
8 8 8 8.8 8 8 8 8.00 0 6 6 6 6 O0 
5 90 8 8.8 9 8 9 89 0 i G6 i O0 i BO 
to 10 10 8 8 O 10 8 823 2 0 2 3 3 6 O0 
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Table 2. Cont. 





© O0 i1 23 3 4 5 6 7 8 9 do fi $2 15 4 D 
m1 ü 09 8 1 100 9 8 3 2 i 6 3 2 1 O0 
i212 2 2 2 8 88842113 i1 à O0 6 86 6 
B 3 2 8 2 9 8 § 8 5 45 à i 6 i 6 
4 4 14 12 #12 D 10 8 8 66 4 4 535 2 6 O 
56 6 4 B 2 A 0 9 8 7 6 5 4 3 5 i 6 





Theorem 2. The neutrosophic quadruple set NQ(X) based on a positive implicative BCK-algebra X is a 


positive implicative BCK-algebra. 


Proof. Let X be a positive implicative BCK-algebra. Then X is a BCK-algebra, so (NQ(X); ©, 0) isa 


BCK-algebra by Theorem 1. Let £, 7, Z € NQ(X). Then 


(xj * zi) * (Yi * zi) = (xi * yi) * zi 


for all i = 1,2,3,4 since xi, y; zi € X and X is a positive implicative BCK-algebra. Hence, (X © Z) © 
(yz) = (XO 9) OZ; therefore, NQ(X) based on a positive implicative BCK-algebra X is a positive 











implicative BCK-algebra. 





Proposition 1. The neutrosophic quadruple set N Q(X) based on a positive implicative BCK-algebra X satisfies 


the following assertions. 


i] 
(S; 
e 
o 
m 
I 
oO 
+ 

m 
uu 
ta 
(n 
a 

S 

25 
= 
R 
© 

Za 
A 

bu 
S 
[e] 
2 














so £o ij = Ñ, ie, č « jj. 
Let X be a BCK/BCI-algebra. Given a, b € X and subsets A and B of X, consider the sets 
NQ(a, B) := ((a,aT,yLzF) E€ NQ(X)| y,z € B} 
NQ(A,b) := ((a, xT,bL,bF) e NQ(X) | x € A} 
NQ(A,B) := ((a, xXT,yLzF) € NQ(X) | a,x € A;y,z € B) 
NQ(A*, B) := J NQ(a, B) 


acA 


NQ(A,B*) := |J NQ(A,b) 


bcB 


(12) 
(13) 
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and 
NQ(AUB) := NQ(A,0) U NQ(0, B). 
The set NQ(A, A) is denoted by NQ(A). 


Proposition 2. Let X bea BCK/BCI-algebra. Given a,b € X and subsets A and B of X, we have 


(1 | NQ(A*, B) and NQ(A, B*) are subsets of NQ(A, B). 
(1) If0 € ANB then NQ(AU B) isa subset of NQ(A, B). 





Proof. Straightforward. O 


Let X be a BCK/BCI-algebra. Given a,b € X and subalgebras A and B of X, NQ(a, B) and 
NQ(A, b) may not be subalgebras of NQ(X) since 


(a, aT, xal, xaF) © (a, aT, uaI,v4F) = (0,0T, (xa * u3)I, (x4 * v4)F) € NQ(a, B) 
and 
(x1, xaT, bL, bF) © (uy, uo T, BI, bF) = (x3 * u1, (x2 * u23)T, 0L, OF) € NQ(A, b) 


for (a, aT, x31, xaF) € NQ(a, B), (a, aT, u31, v4F) € NQ(a,B), (xı, xoT, bI, bF) € NQ(A,b), 
and (u, UT, bI, bF) € NQ(A, b). 


Theorem 3. If A and B are subalgebras of a BCK/BCI-algebra X, then the set NQ(A, B) is a subalgebra of 
NQ(X), which is called a neutrosophic quadruple subalgebra. 


Proof. Assume that A and B are subalgebras of a BCK/BCI-algebra X. Let € = (x1, xoT, x31, x4F) 
and jj = (yi, v2T, yaL, y4F) be elements of NQ(A, B). Then xi, x2, y1, V2 € A and xs, x4, ys, V4 € B, 
which implies that x1 * y; € A, x» * y? € A, x3 * y3 € B, and x4 * y4 € B. Hence, 


ZOJ = (%1 * y1, (X2 * y2)T, (x3 * ya) (x4 * y4)F) € NQ(A, B), 





so NQ(A, B) is a subalgebra of NQ(X). 











Theorem 4. If A and B are ideals of a BCK/ BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X), 
which is called a neutrosophic quadruple ideal. 


Proof. Assume that A and B are ideals of a BCK/BCI-algebra X. Obviously, ÓÜcN Q(A, B). 
Let € = (x1, x2T, x31, x4F) and j = (yı, w2T, yaL, y4F) be elements of NQ(X) such that 
¥O YH € NQ(A,B) and jj € NQ(A, B). Then 


ZOJ = (x1 * y1, (x2 * y2)T, (x3 * ya)L (x4 * y4)F) € NQ(A, B), 
so xı * y1 € A, xo*y2 € A, xa*ya € B and x4*y4 € B. Since jj € NQ(A,B), we have 


¥1,Y2 € A and ya, y4 € B. Since A and B are ideals of X, it follows that x1,x? € A and x3,x4 € B. 
Hence, € = (x1, x2T, x31, xa4F) € NQ(A, B), so NQ(A, B) is an ideal of NQ(X). 














Since every ideal is a subalgebra in a BCK-algebra, we have the following corollary. 
Corollary 1. If A and B are ideals of a BCK-algebra X, then the set NQ( A, B) is a subalgebra of NQ(X). 


The following example shows that Corollary 1 is not true in a BCI-algebra. 
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Example 2. Consider a BCI-algebra (Z, —,0). If we take A = N and B = Z, then NQ(A, B) is an ideal of 
NQ(Z). However, it is not a subalgebra of NQ(Z) since 








(2,3T, —51,6F) © (3,5T, 61, —7F) = (—1, —2T, —111,13F) € NQ(A, B) 
for (2,3T, —51,6F), (3,5T, 61, —7F) € NQ(A, B). 
Theorem 5. If A and B are closed ideals of a BCI-algebra X, then the set N Q( A, B) is a closed ideal of NQ(X). 


Proof. If A and B are closed ideals of a BCI-algebra X, then the set NQ(A, B) is an ideal of NQ(X) by 
Theorem 4. Let € = (x1, x2T, x31, x4F) € NQ(A, B). Then 


0c € = (0x x1, (0 * x2)T, (0 * x3) I, (0 * x4) F) € NQ(A, B) 





since 0 * x1,0 x2 € A and 0 x x3,0 * x4 € B. Therefore, NQ(A, B) is a closed ideal of NQ(X). 











Since every closed ideal of a BCI-algebra X is a subalgebra of X, we have the following corollary. 
Corollary 2. If A and B are closed ideals of a BCI-algebra X, then the set NQ( A, B) is a subalgebra of N Q(X). 


In the following example, we know that there exist ideals A and B in a BCI-algebra X such that 
NQ(A, B) is not a closed ideal of NQ(X). 


Example 3. Consider BCI-algebras (Y,*,0) and (Z, —,0). Then X = Y x Z is a BCI-algebra (see [21]). 
Let A = Y x Nand B = {0} x N. Then A and B are ideals of X, so NQ(A, B) is an ideal of NQ(X) by 
Theorem 4. Let ( (0,0), (0, 1)T, (0,2)1, (0,3)F) € NQ(A, B). Then 


((0, 
zu 


Hence, NQ(A, B) is not a closed ideal of NQ(X). 


0), (0, 
(0,0 


, 


0)T, (0,0)1, (0,0)F) © ((0,0), (0,1)T, (0,2)1, (0,3)F) 
(0, —1)T, (0, —2)I, (0, -3)F) € NQ(A, B). 


We provide conditions wherethe set NQ(A, B) is a closed ideal of NQ(X). 
Theorem 6. Let A and B be ideals of a BCI-algebra X and let 
T := {4 € NQ(X) | (V¥ e NQ(X)) («à => F=A)}. 
Assume that, if T C NQ(A, B), then |T| < œ. Then NQ(A, B) is a closed ideal of NQ(X). 


Proof. If A and B are ideals of X, then NQ(A,B) is an ideal of NQ(X) by Theorem 4. 
Let ã = (a1, a2T, a3I,a4F) € NQ(A, B). For any n € N, denote n(à) :— 0 c (0c à)". Then n(@) € T and 


n(a) = (0 ( 


41)", (0 * (0 * az)")T, (0 * (0 * a3)")I, (0 * (0 * a4)")F) 
ay), (0 * (0 * 45))T, (0 * (0 * a3))I, (0 * (0 * ay))F) 
=00 (0@4"). 


(0 (0 * 
(0 (0 


— 


Hence, 
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so n(ã) € NQ(A,B), since i € NQ(A,B), and NQ(A, B) is an ideal of NQ(X). Since |T| < œ, 
it follows that k € N such that n(ã) = (n + k) (ã), that is, n(@) = n(ã) © (00 4), and thus 


k(a@) =00 Goa 
= (n(@) o (004)*) o n(a) 
= n(ã) © n(ã) =0, 


ie, (k—1)(ã) © (604) = 6. Since0 à € T, it follows that 054 = (k—1)(@) € NQ(A, B). 
Therefore, NQ(A, B) is a closed ideal of NQ(X). 














Theorem 7. Given two elements a and b in a BCI-algebra X, let 
Aa := {x € X | ax x = a} and Bj :— (x € X | bx x = b}. (14) 
Then NQ(Aa, By) is a closed ideal of NQ(X). 


Proof. Since a « 0 = a and b« 0 = b, we have 0 € A; Bp. Thus, 0 € NQ(Aa, By). If x € Ag and 
y € By, then 


Ox*x-—(a*x)*a—ax*a-O0and0Ox*y = (b*y)*b=b*b=0. (15) 
Let x, y,c,d € X be such that x, y * x € A; and c,d * c € By. Then 
(axy)*a=Oxy = (0*y)*0— (0xy)x(0x*x) 20x(y*x) 20 
and 
(bxd)*b =O0*d = (0*d)*0 = (0xd)*(0*c) 20*(dxc) —0, 
that is, a x y < a and b * d < b. On the other hand, 
a=ax(y*x) —(axx)*(y*x) €axy 
and 
b =b» (d*c) —(b*c)*(d«c) € bed. 
Thus, a * y = a and b«d = b, i.e., y € A, and d € By. Hence, A, and Bj are ideals of X, and 
NQ(A;, By) is therefore an ideal of NQ(X) by Theorem 4. Let X = (x1, x2T, x31, xaF) € NQ(As, By). 
Then x1, x? € Ag, and x5, x4 € Bp. It follows from Equation (15) that 0 * x1 = 0 € Aa, 0 * x2 = 0 € Ag, 


0 * x3 = 0 € By, and 0 * x4 = 0 € By. Hence, 


00 £ = (0x x1, (0 * x2)T, (0 * x3)I, (0 * x4)F) € NQ(Aa, Bp). 














Therefore, NQ(A,, Bp) is a closed ideal of NQ(X). 
Proposition 3. Let A and B be ideals of a BCK-algebra X. Then 
NQ(A)n NQ(B) = {0} & (vt e NQ(A)) (Vj € NQ(B))(63 = 3). (16) 


Proof. Note that NQ(A) and NQ(B) are ideals of NQ(X). Assume that NQ(A) N NQ(B) = {0}. Let 
X = (xy, X2T, x31, x4F) € NQ(A) and jj = (y1, voT, yaL, yaF) € NQ(B). 
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Since € © (FOF) K £ and £O (FOF) « ij, it follows that ¥ © (FO 7) € NQ(A) NNQ(B) = (6). 
Obviously, (£O 7) © # € (0). Hence, FO jj = 3. 














Conversely, suppose that X © ij = X for all x € NQ(A) and j € NQ(B). If Z e NQ(A) N NQ(B), 
then Z € NQ(A) and 2 € NQ(B), which is implied from the hypothesis that Z = Z2©Z = 0 
Hence NQ(A) n NQ(B) = (0]. 

Theorem 8. Let A and B be subsets of a BCK-algebra X such that 
(Va,b € An B)(K(a,b) C An B) (17) 


where K(a,b) := (x € X | x«a < b). Then the set NQ(A, B) is an ideal of NQ(X). 


Proof. If x € ANB, then 0 € K(x, x) since 0 * x < x. Hence, 0 € A N B by Equation (17), so it is clear 
that 0 € NQ(A, B). Let # = (x1, xaT, x31, x4F) and j = (yi, yoT, yal, y4F) be elements of NQ(X) such 
that £o 7 € NQ(A, B) and jj € NQ(A, B). Then 


ZOJ = (x1 * y1, (X2 * y2)T, (x3 * ys) L (xa * ya)F) € NQ(A, B), 
so x1 * y1 € A, Xo * y2 € A, Xa * y3 € B, and x4 * y4 € B. Using (ID, we have xı € K(x1 *yi,j1) € A, 


x2 € K(xo*yo,y2) C A, x3 € K(x3 * ya,ya) € B, and x4 € K(x4*y4,y4) € B. This implies that 
X = (x1, xoT, x31, x4F) € NQ(A, B). Therefore, NQ(A, B) is an ideal of NQ(X). 














Corollary 3. Let A and B be subsets of a BCK-algebra X such that 
(Va,x,y € X)(x,y € ANB, (axx)*y=0 > ae An B). (18) 
Then the set NQ(A, B) is an ideal of NQ(X). 
Theorem 9. Let A and B be nonempty subsets of a BCK-algebra X such that 
(Va, x,y € X)(x,y € A (or B), axx € y > a€ A (or B)). (19) 
Then the set NQ(A, B) is an ideal of NQ(X). 


Proof. Assume that the condition expressed by Equation (19) is valid for nonempty subsets A and B 
of X. Since 0 * x € x for any x € A (or B), we have 0 € A (or B) by Equation (19). Hence, it is clear 
that Õ € NQ(A, B). Let ¥ = (x1, x2T, x31, x4F) and jj = (yi, y2T, y31, y4F) be elements of NQ(X) such 
that t © 7 € NQ(A, B) and ij € NQ(A, B). Then 


ZOJ = (x1 * y1, (X2 * y2)T, (x3 * y3) L (xa * ya)F) € NQ(A, B), 


so xı * y1 € A, x2 * y? € A, xa ya € B, and x4 * y4 € B. Note that x; * (xj * yj) € yi fori = 1,2,3,4. 
It follows from Equation (19) that x1, x2 € A and xs, x4 € B. Hence, 


= (x1, x2T, x31, x4F) € NQ(A, B); 





therefore, NQ(A, B) is an ideal of NQ(X). 











Theorem 10. If A and B are positive implicative ideals of a BCK-algebra X, then the set NQ(A, B) is a positive 
implicative ideal of NQ(X), which is called a positive implicative neutrosophic quadruple ideal. 
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Proof. Assume that A and B are positive implicative ideals of a BCK-algebra X. Obviously, 0 € NQ(A, B). 
Let X = (x1, x2T, x31, x4F), 7 = (yı, YoT, ysl, y4F), and Z = (z1, z2T, zal, z4F) be elements of NQ(X) 
such that (£O 7) © Z € NQ(A, B) and j 6 € NQ(A, B). Then 
(TOJ) 62 = (Gs * y1) * zu ((x2 * y2) * z2)T, 
((x3 * ys) * za) I, ((x4 * y4) * 24) F) € NQ(A, B), 


and 
JOZ = (y1 * z1, (y2 * z2)T, (ys * za)L (ya * z4)F) € NQ(A, B), 
SO (x1 * y1) *z € A, (X2 * y2) * za € A, (Xa * y3) * Za € B, (x4 * y4) * Z4 € B, y1 * z1 € A, y2 * Z2 € A, 


y3 * z3 € B, and y4* za € B. Since A and B are positive implicative ideals of X, it follows that 
X1 * Z1, X2 * Z2 € A and xa * za, x4 * z4 € B. Hence, 


Re 


© Z = (xy * 21, (X2 * z2)T, (xa * z3)I, (x4 * Z4)F) € NQ(A, B), 











so NQ(A, B) is a positive implicative ideal of NQ(X). 





Theorem 11. Let A and B be ideals of a BCK-algebra X such that 
(Vx,y,z € X)((x*«y)*z€ A (or B) = (x*z)*(y*z) € A (or B)). (20) 
Then NQ(A, B) is a positive implicative ideal of NQ(X). 


Proof. Since A and B are ideals of X, it follows from Theorem 4 that NQ(A, B) is an ideal of NQ(X). 
Let ¥ = (x1, x2T, x31, xaF), lj = (y1, v2 T, yaL, y4F), and Z = (z1, z2T, 231, z4F) be elements of NQ(X) 
such that (£O 7) 92 € NQ(A,B) and jj OZ € NQ(A, B). Then 


(FOP) OZ = ((x1 * y1) * 21, ((x2 * y2) * z2)T, 
((x3 * ys) * z3), ((x4 * y4) * za)F) € NQ(A, B), 
and 
JOZ = (y1 * z1, (y2 * 22)T, (ya * z3)L (ya * z4)F) € NQ(A, B), 
so (x1 * y1) * Z1 € A, (X2 * y2) * Z2 € A, (x3 * y3) * z3 € B, (x4 * Ya) «za € B, y1 * z1 € A, yo * z2 € A, 
Y3 * Z3 € B, and y4 * z4 € B. It follows from Equation (20) that (x1 * z1) * (y1 * Z1) € A, (xo * z2) * (ya * 


Zo) € A, (xa * z3) * (ya * z3) € B, and (x4 * z4) * (y4 * z4) € B. Since A and B are ideals of X, we get 
X1 * Z1 € A, X2 * Z2 € A, X3 * z3 € D, and x4*z4 € B. Hence, 


ZOZ = (x1 * Z1, (x2 * Z2)T, (x3 * z3)I, (xa *z4)F) € NQ(A, B). 





Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). 











Corollary 4. Let A and B be ideals of a BCK-algebra X such that 
(Vx,y € X)((x*y)*y € A (or B) > x*y € A (or B)). (21) 
Then NQ(A, B) is a positive implicative ideal of NQ(X). 


Proof. If the condition expressed in Equation (21) is valid, then the condition expressed in Equation (20) 
is true. Hence, NQ(A, B) is a positive implicative ideal of NQ(X) by Theorem 11. 














10 
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Theorem 12. Let A and B be subsets of a BCK-algebra X such that 0 € AN B and 

((x*y)*y)*ze A(orB), ze A(orB) > x*y€ A (or B) (22) 
for all x,y,z € X. Then NQ(A, B) is a positive implicative ideal of NQ(X). 
Proof. Since 0 € ANB, it is clear that 0 € NQ(A, B). We first show that 

(Vx,y € X)(x*y € A (or B), y € A (or B) 2 x € A (or B)). (23) 
Let x, y € X be such that x * y € A (or B) and y € A (or B). Then 
((x * 0) *0) * y = xy € A (or B) 

by Equation (1), which, based on Equations (1) and (22), implies that x = x*0 € A (or B). 
Let £ = (x1, x2T, x31, x4F), 7 = (yi, yoT, ysl, yaF), and Z = (z1, z2T, 231, z4F) be elements of NQ(X) 


such that (% © 7) © Z € NQ(A, B) and j © Z € NQ(A, B). Then 


(FOP) OZ = ((x1 * y1) * z1, ((x2 * y2) *z2)T, 
((x3 * ys) * z3) I, ((x4 * y4) * z4)F) € NQ(A, B), 


and 
JOŽ = (y1 * z1, (y2 * z2)T, (ya * z3)L (ya * z4)F) € NQ(A, B), 


so (xy * y1) * Z1 € A, (X2 * y2) * Z2 € A, (x3 * ya) * z3 € B, (x4 * y4) «za € B, y1 * z1 € A, ya * z2 € A, 
Y3 * z3 € B, and y4 * z4 € B. Note that 


(( (xj zi) * zi) * Quis zi) * (x; * Yi) * zi) = 0 € A (or B) 
for i = 1,2,3,4. Since (x; * yj) * z; € A for i = 1,2 and (xj * yj) *zj € B for j = 3,4, it follows from 
Equation (23) that ( (x; * z;) * zi) * (y; * zi) € A for i = 1,2, and ((x; * zj) * zj) * (yj * zj) € B for j = 3,4. 
Moreover, since y; * z; € A for i = 1,2, and yj*zj EB for j = 3,4, we have x; * z1 € A, x2 * z2 € A, 


x3 * Z3 € B, and x4 * z4 € B by Equation (22). Hence, 


FO Z = (x1 * 21, (X2 * Z2)T, (x3 * z3)L (x4 * z4)F) € NQ(A, BB). 





Therefore, NQ(A, B) is a positive implicative ideal of NQ(X). 











Theorem 13. Let A and B be subsets of a BCK-algebra X such that NQ(A, B) is a positive implicative ideal of 
NQ(X). Then the set 


Oa := (£ € NQ(X) | 4 € NQ(A,B)} (24) 
is an ideal of NQ(X) for any à € NQ(X). 
Proof. Obviously, 0 € Os. Let $, j € NQ(X) be such that Oğ € Og and jj € Os. Then 
(£05)Ooà € NQ(A,B) and j 6 à € NQ(A, B). Since NQ(A, B) is a positive implicative ideal of 


NQ(X), it follows from Equation (11) that € © à € NQ(A, B) and therefore that à € O;. Hence, O; is 
an ideal of NQ(X). 














Combining Theorems 12 and 13, we have the following corollary. 


11 
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Corollary 5. If A and B are subsets of a BCK-algebra X satisfying 0 € AN B and the condition expressed in 
Equation (22), then the set Og in Equation (24) is an ideal of NQ(X) for all à € NQ(X). 


Theorem 14. For any subsets A and B of a BCK-algebra X, if the set Og in Equation (24) is an ideal of NQ(X) 
for all à € NQ(X), then NQ(A, B) is a positive implicative ideal of NQ(X). 


Proof. Since 0 € O;, we have 0 = 043 € NQ(A,B). Let %, j, Z € NQ(X) be such that 
(OF) OZ € NQ(A,B) and FOZ € NQ(A,B). Then £O j € Oz and ğ € Oz. Since Oz is an 
ideal of NQ(X), it follows that X € Oz. Hence, ¥ © Z € NQ(A, B). Therefore, NQ(A, B) is a positive 
implicative ideal of NQ(X). 














Theorem 15. For any ideals A and B of a BCK-algebra X and for any à € NQ(X), if the set Og in 
Equation (24) is an ideal of NQ(X), then NQ(X) is a positive implicative BCK-algebra. 


Proof. Let O be any ideal of NQ(X). For any %, 7, 2 € NQ(X), assume that (£ © 7) 9 Z € Q and 
JOŽE Q. Then £O jj € Oz and j € Os. Since Oz is an ideal of NQ(X), it follows that X € Oz. 
Hence, Ž © Z € QO, which shows that Q is a positive implicative ideal of NQ(X). Therefore, NQ(X) is 
a positive implicative BCK-algebra. 














In general, the set (0) is an ideal of any neutrosophic quadruple BCK-algebra NQ(X), but it is 
not a positive implicative ideal of NQ(X) as seen in the following example. 


Example 4. Consider a BCK-algebra X = {0,1,2} with the binary operation x, which is given in Table 3. 


Table 3. Cayley table for the binary operation “*”. 


Nr O| * 
locÍc|o 
ooje 
ooo|m 


Then the neutrosophic quadruple BCK-algebra NQ(X) has 81 elements. If we take à = (2,2T,21,2F) 
and b = (1,1T,11,1F) in NQ(X), then 


(áo b)ob-((2*1)*1,((2*1)*1)T, ((2* 1) x 11, (2*1) « 1)F) 
= (1*1, (1 1)T, (1 1)I, (1 1)F) = (0,0T,01,0F) = 0, 


and b © b = 0. However, 
àob- (2*1,(2*1)T, (2«1)L (2«1)F) = (L1T, 1L 1F) £6. 
Hence, {0} is not a positive implicative ideal of NQ(X). 


We now provide conditions for the set {0} to be a positive implicative ideal in the neutrosophic 
quadruple BCK-algebra. 


Theorem 16. Let NQ(X) be a neutrosophic quadruple BCK-algebra. If the set 
OQ(3):- (£€ NQ(X) | £« a} (25) 


is an ideal of NQ(X) for all à € NQ(X), then (0) is a positive implicative ideal of NQ(X). 
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Proof. We first show that 
(Vz,9 € NQ(X))((FO7) OF =0 => FOF=0). (26) 
Assume that (¥© j) ©7 = 0 for all %,7 € NQ(X). Then Oğ «& 7, so OF € Q(ğ). Since 
j € O(f) and O(f) is an ideal of NQ(X), we have € € O(j). Thus, # « jj, that is, £o ij = 0. 
Let ñ :— (£O f) OF. Then 
(OM) ON OF= (KON OP OU=G, 
which implies, based on Equations (3) and (26), that 
(09) 0 (ZO) OF) = (FOP) O4= (so8)0g —0, 
that is, TOF «& (OJ) OF. Since (Oğ) OF K € O ij, it follows that 
(OP OF=KOPF. (27) 


If we put jj = ¥ © (ÑO (i O €)) in Equation (27), then 


On the other hand, 


Hence, 


£O (40 (YO (FO ¥))) = (FO (FO) o (YOR). (28) 


JOR= (FOR OO 
= (FOX O(FOUNOGOYOYGOR))) 
= (gox)o((gos)os)o(go(gosxs) 
= (FOX) O (GO (FOX) 
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which, by taking X = 7 © €, implies that 


JOGO) = 


It follows that 


so, 


(FOZ) OF =F OZ. (29) 


that is, (£2) * (JOZ) < (£0 j) O Z. Note that 


which shows that (20 j)6Z « ({OZ)O(¥OZ). Hence (KOFOZ = (€62)O 
Therefore, NQ(X) is a positive implicative, so {0} is a positive implicative ideal of NQ(X). 


zu 

© 

Nr 
— 














4. Conclusions 


We have considered a neutrosophic quadruple BCK/BCI-number on a set and established 
neutrosophic quadruple BCK/ BC I-algebras, which consist of neutrosophic quadruple BCK / BCI-numbers. 
We have investigated several properties and considered ideal theory in a neutrosophic quadruple 
BCK-algebra and a closed ideal in a neutrosophic quadruple BCI-algebra. Using subsets A and B 
of a neutrosophic quadruple BCK/BCI-algebra, we have considered sets N Q(A, B), which consist of 
neutrosophic quadruple BCK/ BCI-numbers with a condition. We have provided conditions for the 
set NQ(A, B) to be a (positive implicative) ideal of a neutrosophic quadruple BCK-algebra, and the set 
NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra. We have provided an example 


14 


Axioms 2018, 7,41 


to show that the set {0} is not a positive implicative ideal in a neutrosophic quadruple BCK-algebra, 
and we have considered conditions for the set {0} to be a positive implicative ideal in a neutrosophic 
quadruple BCK-algebra. 
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Abstract: Technique for the order of preference by similarity to ideal solution (TOPSIS) and elimination 
and choice translating reality (ELECTRE) are widely used methods to solve multi-criteria decision 
making problems. In this research article, we present bipolar neutrosophic TOPSIS method and bipolar 
neutrosophic ELECTRE-I method to solve such problems. We use the revised closeness degree to rank 
the alternatives in our bipolar neutrosophic TOPSIS method. We describe bipolar neutrosophic TOPSIS 
method and bipolar neutrosophic ELECTRE-I method by flow charts. We solve numerical examples by 
proposed methods. We also give a comparison of these methods. 


Keywords: neutrosophic sets; bipolar neutrosophic TOPSIS; bipolar neutrosophic ELECTRE-I; 
normalized Euclidean distance 





1. Introduction 


The theory of fuzzy sets was introduced by Zadeh [1]. Fuzzy set theory allows objects to be members 
of the set with a degree of membership, which can take any value within the unit closed interval (0, 1]. 
Smarandache [2] originally introduced neutrosophy, a branch of philosophy which examines the origin, 
nature, and scope of neutralities, as well as their connections with different intellectual spectra. To apply 
neutrosophic set in real-life problems more conveniently, Smarandache [2] and Wang et al. [3] defined 
single-valued neutrosophic sets which takes the value from the subset of [0,1]. Thus, a single-valued 
neutrosophic set is an instance of neutrosophic set, and can be used feasibly to deal with real-world 
problems, especially in decision support. Deli et al. [4] dealt with bipolar neutrosophic sets, which is 
an extension of bipolar fuzzy sets [5]. 

Multi-criteria decision making (MCDM) is a process to make an ideal choice that has the highest 
degree of achievement from a set of alternatives that are characterized in terms of multiple conflicting 
criteria. Hwang and Yoon [6] developed the TOPSIS method, which is one of the most favorable 
and effective MCDM methods to solve MCDM problems. In classical MCDM methods, the attribute 
values and weights are determined precisely. To deal with problems consisting of incomplete and 
vague information, in 2000 Chen [7] conferred the fuzzy version of TOPSIS method for the first time. 
Chung and Chu [8] presented fuzzy TOPSIS method under group decision for facility location selection 
problem. Hadi et al. [9] proposed the fuzzy inferior ratio method for multiple attribute decision making 
problems. Joshi and Kumar [10] discussed the TOPSIS method based on intuitionistic fuzzy entropy 
and distance measure for multi criteria decision making. A comparative study of multiple criteria 
decision making methods under stochastic inputs is described by Kolios et al. [11]. Akram et al. [12-14] 
considered decision support systems based on bipolar fuzzy graphs. Applications of bipolar fuzzy 
sets to graphs have been discussed in [15,16]. Faizi et al. [17] presented group decision making for 
hesitant fuzzy sets based on characteristic objects method. Recently, Alghamdi et al. [18] have studied 
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multi-criteria decision-making methods in bipolar fuzzy environment. Dey et al. [19] considered 
TOPSIS method for solving the decision making problem under bipolar neutrosophic environment. 

On the other hand, the ELECTRE is one of the useful MCDM methods. This outranking 
method was proposed by Benayoun et al. [20], which was later referred to as ELECTRE-I method. 
Different versions of ELECTRE method have been developed as ELECTRE-I, II, III, IV and TRI. 
Hatami-Marbini and Tavana [21] extended the ELECTRE-I method and gave an alternative fuzzy 
outranking method to deal with uncertain and linguistic information. Aytac et al. [22] considered 
fuzzy ELECTRE-I method for evaluating catering firm alternatives. Wu and Chen [23] proposed 
the multi-criteria analysis approach ELECTRE based on intuitionistic fuzzy sets. In this research 
article, we present bipolar neutrosophic TOPSIS method and bipolar neutrosophic ELECTRE-I method 
to solve MCDM problems. We use the revised closeness degree to rank the alternatives in our 
bipolar neutrosophic TOPSIS method. We describe bipolar neutrosophic TOPSIS method and bipolar 
neutrosophic ELECTRE-I method by flow charts. We solve numerical examples by proposed methods. 
We also give a comparison of these methods. For other notions and applications that are not mentioned 
in this paper, the readers are referred to [24—29]. 


2. Bipolar Neutrosophic TOPSIS Method 
Definition 1. Ref. [4] Let C be a nonempty set. A bipolar neutrosophic set (BNS) B on C is defined as follows 


B= (c, (s (c), IX (c), FX (c), T; (c), Iz (c) Fz (c)) [cech 


+ + +a. - - =e. Æ 
where, T3 (c), I (c), FE (c) : € — [0,1] and T; (c), Iz (c), F (c): C > [-1,0]. 
We now describe our proposed bipolar neutrosophic TOPSIS method. 
Let S = (51,55,--- ,Sm} be a set of m favorable alternatives and let T = {T1, T2,- +- , Tn} be 
a set of n attributes. Let W = [wi wz --- wple be the weight vector such that 0 < wj X 1 and 
n 
wj = 1. Suppose that the rating value of each alternative S;, (i = 1,2,- -- ,m) with respect to the 
j=l 
attributes Tj, (j = 1,2,--- ,n) is given by decision maker in the form of bipolar neutrosophic sets (BNSs). 
The steps of bipolar neutrosophic TOPSIS method are described as follows: 


(i) Each value of alternative is estimated with respect to n criteria. The value of each alternative 
under each criterion is given in the form of BNSs and they can be expressed in the decision 
matrix as 


ku ky Kan 


ka kag kon 
K= [kij]mxn = 


kina km2 et kmn 


Each entry kij =< Tj, Ij Es Tj, IF >, where, Tj, I» and Ej represent the degree of 
positive truth, indeterminacy and falsity membership, respectively, whereas, Tj, I and Ej 
represent the degree of negative truth, indeterminacy and falsity membership, respectively, 

+ + opt - 7- p- + r+ + - - - 
such that Tj i Fi € [0,1], Ti lip Fi € [-1,0] and 0 € Ti - I Ej Tj I Ei <6, 
1—1,2,8,., 00; = 12,3, ft. 
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(ii) 


(iii) 


(iv) 


Suppose that the weights of the criteria are not equally assigned and they are totally unknown 
to the decision maker. We use the maximizing deviation method [30] to determine the unknown 
weights of the criteria. Therefore, the weight of the attribute Tj is given as 


m m 
Y, Y |kij — kj 
icut 

Wj = 2 


n m m 2 
x (È Y ky — kyl) 


j=l \i==1 








and the normalized weight of the attribute Tj is given as 
m m 
È L kg — kyl 
i=1l=1 


n m m 7 
E ( È [ki — kyl) 
i=1l=1 


j=l \i= 





w* = 


— 


The accumulated weighted bipolar neutrosophic decision matrix is computed by multiplying 
the weights of the attributes to aggregated decision matrix as follows: 


Wy w2 Wn 
i Kk d kin | 


Wy wz XU, 
ii kot kzz ġa kon 
KƏW = [E ]mxn = 
wW wW; W 
KA KB o Ky 
where 
wj Wit qUjt pWjt QQUj— Wj qQWj— 
kj =< Ty dy Fy Ty dy (Ey > 


=< 1- (1 TH)”, UP), (E), -T7 t, (Hg Yt, - (1 = CC Eg) >, 








Two types of attributes, benefit type attributes and cost type attributes, are mostly applicable in 
real life decision making. The bipolar neutrosophic relative positive ideal solution (BNRPIS) and 
bipolar neutrosophic relative negative ideal solution (BNRNIS) for both type of attributes are 
defined as follows: 





BNRPIS = HUM mq cM ue ee E, 


+ 7W2- + pw2— Topo + Wat + pad + Wn + Wn + pua 
I, , E EN Ta” , Ij" , Fi , Ta” , I" , Fa” )) 























BNRNIS — (Ca Iv D qup ek dor ae bt ke Dey 











— 7W2- — p5— CopUgd — Wnt — pUgd — PWn- — Wn- — pug— 
DOSE LJ e cape mec 
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such that, for benefit type criteria, j = 1,2,...,n 


Top 4 qUjt 4 Wt uM 4 qj 4 NUT WT 
C AD a et v Vs qt ) = os m / 


min(T;!- ), max(L/- ), max(Fi;7 )), 


: wit " w+ 
), min(I;:' ), min(F;.' 


— 





—,QUjd _ wit  QUWjt o oQWj— _ qWj— _ QWUi— 2 w+ w+ w+ 
( T,’ ; I! ; E! F T,’ ; I' ; E! ) = (min(T; ), max(I;^ ),-max(F;;’ ), 
wj— pt we 
max(T;;’ ),min(Ij;’ ), min(F; )). 
Similarly, for cost type criteria, j = 1,2,...,n 


rU; Wit wi+ Wi Q;— Q;— i Wit wet wet 
( T, iz L' jt E! bn Pa L’ kd y= (min(T;/ ), max(I;^ ),max(F;;' 


— 


max(T;!- J; min(Ij/- ), min(Ej )), 


Vit — QUjd = QUjd _ Q4Uj— $0 QQUj— _ QUj— wi+ y wid E wid 
"Us I’ k p f Tj! ; I? : E! ) = (max(T;;’ )min(I;;’ ),min(F;’ ), 





NT, 

` 
? w;— w;— w;— 

min(T;' ),max(L;' ),max(F; )). 


n è s : wt wt w+ , W;— .W;— .w;— 
(v) The normalized Euclidean distance of each alternative (T; P Lj ; Ej I Tj 4 Lj ; Fj ) fro 


the BNRPIS Cn i i} t p a p? | i) Bu p ~ ) can be calculated as 


























i4 wijt wj+4 wi+ qj wi 
dy (S;, BNRPIS) 1 he cH PA tb + (E MET et | 
N 9i, = ón wj— wj— wj— wj— wj— wj— , 
e (T, üt y 1 e" pt y (Ej! Tun y 
and the normalized Euclidean distance of each alternative (Ty n Lj B E) u Tj! p Lj E E) o) 
from the BNRNIS Cr Te p ie p n p? Ts rn P3 p o) can be calculated as 
Cio o QU; wt _ [LUjd 7; + o pU; 
dy(Si,BNRNIS) = | d EU y cy" JR CU Jer cmt ger | 
Ni, = 6n . Wi- _ „Wj j Wi- QWj— Ut) Ue 
um (T EK T? y f Gj i? y (E; E! y 


(vi) Revised closeness degree of each alternative to BNRPIS represented as p; and it is calculated 
using formula 


(s; — (Si, BNRNIS) dy (Si, BNRPIS) 
P\°i) = max(dy(S; BNRNIS)}  min{dy(S;, BNRPIS)}’ 





1132/7 


(vii) By using the revised closeness degrees, the inferior ratio to each alternative is determined 
as follows: 


TRO) = min PEN 


1<i<m 


It is clear that each value of IR(i) lies in the closed unit interval [0,1]. 
(viii) The alternatives are ranked according to the ascending order of inferior ratio values and the best 
alternative with minimum choice value is chosen. 


Geometric representation of the procedure of our proposed bipolar neutrosophic TOPSIS method 
is shown in Figure 1. 


20 


Axioms 2018, 7, 33 


Technique for the order of preference by similarity 


to ideal solution (TOPSIS) 


Identification of alternatives and criteria 


Construct bipolar neutrosophic decision matrix 


Calculate weights of criteria by maximizing deviation 


method 


Construct weighted bipolar neutrosophic decision 


matrix 


Compute BNRPIS and BNRNIS 


Calculate the distance of each alternative from 
BNRPIS and BNRNIS 


Calculate the revised closeness degree of 


each alternative to BNRPIS 


Calculate the inferior ratio of each alternative 


Rank the alternatives according to ascending 


order of inferior ratio values 





Figure 1. Flow chart of bipolar neutrosophic TOPSIS. 


3. Applications 


In this section, we apply bipolar neutrosophic TOPSIS method to solve real life problems: the best 
electronic commerce web site, heart surgeon and employee were chosen. 
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3.1. Electronic Commerce Web Site 


Electronic Commerce (e-commerce, for short) is a process of trading the services and goods 
through electronic networks like computer structures as well as the internet. In recent times e-commerce 
has become a very fascinating and convenient choice for both the businesses and customers. 
Many companies are interested in advancing their online stores rather than the brick and mortar 
buildings, because of the appealing requirements of customers for online purchasing. Suppose that 
a person wants to launch his own online store for selling his products. He will choose the e-commerce 
web site that has comparatively better ratings and that is most popular among internet users. After 
initial screening four web sites, Sı = Shopify, S2 = 3d Cart, S3 = BigCommerce and S4 = Shopsite, 
are considered. Four attributes, Tj; = Customer satisfaction, T; = Comparative prices, T3 = On-time 
delivery and T4 = Digital marketing, are designed to choose the best alternative. 


Step 1. The decision matrix in the form of bipolar neutrosophic information is given as in Table 1: 


Table 1. Bipolar neutrosophic decision matrix. 














SNT T T Ts Ti 

Sy (0.4, 0.2, 0.5, (0.5, 0.3, 0.3, (0.2,0.7,0.5, (0.4, 0.6, 0.5, 
0.6—04,—04) —0.7, —0.2, —0.4) —04,—04,—03) —0.3, —0.7, —0.4) 

S2 (0.3,0.6,0.1, (0.2,0.6,0.1, (0.4,0.2,0.5, (0.2,0.7,0.5, 
0.5, —0.7, —0.5) —0.5, —0.3, —0.7) —0.6, —0.3, —0.1) —0.5, —0.3, —0.2) 

S3 (0.3,0.5,0.2, (0.4,0.5,0.2, (0.9,0.5,0.7, (0.3,0.7,0.6, 
04,—03,—0.) —03,—0.8,—0.5) —03,—04,—03) —0.5, —0.5, —0.4) 

S4 (0.6,0.7,0.5, (0.8,0.4,0.6, (0.6,0.3,0.6, (0.8,0.3,0.2, 





0.2, —0.1, —0.3) 0.1, —0.3, —0.4) 0.1, —0.4, —0.2) 0,1, 0,3, —0.1) 


Step 2. The normalized weights of the criteria are calculated by using maximizing deviation method 
as given below: 


4 
w1 = 0.2567, w2 = 0.2776, w3 = 0.2179, w4 = 0.2478, where Vw, LE 
j=l 


Step 3. The weighted bipolar neutrosophic decision matrix is constructed by multiplying the weights 
to decision matrix as given in Table 2: 


Table 2. Weighted bipolar neutrosophic decision matrix. 


S\T 














T T2 T; T4 
Sı (0.123, 0.662, 0.837, (0.175, 0.716, 0.716, (0.047, 0.925, 0.86, (0.119, 0.881, 0.842, 
0.877, —0.79, —0.123) 0.906, —0.64, —0.132) 0.819, —0.819, —0.075) 0.742, —0.915, —0.119) 
55 (0.087, 0.877, 0.554, (0.06, 0.868, 0.528, (0.105, 0.704, 0.86, (0.054, 0.915, 0.842, 
0.837, —0.913, —0.163) 0.825, —0.716, —0.284) 0.895, —0.769, —0.023) 0.842, —0.742, —0.054) 
S3 (0.087, 0.837, 0.662, (0.132, 0.825, 0.64, (0.395, 0.86, 0.925, (0.085, 0.915, 0.881, 
0.79, —0.734, —0.266) 0.716, —0.94, —0.175) 0.769, —0.819, —0.075) 0.842, —0.842, —0.119) 
S4 (0.21, 0.913, 0.837, (0.36, 0775, 0.868, (0.181, 0.769, 0.895, (0.329, 0.742, 0.671, 


0.565, —0.742, —0.026) 





0.662, —0.554, —0.087) 


0.528, —0.716, —0.132) 


Step 4. The BNRPIS and BNRNIS are given by 


BNRPIS =< (0.21, 0.662, 0.554, —0.877, —0.554, —0.087 
(0.06, 0.868, 0.868, —0.528, — 0.94, —0.284 


0.605, —0.819, —0.047) 


) 
) 


, 


(0.395, 0.704, 0.86, —0.895, —0.769, —0.023), 
(0.329, 0.742, 0.671, —0.842, —0.742, —0.062) >; 
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BNRNIS =< (0.087, 0.913, 0.837, —0.662, —0.913, —0.266), 
(0.36, 0.716, 0.528, —0.906, —0.64, —0.132), 

(0.047, 0.925, 0.925, —0.605, —0.819, —0.075), 

(0.054, 0.915, 0.881, —0.565, —0.915, —0.119) >. 


Step 5. The normalized Euclidean distances of each alternative from the BNRPISs and the BNRNISs 
are given as follows: 


dy(S1,BNRPIS) = 0.1805, dyn(Sı, BNRNIS) = 0.1125, 
dy (So, BNRPIS) = 0.1672, dy(S2,BNRNIS) = 0.1485, 
dw(Ss, BNRPIS) = 0.135, dy (S3,BNRNIS) = 0.1478, 
dy(S4,BNRPIS) = 0.155, dy (S4,BNRNIS) = 0.1678. 


Step 6. The revised closeness degree of each alternative is given as 
p(S1) = —0.667, o(S2) = —0.354, (S3) = —0.119, o(S4) = —0.148. 
Step 7. The inferior ratio to each alternative is given as 
IR(1) = 1, IR(2) = 0.52, IR(3) = 0.18, IR(4) = 0.22. 


Step 8. Ordering the web stores according to ascending order of alternatives, we obtain: 53 < 54 < 
S2 < S1. Therefore, the person will choose the BigCommerce for opening a web store. 


3.2. Heart Surgeon 


Suppose that a heart patient wants to select a best cardiac surgeon for heart surgery. After initial 
screening, five surgeons are considered for further evaluation. These surgeons represent the 
alternatives and are denoted by 5,,55,55, S4, and S5 in our MCDM problem. Suppose that he 
concentrates on four characteristics, T} = Availability of medical equipment, T; = Surgeon reputation, 
T3 — Expenditure and T, — Suitability of time, in order to select the best surgeon. These characteristics 
represent the criteria for this MCDM problem. 


Step 1. The decision matrix in the form of bipolar neutrosophic information is given as in Table 3: 


Table 3. Bipolar neutrosophic decision matrix. 

















SNT T T T T, 

Sı 0.6,0.5,0.3, 0.5,0.7,0.4, 0.3,0.5,0.5, 0.5,0.3,0.6, 
0.5, —0.7,—0.4) —0.6, —0.4, —0.5 0.7,—0.3,—04) —0.4, —0.7, —0.5 

Sp 0.9, 0.3, 0.2, (0.7, 0.4, 0.2, 0.4, 0.7, 0.6, 0.8, 0.3, 0.2, 
0.3, —0.6,—0.5) —044,—0.5, 0.7 0.6,—0.3,—0.3) —0.2,—0.5,—0.7 

$5 0.4, 0.6, 0.6, 0.5,0.3,0.6, 0.7, 0.5, 0.3, 0.4, 0.6, 0.7, 
0.7,—0.4,—0.3) —0.6, —0.4, 0.4 0.4,—0.4,—0.6) —0.5, —0.4, —0.4 

S4 0.8,0.5,0.3, (0.6,0.4,0.3, 0.4,0.5,0.7, 0.5, 0.4, 0.6, 
0.3,—04,—0.5) —0.5,—0.7,—0.8 0.5, —0.4,—0.2) —0.6,—0.7,—0.3 

Ss 0.6, 0.4, 0.6, 0.4, 0.7, 0.6, 0.6, 0.3, 0.5, 0.5,0.7,0.4, 























0.4, —0.7, —0.3) 0.7, —0.5, —0.6 0.3, —0.7, —0.4) 0.3, —0.6, —0.5 
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Step 2. The normalized weights of the criteria are calculated by using maximizing deviation method 
as given below: 
4 
w1 = 0.2480, w2 = 0.2424, w3 = 0.2480, w4 = 0.2616, where Yu; zx]. 
ja 


Step 3. The weighted bipolar neutrosophic decision matrix is constructed by multiplying the weights 
to decision matrix as given in Table 4: 


Table 4. Weighted bipolar neutrosophic decision matrix. 





SNT n T Ts Ta 





Sy 


0.203, 0.842, 0.742, 


(0.155, 0.917, 0.801, 





(0.085, 0.842, 0.842, 


(0.166, 0.730, 0.875, 


—0.842, —0.915, —0.119) — —0.884, —0.801, —0.155)  —0.915, —0.742, —0.119)  —0.787, —0.911, —0.166) 
55 0.435, 0.742, 0.671, (0.253, 0.801, 0.677, (0.119, 0.915, 0.881, (0.344, 0.730, 0.656, 
—0.742, —0.881,—0.158) —0.801,—0.845,—0.253) | —0.881, —0.742, —0.085) —0.656, —0.834, —0.270) 
S5 0.119,0.881,0.881, (0.155, 0.747, 0.884, (0.258, 0.842, 0.742, (0.125, 0.875, 0.911, 
—0.915,—0.797, —0.085)  —0.884, —0.801, —0.116)  —0.797, —0.797, —0.203) — —0.834, —0.787, —0.125) 
S4 0.329, 0.842, 0.742, (0.199,0.801, 0.747, (0.119,0.842, 0.915, (0.166, 0.787,0.875, 
—0.742, —0.797, —0.158)  —0.845, —0.917, —0.323) — —0.842, —0.797, —0.054) — —0.875, —0.911, —0.089) 
S5 0.203, 0.797, 0.881, (0.116, 0.917, 0.884, (0.203, 0.742, 0.842, (0.166, 0.911, 0.787, 


—0 


.797, —0.915, —0.085) 


—0.917, —0.845, —0.199) 


—0.742, —0.915, —0.119) 


—0.730, —0.875, —0.166) 








Step 4. The BNRPIS and BNRNIS are given by 


BNRPIS =< (0.435, 0.742, 0.671, —0.915, —0.797, —0.085), 
(0.253, 0.747, 0.677, —0.917, —0.801, —0.116), 
(0.085, 0.915, 0.915, —0.742, —0.915, —0.203), 

(0.344, 0.730, 0.656, —0.875, —0.787, —0.089) >; 


BNRNIS =< (0.119,0.881,0.881, —0.742, —0.915, —0.158), 
(0.116, 0.917, 0.884, —0.801, —0.917, —0.323), 
(0.258, 0.742, 0.742, —0.915, —0.742, —0.054), 





(0.125,0.911, 0.911, —0.656, —0.911, —0.270) >. 


Step 5. The normalized Euclidean distances of each alternative from the BNRPISs and the BNRNISs 
are given as follows: 


dy(S1,BNRPIS) =0.1176, dN(S4, BNRNIS) = 0.0945, 
dy (So, BNRPIS) = 0.0974, dy (S2,BNRNIS) = 0.1402, 
dy (S3,BNRPIS) = 0.1348, dy(S3,BNRNIS) = 0.1043, 
dy (S4,BNRPIS) = 0.1089, dy(S4,BNRNIS) = 0.1093, 
dy(Ss,BNRPIS) = 0.1292, dy (Ss, BNRNIS) = 0.0837. 


Step 6. The revised closeness degree of each alternative is given as 


($1) = —0.553, p(S2) = 0, p(S3) = —0.64, p(S4) = —0.338, p(Ss) = —0.729 


Step 7. The inferior ratio to each alternative is given as 


IR(1) = 0.73, IR(2) = 0, IR(3) = 0.88, IR(4) = 0.46, IR(5) = 1. 
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Step 8. Ordering the alternatives in ascending order, we obtain: S2 < S4 < S1 < S3 < Ss. Therefore, 


55 is best among all other alternatives. 


3.3. Employee (Marketing Manager) 


Process of employee selection has an analytical importance for any kind of business. According to 
firm hiring requirements and the job position, this process may vary from a very simple process 
to a complicated procedure. Suppose that a company wants to hire an employee for the post of 
marketing manager. After initial screening, four candidates are considered as alternatives and 


denoted by 54,55, 55 and S4 in our MCDM problem. The requirements for this post, Tı = Confidence, 
Tz = Qualification, T; = Leading skills and T4 = Communication skills, are considered as criteria in 


order to select the most relevant candidate. 


Step 1. The decision matrix in the form of bipolar neutrosophic information is given as in Table 5: 


Table 5. Bipolar neutrosophic decision matrix. 

















SNT T T T Ti 

A (0.8,0.5,0.3, (0.7,0.3,0.2, (0.5, 0.4, 0.6, (0.9,0.3,0.2, 
0.,—0.6,—0.5) —0.3,—0.55,—04) —0.5, —0.3, —0.4)  —03,—04,—02) 

S2 (0.5,0.7,0.6 (0.4,0.7,0.5, (0.6,0.8,0.5, (0.5,0.3,0.6, 
04,—02,—0.4) —0.6, —0.2, —0.3) —0.3, —0.5,—0.7) —0.6, —0.4, —0.3) 

S3 (0.4,0.6,0.8, (0.6,0.3,0.5, (0.3,0.5,0.7, (0.5,0.7,0.4, 
0.7,—0.3,—0.4) —0.2, —0.4, —0.6) —0.8,—04,—02) —0.6, —0.3, —0.5) 

S4 (0.7,0.3,0.5, (0.5,0.4,0.6, (0.6,0.4,0.3, (0.4,0.5,0.7, 
0.4, —0.2,—0.5) —0.4, —0.5, —0.3) —0.3, —0.5, —0.7)  —0.6,—0.5, —0.3) 


Step 2. The normalized weights of the criteria are calculated by using maximizing deviation method 


as given below: 


4 


w1 = 0.25, w2 = 0.2361, w3 = 0.2708, w4 = 0.2431, where o; =l 


j=1 


Step 3. The weighted bipolar neutrosophic decision matrix is constructed by multiplying the weights 
to decision matrix as given in Table 6: 


Table 6. Weighted bipolar neutrosophic decision matrix. 














S\T n Th T3 T4 

Sy (0.3313, 0.8409, 0.7401, (0.2474, 0.7526, 0.6839, (0.1711, 0.7803, 0.8708, (0.4287, 0.7463, 0.6762, 
—0.7401, —0.8801, —0.1591) | —0.7526, —0.8490, —0.1136) 0.8289, —0.7218, —0.1292) 0.7463, —0.8003, —0.0528) 

So (0.1591, 0.9147, 0.8801, (0.1136, 0.9192, 0.8490, (0.2197, 0.9414, 0.8289, (0.1551, 0.7463, 0.8832, 
—0.7953, —0.6687, —0.1199) | —0.8864, —0.6839, —0.0808)  —0.7218, —0.8289, —0.2782) | —0.8832, —0.8003, —0.0831) 

S3 (0.1199, 0.8801, 0.9457, (0.1945, 0.7526, 0.8490, (0.0921, 0.8289, 0.9079, (0.1551, 0.9169, 0.8003, 
—0.9147, —0.7401, —0.1199) | —0.6839, —0.8055, —0.1945) 0.9414, —0.7803, —0.0586) 0.8832, —0.7463, —0.1551) 

S4 (0.2599, 0.7401, 0.8409, (0.1510, 0.8055, 0.8864, (0.2197, 0.7803, 0.7218, (0.1168, 0.8449, 0.9169, 


—0.7953, —0.6687, —0.1591) 


—0.8055, —0.8490, —0.0808) 


Step 4. The BNRPIS and BNRNIS are given by 


BNRPIS =< (0.3313, 0.7401, 0.7401, —0.9147, —0.6687, —0.1199 
(0.2474, 0.7526, 0.6839, — 0.8864, —0.6839, —0.0808), 





0.7218, —0.8289, —0.2782) 


0.8832, —0.8449, —0.0831) 


), 
) 


(0.2197, 0.7803, 0.7218, —0.9414, —0.7218, —0.0586), 
(0.4287, 0.7463, 0.6762, —0.8832, —0.7463, —0.0528) >; 
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BNRNIS =< (0.1199, 0.9147, 0.9457, —0.7401, —0.8801, —0.1591), 
(0.1136, 0.9192, 0.8864, —0.6839, —0.8490, —0.1945), 

(0.0921, 0.9414, 0.9079, —0.7218, — 0.8289, —0.2782), 

(0.1168, 0.9169, 0.9169, —0.7463, —0.8449, —0.1551) >. 


Step 5. The normalized Euclidean distances of each alternative from the BNRPISs and the BNRNISs 
are given as follows: 


dy (S1,BNRPIS) = 0.0906, dy (S,, BNRNIS) = 0.1393, 
dn (So, BNRPIS) = 0.1344, dx (So, BNRNIS) = 0.0953, 
dw(Ss, BNRPIS) = 0.1286, dy (Sa, BNRNIS) = 0.1011, 
dy(S4, BNRPIS) = 0.1203, d (S4, BNRNIS) = 0.0999. 


Step 6. The revised closeness degree of each alternative is given as 


p(S1) = 0,p(S2) = —0.799, p(S3) = —0.694, p(S4) = —0.780. 


Step 7. The inferior ratio to each alternative is given as 








IR(1) = 0, IR(2) = 1, IR(3) = 0.87, IR(4) = 0.98. 


Step 8. Ordering the alternatives in ascending order, we obtain: 51 < S3 < S4 < S». Therefore, the 
company will select the candidate S, for this post. 


4. Bipolar Neutrosophic ELECTRE-I Method 


In this section, we propose bipolar neutrosophic ELECTRE-I method to solve MCDM problems. 
Consider a set of alternatives, denoted by S = (51,55,55,- +- , Sm} and the set of criteria, denoted by 
T = (T, To, T3,--- , T4) which are used to evaluate the alternatives. 


(i-iii) As in the section of bipolar neutrosophic TOPSIS, the rating values of alternatives with respect 
to the criteria are expressed in the form of matrix [kij]mxn- The weights wj of the criteria Tj are 
evaluated by maximizing deviation method and the weighted bipolar neutrosophic decision 
matrix [c Imxn is constructed. 


(iv) The bipolar neutrosophic concordance sets Eyy and bipolar neutrosophic discordance sets Fyy 
are defined as follows: 


Exy={1<j<n| px > py}, xAY, xy =1,2:-:,m, 
Fry = {1 <j <n Prj € py}, x £y, x,y=1,2,--- ,m, 











where, pij = T + I5 + Fp + Tj I5 + Fy, 


(v) The bipolar neutrosophic concordance matrix E is constructed as follows: 


i=1,2,---,m, j-12,-,n. 


= €12 -. -. - €1m 
e21 — o. > COM 


em) Em - + - = 
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(vi) 


(vii) 


(viii) 


where, the bipolar neutrosophic concordance indices exy’S are determined as 


exy = L Wj. 


j€Ex, 


The bipolar neutrosophic discordance matrix F is constructed as follows: 
























































= f 12 Oo ow os f 1m 
fa = <- fm 
F= i , 
| fmi fm CERE” SEE = | 
where, the bipolar neutrosophic discordance indices f xy'$ are determined as 
vj qu it _ ity 2 ag (peit _ pto 
max | (hj w. yj r | (ij w. hi j Us iU hij ji | 
max | ön j= i \2 jc j72 4 (pj "72 
fry = Hid Gy hp OM OF -h) 
xy wj Uit, , I5 [S 2 pu paty > 
max af x: iU i a | ' ii w. y y | a w y w. | 
j n NES ] X2 i J | pj jurc, m | 2 
i \ (Ty -Ty P+ yg -M P+ ye — Fy) 


Concordance and discordance levels are computed to rank the alternatives. The bipolar 
neutrosophic concordance level é is defined as the average value of the bipolar neutrosophic 
concordance indices as 


similarly, the bipolar neutrosophic discordance level f is defined as the average value of the 
bipolar neutrosophic discordance indices as 


[= m(m — 1) L L fry 
XAY y#x 
The bipolar neutrosophic concordance dominance matrix $ on the basis of é is determined 
as follows: 
— $m - + 1m 
dà + + + Pm 
$-| — ; 
Qni Ọm2 e = 


where, Pxy is defined as 


pa 


Pry = ; if exy > ê, 
US 10, ifexy <é 
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(ix) The bipolar neutrosophic discordance dominance matrix y on the basis of f is determined 
as follows: 


m a od 
pa — . . . Pom 


Ymi Vmo >.. m 


where, jJ; is defined as 


1, iffaczf, 
Pry = . ? 
0, if fry Sf. 


(x) Consequently, the bipolar neutrosophic aggregated dominance matrix 7t is evaluated by 
multiplying the corresponding entries of $ and y, that is 


P T)... ia 
7121 = » + + Mm 


Tmi Mm + + + = 


where, 7t; is defined as 


Txy = PxyPry- 


(xi) Finally, the alternatives are ranked according to the outranking values TUxy'8. That is, for each 
pair of alternatives Sy and Sy, an arrow from Sx to Sy exists if and only if xy = 1. As a result, 
we have three possible cases: 


(a) There exits a unique arrow from Sx into Sy. 
(b) There exist two possible arrows between 5, and Sy. 
(c) There is no arrow between Sx and Sy. 


For case a, we decide that 5, is preferred to Sy. For the second case, Sy and Sy are indifferent, 
whereas, Sx and Sy are incomparable in case c. 


Geometric representation of proposed bipolar neutrosophic ELECTRE-I method is shown 
in Figure 2. 
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Elimination and choice translating reality I 


(ELECTRE-I) 


Identification of alternatives and criteria 


Construct bipolar neutrosophic decision matrix 


Calculate the weights of criteria by maximizing 


deviation method 


Construct weighted bipolar neutrosophic decision 


matrix 


Construct bipolar neutrosophic concordance sets 


Construct bipolar neutrosophic discordance sets 


Compute the bipolar neutrosophic concordance 


dominance matrix 


Compute the bipolar neutrosophic discordance 


dominance matrix 


Compute the bipolar neutrosophic aggregated 


dominance matrix 


Sketching of decision graph 





Figure 2. Flow chart of bipolar neutrosophic ELECTRE-I. 
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Numerical Example 


In Section 3, MCDM problems are presented using the bipolar neutrosophic TOPSIS method. 
In this section, we apply our proposed bipolar neutrosophic ELECTRE-I method to select the "electronic 
commerce web site" to compare these two MCDM methods. Steps (1-3) have already been done in 
Section 3.1. So we move on to Step 4. 


Step 4. The bipolar neutrosophic concordance sets Eyy’s are given as in Table 7: 


Table 7. Bipolar neutrosophic concordance sets. 





Exy\y 1 2 3 4 
Evy s {1, 2, 3} {1,2} {} 
Ezy {4} - {4} {} 
Esy {3, 4} {1, 2, 3} E {3} 


Egy 112,5, {1,2,3,4} {2,4} - 





Step 5. The bipolar neutrosophic discordance sets Fyy’s are given as in Table 8. 


Table 8. Bipolar neutrosophic discordance sets. 








EyNy 1 2 3 4 
Fiy - {4} BA {123,4 
by (1,23 - 1,23) {2,3,4 
Fay (L2) {4} - {1, 2, 4} 
Fay {} {} {3} Š 


Step 6. The bipolar neutrosophic concordance matrix E is computed as follows 


— 0.7522 0.5343 0 


p | 0248 - 0.2478 0 
| | 0.4657 0.7722 — 0.2179 
| 1 1 07831  — | 


Step 7. The bipolar neutrosophic discordance matrix F is computed as follows 


0.5826 0.9464 1 

S 1 1 
0.3534 = 1 
0 0 0.6009 


PR 


Step 8. The bipolar neutrosophic concordance level is ê = 0.5003 and bipolar neutrosophic discordance 
level is f = 0.7069. The bipolar neutrosophic concordance dominance matrix $ and bipolar 
neutrosophic discordance dominance matrix tj are as follows 


[ara f= 1 


1 
Ü = 0 0 0 - 

?- - ol?7|o zu hi 
1 — 0 = 


Step 9. The bipolar neutrosophic aggregated dominance matrix 7t is computed as 


ce 
a 
= 
ec 
Ie 
——à 


BR 
ce 
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oo So | 
= | e 
oo 
ooo 


According to nonzero values of 7txy, we get the alternatives in the following sequence: 
54 =F So = S3 
Therefore, the most favorable alternatives are S3 and 5}. 


5. Comparison of Bipolar Neutrosophic TOPSIS and Bipolar Neutrosophic ELECTRE-I 


TOPSIS and ELECTRE-I are the most commonly used MCDM methods to solve decision making 
problems, in which the best possible alternative is selected among others. The main idea of the 
TOPSIS method is that the chosen alternative has the shortest distance from positive ideal solution and 
the greatest distance from negative ideal solution, whereas the ELECTRE-I method is based on the 
binary comparison of alternatives. The proposed MCDM methods TOPSIS and ELECTRE-I are based 
on bipolar neutrosophic information. In the bipolar neutrosophic TOPSIS method, the normalized 
Euclidean distance is used to compute the revised closeness coefficient of alternatives to BNRPIS and 
BNRNIS. Alternatives are ranked in increasing order on the basis of inferior ratio values. Bipolar 
neutrosophic TOPSIS is an effective method because it has a simple process and is able to deal with 
any number of alternatives and criteria. Throughout history, one drawback of the TOPSIS method is 
that more rank reversals are created by increasing the number of alternatives. The proposed bipolar 
neutrosophic ELECTRE-I is an outranking relation theory that compares all pairs of alternatives and 
figures out which alternatives are preferred to the others by systematically comparing them for each 
criterion. The connection between different alternatives shows the bipolar neutrosophic concordance 
and bipolar neutrosophic discordance behavior of alternatives. The bipolar neutrosophic TOPSIS 
method gives only one possible alternative but the bipolar neutrosophic ELECTRE-I method sometimes 
provides a set of alternatives as a final selection to consider the MCDM problem. Despite all of the 
above comparisons, it is difficult to determine which method is most convenient, because both methods 
have their own importance and can be used according to the choice of the decision maker. 


6. Conclusions 


A single-valued neutrosophic set as an instance of a neutrosophic set provides an additional 
possibility to represent imprecise, uncertainty, inconsistent and incomplete information which exist 
in real situations. Single valued neutrosophic models are more flexible and practical than fuzzy 
and intuitionistic fuzzy models.We have presented the procedure, technique and implication of 
TOPSIS and ELECTRE-I methods under bipolar neutrosophic environment. The rating values of 
alternatives with respect to attributes are expressed in the form of BNSs. The unknown weights of 
the attributes are calculated by maximizing the deviation method to construct the weighted decision 
matrix. The normalized Euclidean distance is used to calculate the distance of each alternative from 
BNRPIS and BNRNIS. Revised closeness degrees are computed and then the inferior ratio method 
is used to rank the alternatives in bipolar neutrosophic TOPSIS. The concordance and discordance 
matrices are evaluated to rank the alternatives in bipolar neutrosophic ELECTRE-I. We have also 
presented some examples to explain these methods. 
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1. Introduction 


Intuitionistic fuzzy set, which is introduced by Atanassov [1], is a generalization of Zadeh's 
fuzzy sets [2], and consider both truth-membership and falsity-membership. Since the sum of degree 
true, indeterminacy and false is one in intuitionistic fuzzy sets, incomplete information is handled 
in intuitionistic fuzzy sets. On the other hand, neutrosophic sets can handle the indeterminate 
information and inconsistent information that exist commonly in belief systems in a neutrosophic 
set since indeterminacy is quantified explicitly and truth-membership, indeterminacy-membership 
and falsity-membership are independent, which is mentioned in [3]. As a formal framework that 
generalizes the concept of the classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, 
interval valued intuitionistic fuzzy set and paraconsistent set, etc., the neutrosophic set is developed by 
Smarandache [4,5], which is applied to various parts, including algebra, topology, control theory, 
decision-making problems, medicines and in many real-life problems. The concept of interval 
neutrosophic sets is presented by Wang et al. [6], and it is more precise and more flexible than 
the single-valued neutrosophic set. The interval neutrosophic set can represent uncertain, imprecise, 
incomplete and inconsistent information, which exists in the real world. BCK-algebra is introduced by 
Imai and Iséki [7], and it has been applied to several branches of mathematics, such as group theory, 
functional analysis, probability theory and topology, etc. As a generalization of BCK-algebra, Iséki 
introduced the notion of BCI-algebra (see [8]). 

In this article, we discuss interval neutrosophic sets in BCK/ BCI-algebra. We introduce the notion 
of (T(i, j), I(k, I), F(m, n))-interval neutrosophic subalgebra in BCK/ BCI-algebra for i, j, k,l,m,n € 
{1,2,3,4}, and investigate their properties and relations. We also introduce the notion of interval 
neutrosophic length of an interval neutrosophic set, and investigate related properties. 
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2. Preliminaries 


By a BCI-algebra, we mean a system X :— (X,*,0) € K(1) in which the following axioms hold: 


(M — ((xxy)*(x«z)*(z*y) =0, 
QD — (x*(x*y))*y =0, 

(ID) x*x=0, 

(IV xxy=yxx=0 > x=y 


for all x,y,z € X. If a BCI-algebra X satisfies 0 x x = 0 for all x € X, then we say that X is BCK-algebra. 

A non-empty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x « y € S for all 
x,y € S. 

The collection of all BCK-algebra and all BCI-algebra are denoted by Bx(X) and B(X), 
respectively. In addition, B(X) := Bx(X) U Bi(X). 

We refer the reader to the books [9,10] for further information regarding BCK/ BCI-algebra. 

By a fuzzy structure over a nonempty set X, we mean an ordered pair (X, p) of X and a fuzzy set p 
on X. 


Definition 1 ([11]). For any (X,*,0) € B(X), a fuzzy structure (X, u) over (X, *,0) is called a 
e fuzzy subalgebra of (X,*,0) with type 1 (briefly, 1-fuzzy subalgebra of (X, *,0)) if 

(Vx,y € X) (u(x y) 2 mintu(x), n(y)1), (1) 
e fuzzy subalgebra of (X,*,0) with type 2 (briefly, 2-fuzzy subalgebra of (X,*,0)) if 

(Vx,y € X) (u(x*y) < min(u(x), u(y) }), Q) 
e fuzzy subalgebra of (X,*,0) with type 3 (briefly, 3-fuzzy subalgebra of (X,*,0)) if 

(Vx,y € X) (u(x*y) > max{u(x),u(y)}), (3) 
e fuzzy subalgebra of (X,*,0) with type 4 (briefly, 4-fuzzy subalgebra of (X,*,0)) if 

(Vx,y € X) (u(x*y) € maxtu(x), u(y)}) - (4) 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [4]) is a structure of the form: 
A := {(x;Ar(x), Ar(x), Ar(x)) | x € Xj, 


where Ar : X — [0,1] is a truth-membership function, A; : X — [0,1] is an indeterminate membership 
function, and Ar : X — [0,1] is a false membership function. 

An interval neutrosophic set (INS) A in X is characterized by truth-membership function T4, 
indeterminacy membership function I4 and falsity-membership function F4. For each point x in X, 
TA(x), I4(x), FA(x) € [0,1] (see [3,6]). 

3. Interval Neutrosophic Subalgebra 

In what follows, let (X, *,0) € B(X) and P*([0,1]) be the family of all subintervals of [0,1] unless 

otherwise specified. 


Definition 2 ([3,6]). An interval neutrosophic set in a nonempty set X is a structure of the form: 


T:— (eG) zuo) | x € X}, 
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where 
TÍT] : X > P*([0,1]), 


which is called interval truth-membership function, 
z|:x + P*([01], 
which is called interval indeterminacy-membership function, and 
T[F] : X + P*((0, 1), 
which is called interval falsity-membership function. 


For the sake of simplicity, we will use the notation Z :— (Z[T|,Z|I], Z|F]) for the interval 


neutrosophic set 
T = { (x, Z[T] (x), ZU] (x), Z[F](x)) | x € X}. 


Given an interval neutrosophic set 7 :— (Z [T], Z |I], Z|F]) in X, we consider the following functions: 
Z|T]a : X > [0,1], x  int(Z[T])(x)), 
Z|Dur: X > [0,1], x inf{Z[I](x)}, 
Z|F]u : X — [0,1], x inf{Z[F](x)}, 


and 


Z|T]sup : X > [0,1], x ++ sup{Z[T](x)}, 
Z|]sup : X — [0,1], x + sup{Z[I](x)}, 
Z|F]sup : X > [0,1], x +> sup{Z[F](x)}. 








Definition 3. For any i,j,k,l,m,n € {1,2,3,4}, an interval neutrosophic set T :— (Z{T], ZI], Z[F]) in X 
is called a (T(i,j), I(k, 1), F(m,n))-interval neutrosophic subalgebra of X if the following assertions are valid. 
(1) (X,Z[T]ing) is an i-fuzzy subalgebra of (X,*,0) and (X,Z|T]sup) is a j-fuzzy subalgebra of (X, ,0), 
Q) (X,Z[Iing) is a k-fuzzy subalgebra of (X,*,0) and (X,Z|I]sup) is an I-fuzzy subalgebra of (X, »,0), 
(3 (X,Z[Fling) is an m-fuzzy subalgebra of (X,*,0) and (X,Z[F]sup) is an n-fuzzy subalgebra of (X,*,0). 


Example 1. Consider a BCK-algebra X = {0,1,2,3} with the binary operation *, which is given in Table 1 
(see [10]). 


Table 1. Cayley table for the binary operation “*”. 


WNrFO| * 
WNroO!]oO 
wWBrRoo!]s 
woood|]nNrN 
ONrF OO] Ww 


(1) Let T := (Z|T], Z |I], Z[F]) be an interval neutrosophic set in ( X, *,0) for which Z|T], Z |I] and Z F] 
are given as follows: 
(0.4,0.5) ifx=0, 
(03,05] ifx =1, 
(0.2,0.6) ifx =2, 
[0.1,0.7] ifx =3, 


T[T] : X o P*([0,1]) xo 
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0.5,08) ifx—0, 
02,07) ifx—1, 
05,06] ifx—2, 
04,08) ifx=3, 


z(]:xo P*([0,1]) xo 


and 
0.40.5) ifx=0, 


(02,09) ifx—1, 
0.1,0.6] ifx—2, 
(04,0.] ifx=3. 


TF]: X > P*((0,1]) x 





It is routine to verify that T := (Z[T], Z(I], Z|F]) is a (T(1,4), I(1,4), F(1,4))-interval neutrosophic 
subalgebra of (X, *,0). 

(2) Let T :— (Z[T], Z |I], Z|F]) be an interval neutrosophic set in (X, *,0) for which Z|T], Z |I] and Z [F] 
are given as follows: 
01,04) ifx—0, 
(03,05) ifx=1, 
02,07] ifx—2, 
04,06) ifx—83, 


Z|T|:X 2 P*([0,1]) x 


02,05) ifx—0, 
05,08] ifx—1, 
04,05] ifx—2, 
02,06] ifx =3, 


TI]: X + P*((0,1]) x 


and 
0.3,0.4) ifx =0, 


(0.4,0.7) ifx—1, 
(06,08) ifx =2, 
0.4,0.6] ifx =3. 


T[F] : X > P*((0,1]) x 





By routine calculations, we know that T := (Z(T], Z |I], T[F]) is a (T(4,4), I(4,4), F(4,4))-interval 
neutrosophic subalgebra of (X, *,0). 


Example 2. Consider a BCI-algebra X = {0,a,b,c} with the binary operation *, which is given in Table 2 
(see [10]). 


Table 2. Cayley table for the binary operation “*”. 


x 0 a b c 
0 0 s b c 
a a 0 c b 
b b e U a 
c c b a Q0 


Let T :— (Z|T], Z |I], Z|F]) be an interval neutrosophic set in (X, *,0) for which Z(T], Z |I] and T[F] are 
given as follows: 
(3,09) ifx-0, 
(0.70.9) ifx=a, 
[L7,0) ifx=b, 
(0.5,0.8 ifx=c, 


Z|T|:X + P*([0,1]) xe 


37 


Axioms 2018, 7, 23 


(0.2,0.65) ifx= 0, 
[0.5,0.55] ifx= a, 
(0.6,0.65) ifx=b, 
[0.5,0.55) ifx=c, 


T[I] : X > P*([0,1]) xe 


and 
(0.3,0.6) ifx=0, 


[0.4,0.6] ifx=a, 
(04,05] ifx =b, 
(0.3,0[5) ifx-c. 


Routine calculations show that T :— (Z[T], |I], T[F]) is a (T(4,1), I(4,1), F(4,1))-interval 
neutrosophic subalgebra of (X,*,0). However, it is not a (T(2,1), I(2,1), F(2,1))-interval neutrosophic 
subalgebra of (X, *,0) since 


T[F] : X > P*((0,1]) xo 


L[Tling(¢ * 4) = Z[T]ing(b) = 0.7 > 0.5 = min(Z[T]ire), Z[T]ine(4) } 


and/or 
L[Ting(a * c) = L[Tine(b) = 0.6 > 0.5 = min{Z[T]ine(a), Z[Tine(c) }- 


In addition, it is not a (T(4,3), I(4,3), F(4,3))-interval neutrosophic subalgebra of (X,*,0) since 
T|T]sup(a * b) = Z[T]sup(c) = 0.8 < 0.9 = max{Z[T]ine(4),Z[T]ine(C) } 


and/or 
Z|F]sup(a * b) = Z[F]sup(c) = 0.5 < 0.6 = max{Z[Fling(2),Z[F]ing(c) }- 


Let Z :— (Z[T], Z[I], Z[F]) be an interval neutrosophic set in X. We consider the following sets: 
u(z [T] ine? ær) = {x ex|z Thing (x ) Za ar}, 
L(Z[T]sup; as) := {x € X | Z[T]sup(x 


x) <a 
U(Z(I]isg B1) := (x € X | L[Line(x) = Bi}, 
L(Z|I]sup; Bs) = {x e€x|z Tsup (x) < Bs}, 


as}, 


and 








U(Z|[F]i v1) = (x € X | Z[Fline(x) = vr 
L(Z|F]sup; Ys) : -[xex| Z|F]sup(x )< vsb 


where «7, s, Br, Bs, Y1 and ys are numbers in [0,1]. 


Theorem 1. [fan interval neutrosophic set T :— (Z{T], Z |I], Z|F]) in X isa (T(i,4), I(i, 4), F(i, 4))-interval 
neutrosophic subalgebra of (X,*,0) for i € {1,3}, then U(Z[T]isg a1), L(Z[T]sup; «s), U(Z |I]ing; Br), 
L(Z|I]sup; Bs), U(Z [Flings Y1) and L(Z[F]sup; ys) are either empty or subalgebra of (X, *,0) for all wy, «s, Br, 
Bs, T Ys € [0,1]. 


Proof. Assume that Z :— (Z|T], Z|I], Z[F]) is a (T(1,4), I(1,4), F(1,4))-interval neutrosophic 
subalgebra of (X,*,0). Then, (X,Z[Tline), (X, Z|I]iyt) and (X,Z[Fling) are 1-fuzzy subalgebra of X; 
and (X, Z[T]sup), (X, Z[I]sup) and (X, Z[F]sup) are 4-fuzzy subalgebra of X. Let aj, ag € [0,1] be such 
that U(Z[T]ing: 47) and L(Z[T]sup; 4s) are nonempty. For any x,y € X, if x,y € U(Z[T]ing a1), then 
L[Thine(x) > wy and Z[T]i(y) > ay, and so 


L[Thine(x * y) > min{Z[T]ine(x),Z[Tline(y)} 2 ar 
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that is, x* y € U(Z[T]iy ar). If x,y € L(Z[T]sup; 4s), then Z[T]sup(x) < as and Z[T]sup(y) € «s, 
which imply that 
Z|T]sp(x* y) S maxtZ|T]sup(x), Z[T]sup(v)) S as, 


that is, x « y € L(Z[T]sup;ag). Hence, U(Z[T]ing; #7) and L(Z[T]sup; 4g) are subalgebra of (X, *,0) 
for all ay, xs € [0,1]. Similarly, we can prove that U(Z[I]ing; Br), L(Z |I]sup; Bs), U(Z [Flings Y1) and 
L(Z|F]|sup; ys) are either empty or subalgebra of (X, *,0) for all Br, Bs, yr, ys € [0,1]. Suppose 
that Z :— (Z[T], Z[I], Z[F]) is a (T(3,4), I(3,4), F(3,4))-interval neutrosophic subalgebra of 
(X, *,0). Then, (X,Z[T]ing), (X, Z (1]ist) and (X,Z[Fling) are 3-fuzzy subalgebra of X; and ( X, Z[T]sup), 
(X,I|l]sup) and (X,Z[F]sup) are 4-fuzzy subalgebra of X. Let B; and Bs € [0,1] be such that 
U(Z I]ing Br) and L(Z[I]sup; Bs) are nonempty. Let x,y € U(Z[Iing; Br). Then, Z[I];is(x) > Br and 
T[Ilint(y) > Br. It follows that 


T[I]ig(x * y) > max{Z[]ine(x), Z[ine(y) } > Br 


and so x*y € U(Z|I]isg Br). Thus, U(Z[I]ing; Br) is a subalgebra of (X, *,0). If x,y € L(Z[I]ing; Bs), 
then Z[I]int(x) € Bs and Z[I]ine(y) € Bs. Hence, 


L|[IJisc(x * y) < max{Z[Line(x), Z[ine(y)} < Bs; 
and so x * y € L(Z|I]is Bs). Thus, L(Z[I];nt; Bs) is a subalgebra of (X, *,0). Similarly, we can show 


that U(Z[T] ing; &1), L(Z[T]sup; as), U(Z [F]int; Y1) and L(Z[F]sup; ys) are either empty or subalgebra of 
(X, *,0) for all ar, «s, Yr, ys € [0,1]. 














Since every 2-fuzzy subalgebra is a 4-fuzzy subalgebra, we have the following corollary. 


Corollary 1. Ifan interval neutrosophic set T :— (Z[T], Z(I], Z|F]) in X isa (T(i,2), I(i, 2), F(i, 2))-interval 
neutrosophic subalgebra of (X,*,0) for i € {1,3}, then U(Z[T];isg a1), L(Z[T]sup; «s), U(Z |I]ing; Br), 
L(Z|I]sup; Bs), U(Z [F]in; Y1) and L(Z[F]sup; Ys) are either empty or subalgebra of (X, *,0) for all wy, xs, Br, 
Bs, Yr vs € [0,1]. 


By a similar way to the proof of Theorem 1, we have the following theorems. 


Theorem 2. Ifan interval neutrosophic set T :— (Z{T], Z |I], Z|F]) in X isa (T(i,4), I(i, 4), F(i, 4))-interval 
neutrosophic subalgebra of (X,*,0) for i € {2,4}, then L(Z[T]ing; ar), L(Z[T]sup; as), L(Z |l]inz; Br), 
L(Z|I]sup; Bs), L(Z|[F]ing; yr) and L(T[F]sup; Ys) are either empty or subalgebra of (X, *,0) for all «y, s, Br, 
Bs, Yi rs € [0,1]. 


Corollary 2. Ifan interval neutrosophic set T :— (Z[T], Z(I], Z[F]) in X isa (T(i,2), I(i, 2), F(i, 2))-interval 
neutrosophic subalgebra of (X,*,0) for i € {2,4}, then L(Z|T]isg ar), L(Z[T]sup; as), L(Z |l]ing; Br), 
L(Z|I]sup; Bs), L(Z[F]ing yr) and L(Z[F] sup; Ys) are either empty or subalgebra of (X, *,0) for all «y, as, Br, 
Bs, T Ys € [0,1]. 


Theorem 3. [fan interval neutrosophic set T :— (Z.|T], Z 1], Z[F]) in X isa (T(k, 1), I(k, 1), E(k, 1))-interval 
neutrosophic subalgebra of (X,*,0) fork € {1,3}, then U(Z(T]ig a1), U(Z[T]sup; as), U(Z |I]ing; Br), 
U(Z I]sup; Bs), U(Z [Fling yr) and U(Z[F]sup; ys) are either empty or subalgebra of (X, *,0) for all wy, xs, 
Br Bs, Y, "rs € [0,1]. 


Corollary 3. If an interval neutrosophic set T :— (Z[T] I|I], Z[F]) in X is a (T(k,3), I(k,3), 
F(k,3))-interval neutrosophic subalgebra of (X,*,0) fork € {1,3}, then U(Z[T]ing: «1), U(Z[T] sup; ts), 
U(Z I]ing Br), U(Z I]sup; Bs), U(Z [Flings vr) and U(Z|F]sup; Ys) are either empty or subalgebra of (X, *,0) 
for all «r, &s, Br, Bs, Yr, Ys € [0,1]. 
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Theorem 4. [fan interval neutrosophic set T :— (Z[T|, Z 1], Z[F]) in X isa (T(k,1), I(k, 1), E(k, 1))-interval 
neutrosophic subalgebra of (X,*,0) fork € {2,4}, then L(Z[T]ing; «1), U(Z[T]sup; 4s), L(Z |I]int; Br), 
U(Z[I]sup; Bs), LCL[F]ing; y1) and U(Z[F] sup; ys) are either empty or subalgebra of (X, *,0) for all wy, s, 
Br, Bs, Yr, Ys € [0,1]. 


Corollary 4. If an interval neutrosophic set T :— (Z[T] T[I], Z[F]) in X is a (T(k,3), I(k,3), 
F(k,3))-interval neutrosophic subalgebra of (X,*,0) fork € {2,4}, then L(Z[T]ing: ar), U(Z|T]sup; s), 
L(Z|I]ing Br), U (Z [I]sup; Bs), L(Z [Flings yr) and U(Z[F] sup; ys) are either empty or subalgebra of (X, *,0) 
for all a, «s, Br, Bs, Yr, vs € [0,1]. 


Theorem 5. Let Z :— (Z[T], Z|I], Z[F]) be an interval neutrosophic set in X in which U(Z[T]i 1), 
L(Z[T]sup; as), U(Z []int; Br), LCL [I]sup; Bs), U(Z [Flings Y1) and L(Z[F]sup; Ys) are nonempty subalgebra 
of (X,*,0) for all «;, «s, Br, Bs, Yr, Ys € [0,1]. Then, T :— (Z|T], Z|I], Z[F]) is a (T(1,4), I(1,4), 
F(1, 4))-interval neutrosophic subalgebra of (X, *,0). 


Proof. Suppose that (X,Z[T]ing) is not a 1-fuzzy subalgebra of (X, *,0). Then, there exists x, y € X 
such that 


L[Thine(x * y) < min{Z[T]ine(x),Z[Tline(y) t- 
If we take a; = min{Z[T]ing(x),Z[T]ine(y) }, then x,y € U(Z[Tling; a1), but x «y € U(L[T] ing: ar). 
This is a contradiction, and so (X,Z[T]ing) is a 1-fuzzy subalgebra of (X,*,0). If (X,Z[T]sup) is not a 
4-fuzzy subalgebra of (X, *,0), then 


L(T]sup(a * b) > max{Z[T]sup (4), Z[T] sup (b)} 
for some a,b € X, and so a,b € L(Z[T]sup;as) and a * b ¢ L(Z[T]sup; as) by taking 
as :— max(Z[T]sup(a), Z [T]sup (b) }. 


This is a contradiction, and therefore (X, Z[T]sup) is a 4-fuzzy subalgebra of (X, *, 0). Similarly, we 
can verify that (X,Z[I]ing) is a 1-fuzzy subalgebra of (X, *,0) and (X,Z |I]sup) is a 4-fuzzy subalgebra 
of (X, *,0); and (X,Z[Fling) is a 1-fuzzy subalgebra of (X, *,0) and (X,Z[F]sup) is a 4-fuzzy subalgebra 
of (X, *, 0). Consequently, Z :— (Z[T], Z[I], Z[F]) is a (T(1,4), I(1, 4), F(1, 4))-interval neutrosophic 
subalgebra of (X, *,0). 














Using the similar method to the proof of Theorem 5, we get the following theorems. 


Theorem 6. Let T :— (Z|T], Z|I], Z[F]) be an interval neutrosophic set in X in which L(Z[T]ing; «1), 
U(Z[T]sup; «s), L(Z[I]ing; Br), U (Z ]sup; Bs), L(Z[F line: yr) and U(Z[F]sup; ys) are nonempty subalgebra 
of (X,*,0) for all x1, «s, Br, Bs, Yr, Ys € [0,1]. Then, T := (Z|T], Z|I], Z[F]) is a (T(4,1), I(4, 1), 
F(4, 1))-interval neutrosophic subalgebra of (X, *,0). 


Theorem 7. Let T :— (Z|T], Z|I], Z|F]) be an interval neutrosophic set in X in which L(Z|(T]ig a1), 
L(Z[T]sup; 4s), L(Z [I]int; Br), L(Z Usup: Bs), L(Z[F]ing; v1) and L(Z[F]sup; ys) are nonempty subalgebra 
of (X,*,0) for all x1, «s, Br, Bs, Yr, Ys € [0,1]. Then, T :— (Z|T], Z|I], Z[F]) is a (T(4,4), 1(4,4), 
F(4, 4))-interval neutrosophic subalgebra of (X, *,0). 


Theorem 8. Let Z :— (Z[T], Z|I], Z[F]) be an interval neutrosophic set in X in which U(LZ[T]ing; «1), 
U(Z[T]sup; «s), U(Z [I]inz; B1), U(Z |I]sup; Bs), U(Z [Flings yr) and U(Z [F]sup; ys) are nonempty subalgebra 
of (X,*,0) for all «y, «s, Br, Bs, Yr, Ys € [0,1]. Then, T :— (Z|T], Z|I], Z[F]) is a (T(1,1), 1(1,1), 
F(1,1))-interval neutrosophic subalgebra of (X, *,0). 
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4. Interval Neutrosophic Lengths 
Definition 4. Given an interval neutrosophic set T :— (L|T],Z|I] Z|F]) in X, we define the interval 
neutrosophic length of T as an ordered triple Ty :— (Z[T]g, ZI]g, Z|F]g) where 

Z(T], DX — (0, 1] xe Z[T]sup(x) = LT] ine(x), 

[I]: X > [0,1], x > ZU] sup (x) — Zine), 

and 

I|F],: X — [0,1], x ++ Z[F]sup(x) — Z[Flinc(x), 
which are called interval neutrosophic T-length, interval neutrosophic I-length and interval neutrosophic 


F-length of L, respectively. 


Example 3. Consider the interval neutrosophic set T :— (Z[T], Z |I], Z|F]) in X, which is given in Example 2. 
Then, the interval neutrosophic length of T is given by Table 3. 


Table 3. Interval neutrosophic length of Z. 





X ZI[TL Tie Z|Fl 


0.6 0.45 0.3 
R 0.05 0.2 
0.1 0.05 0.1 
0.3 0.05 0.2 





a Fran 0 
e 
N 


Theorem 9. If an interval neutrosophic set T :— (Z(T|, Z |I], Z[F]) in X is a (T(i,3), I(i,3), F(i,3))-interval 
neutrosophic subalgebra of (X,*,0) for i € (2,4), then (X, Z[T]5), (X, Z [I]p) and (X,Z|F],) are 3-fuzzy 
subalgebra of (X, *,0). 


Proof. Assume that Z :— (Z[{T], Z[I], Z[F]) is a (T(2,3), I(2,3), F(2,3))-interval neutrosophic 
subalgebra of (X, *,0). Then, (X,Z[T]ing), (X,Z[Ling) and (X,Z[Fling) are 2-fuzzy subalgebra of X, and 
(X,Z|T]sup), (X, Z |I]sup) and (X, Z[F]sup) are 3-fuzzy subalgebra of X. Thus, 


L[Thine(x * y) < min{Z[T]ine(x),Z[T]ine(y) }, 
L(Hing( * y) < min{Z[T]ine(x),Z[Nine(y) }, 
L[Flins(x * y) < min{Z|Fline(x),Z[Fline(y)}, 


and 


Z[T]syp(x *y) > max(Z[T sup(X),Z[T]sup(y)}, 
TI] sup (x *y)2 max(Z [I]sup (x), Z I]sup (v), 
L[F]sup (x * y) > max(Z[F sup(X), Z [F]sup (y) }, 








for all x, y € X. It follows that 


Z[T|(x * y) = Z[T]sup(x * y) — Z[T]inc(x * y) > Z[T]sup (x) — Z[T]ine(x) = Z[T] (x), 
T[T]e(x*y) = Z[T]sup(x * y) — Z[T]ine(x * v) > Z[T]sup(v) — Z[Tline(y) = Z[T]e(y), 
In(x*y) = Z[]sup(x * y) — Z[Ting(x * y) > Zülsp(x) — ZUlacx) = Z[]4), 
Zux*y = Zü]sup(x* y) — Z [Ling (x*y) z Z|I Jsup (y) — TUY) = THe), 
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and 
T|F]e(x * y) = Z[F]sup(x * y) — Z[Fline(x * v) > Z[F]sup 
TF] e(x * y) = Z[F]sup(x * y) — Z[Fline(x * v) > Z[F]sup 
Hence, 
Z[T], (x * y) > max(Z[T];(x),Z[T 
Zi]eco y) > max(Z t] Go, ZU 
and 


I 


F|i (x * y) > max{Z[F]o(x),Z[F 





for all x, y € X. Therefore, (X, Z[T];), (X, Z[I];) and (X, T[F]¢) are 3-fuzzy subalgebra of (X, *,0). 
Suppose that Z :— (Z[T], Z |I], Z[F]) is a (T(4,3), 1(4,3), F(4, 3))-interval neutrosophic subalgebra 


of (X,*,0). 
(X, Z|T]sup), (X, Z [I]sup) and (X 


LT 


Then, (X,Z|T]ist), 


int(X * y) € max{Z[T 


F 





TE 
and 


Z[T]. 


Z[I]sup (x *y) 
Z|F]sup(x * y 


for all x, y € X. Label (5) implies that 


int(X * y) € max(Z 


T 





> max(Z 
> max(Z| 
2 max(Z 


up(X * y 








(X,L|li:) and (X,Z[Fling) are 4-fuzzy subalgebra of X, and 
,L[F]sup) are 3-fuzzy subalgebra of X. Hence, 


ine(X),Z[T]ine(y)}, 


L[Tine(x * y) € max{Z[Tine(x),Z [Line (y) b, 
int(X),Z[Fline(y) }, 


(5) 


sup (X),Z[T] sup (y)}, 
T)sup (x), Z [I]sup (y) P, 
F|sup (x), Z[F] sup (y) } 


(y), 
) 


L[Tling(x *y) € Z[T]ine(x) or Z[T]iac(x * y) € Z[T]int 
L[l]ic(x * y) € L[Line(x) or Z[Line(x *y) € Z Uli), 
L[Fline(x * y) € L[Fling(x) or Z[Fline(x * y) € Z|[Fli(y)- 


I£Z[Tls(x *y) <T 
L[T]e(x*y) =Z 


EZ [Thx y) <T 


T|T]e(x* y) = T|T]sup(x * y) — Z[T]sr(x * y) = T|T]sup(y) =L 





It follows that Z[T 


Tlinr(x), then 
[T] sup (x * y) = LT] ing(x * y) 2 TT] sup (x) =L 


Tlint(y), then 


Tlint(x) = Z[T]e(x). 





Tlint(y) = Z[T]e(y). 


e(x*y) > max(Z[T];(x),Z[T];(y)). Therefore, (X, Z[T];) is a 3-fuzzy 


subalgebra of (X, *,0). Similarly, we can show that (X,Z|I];) and (X, Z|F];) are 3-fuzzy subalgebra of 





(X, *,0). 











Corollary 5. Ifan interval neutrosophic set T :— (Z[T], Z(I], Z|F]) in X isa (T(i,3), I(i, 3), F(i, 3))-interval 
neutrosophic subalgebra of (X,*,0) for i € {2,4}, then (X, Z[T]j), (X, Z [I]p) and (X,Z|F],) are 1-fuzzy 


subalgebra of (X, *,0). 
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Theorem 10. If an interval neutrosophic set T : 


(Z[T], Z(I], Z[F]) in X is a (T(3,4), I(3,4), 


F(8,4))-interval neutrosophic subalgebra of (X,*,0), then (X, Z[T]5), (X,Z[I]¢) and (X,Z[F];) are 4-fuzzy 


subalgebra of (X, *,0). 


Proof. Let 7 :— 
(X, *,0). Then, ( 
(X,Z|I]sup) and 


TT], Z(1], Z[F]) be a (T(3,4), 1(3,4 


(Z[T], 
X,L[T]ing), (X,Z[Ting) and (X, Z[F] ing 
(XI 


L[Thine(x * y) > max(Z 


KR 


, F(3,4))-interval neutrosophic subalgebra of 
are 3-fuzzy subalgebra of X, and (X,Z[T] sup), 


,L|F]sup) are 4-fuzzy subalgebra of X. Thus, 


ine(X),Z[T]ine(y)}, 


T[Iine(x * y) 2 max{Z[T]ine(x),Z[ine(y) Pj 


L[F]ine(x * y) > max{Z[F 


and 


TT] sup(x * y) € max{Z 
Z|I]sup(x * y) € max{Z[ 
TF] sup (x * y) € max(Z 


~= 


]s 





for all x, y € X. It follows from Label (6) that 


Z|[T]sup(x * y) € Z[T]sup(x) or T 
Z|]sup(x *y) < TI sup (x) or Z|I 
TIF] sup (x *y) < Z|[F]sup(x) orZ 


Assume that Z[T]sup(x * y) € Z[T]sup(x). Then, 


int(X),Z[Fline(y) -, 


sup(X), Z[T]sup (v) ], 
up X), Z [I]supQ/) f, 
sup (X), L[F sup (v) }, 


(6) 


T]sup(x * y) € Z[T]sup(y), 
]sup(x * y) € Z|I]sup(v) 
F] sup (x *y) < T[F]sup(y). 


, 





T[T]e(x*y) = T|T]sup(x * y) - Z[T];c(x * y 
If Z[T]sup(x * y) € Z[T]sup(y), then 


TT] e(x*y) = ZT] sup (x *Y) — L[T]ing(x * y) 


< Z|T|sup(x) = Z[Tline(x) = Z[T]e(2). 


< T[T]sp(y) - Z[Tline(y) = ZIT] e(y)- 


Hence, Z[T|p(x * y) € max{Z[T]p(x),Z[T]e(y)} for all x,y € X. By a similar way, we can 


prove that 


[I], (xy) < max{Z[I]o(x),Z[Le(y) } 


and 


L[F],(x * y) < max{Z|F]¢(x),Z[F]e(y)} 


for all x, y € X. Therefore, (X, Z[T];), (X, Z|[I];) and (X,Z|F];) are 4-fuzzy subalgebra of (X, *,0). 


Theorem 11. If an interval neutrosophic set T 














(Z[T], Z(I], Z[F]) in X is a (T(3,2), 1(3,2), 


F(8,2))-interval neutrosophic subalgebra of (X,*,0), then (X, Z[T]z), (X,Z[I]¢) and (X, Z[F];) are 2-fuzzy 


subalgebra of (X, *,0). 


Proof. Assume that 7 (Z[T], Z[I], Z[F]) is a ( 


T(3,2), 1(3,2), F(3,2))-interval neutrosophic 


subalgebra of (X, *,0). Then, (X,Z[T]ing), (X,Z[Ding) and (X,Z[Fling) are 3-fuzzy subalgebra of X, and 


(X,Z|T]sup), (X, Z [1]sup) and (X,Z[F]sup) are 2-fuzzy 


T[Tline(x * y) > max{Z[T 


subalgebra of X. Hence, 


Jine(*),Z[T]ine(y)}, 


L[Iine(x * y) 2 max{Z[T]ine(x), Z[ine(y) Pj 
T[Fling(x * y) > max(Z [F]ie(x), Z [F]it(y) ], 
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and 


a 
- 


sup(X *y) < min(Z[T]sup(x), Z[T]sup (v) 
Tsup (x *y) < min(Z I]sup(x),Z (I]sup(v) }, 
F sup(X *y) < min(Z|F]sup (x), Z [F]sup (v) 


T 
VA 


for all x,y € X, which imply that 











I[T](x y) = Z[T]sup(x * y) —Z[Tline(x * y) < Z[T]sup(x) — Z[T]ine(x) = Z[T]e(x) 
Z[T]o(x*y) = ZT] sup x*y) —L[Ting(x*y) <T T]sup(v) = Z|[T]ai(y) = Z[T]e(y), 
L[Ie(x * y) = Z[L]sup (x * y) — Z[L]ine(x * y) € Z[IHsup(x) — ZU]inc(x) = Z Uli), 
TUle(x* y) = Zü]s(x * y) — Z[ine(x * y) < Z[)sp(v) - Ziino) = Ze), 
and 
T[F]e(x * y) = Z[F]sup(x * y) —Z[Fling(x * y) < Z[F]sup(x) — Z[Fline(x) = Z[F]e(x) 
T[F]e(x* y) = Z|[F]sup(x * y) — Z[Flir(x * y) € Z[F]sap(v) — Z[Fline(y) = ZI[Fle(y) 
It follows that 
Z[T]((x « y) € min(Z[T]r(x), Z[T]; (v) 
Zl y) € min{Z(Ho(x),ZUe(y)}, 
and 


L[F],(x « y) < min{Z[F]¢(x),Z[Fle(y)}, 
for all x, y € X. Hence, (X, Z[T];), (X, Z|I];) and (X,Z[F]¢) are 2-fuzzy subalgebra of (X, *,0). 














Corollary 6. If an interval neutrosophic set T :— (Z|T], TI], Z|F]) in X is a (T(3,2), 1(3,2), 
F(8,2))-interval neutrosophic subalgebra of (X,*,0), then (X, Z[T]z), (X, Z|1];) and (X, Z[F];) are 4-fuzzy 
subalgebra of (X, *,0). 


Theorem 12. If an interval neutrosophic set T := (Z|T], Z|I], Z[F]) in X is a (T(i,3), 1(3,4), 
F(8,2))-interval neutrosophic subalgebra of (X, *,0) for i € {2,4}, then 


(1) (X,Z[T],) is a 3-fuzzy subalgebra of (X, *,0). 
(2) (X,Z[I];) is a 4-fuzzy subalgebra of (X, *,0). 
(8 (X,Z[F]¢) is a 2-fuzzy subalgebra of (X, *,0). 


Proof. Assume that Z :— (Z|T], Z|I], Z[F]) is a (T(4,3), I(8,4), F(3,2))-interval neutrosophic 
subalgebra of (X,*,0). Then, (X,Z[Tl]ing) is a 4-fuzzy subalgebra of X, (X,Z[T]sup) is a 3-fuzzy 
subalgebra of X, (X,Z|I]i;) is a 3-fuzzy subalgebra of X, (X,Z[I]sup) is a 4-fuzzy subalgebra of X, 
(X, Z|F]iur) is a 3-fuzzy subalgebra of X, and (X,Z[F]sup) is a 2-fuzzy subalgebra of X. Hence, 


Z[T]ir(x * y) < max{Z[T]ine(x),Z[T]ine(y) }, (7) 
Z[T]|sup(x * y) > max{Z[T]sup(x),Z[T]sup (v) }, (8) 
L(Tine(x * y) > max{Z[Tine(x), Z[Tine(y) } (9) 
T[I]sup (x * y) < max(Z|I]sup(x),Z [I]sup(v)) (10) 
I|F|ic(x * y) > maxtZ [F]i(x), Z [Flint (v) I, (11) 
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and 
L[F]sup (x *y) < min(Z|F]sup (x), Z [F]sup (v) ], (12) 


for all x,y € X. Then, 
L[Thine(x * y) € Z[T]ing(x) or Z[T]ine(x * y) € Z[Tlins(v) 

by Label (7). It follows from Label (8) that 
Z[T]é(x * y) = Z(T]sup(x * y) — Z[Tline(x * y) > Z(T]sup(x) — Z[Tline(x) = Z[T]e(x) 


or 





Z[T]é(x * y) = Z[T]sup(x * v) — Z[Tline(x * v) > T[T]sup(v) — Z[Tline(y) = ZIT ley), 


and so that Z[T];(x * y) > max(Z[T];(x), Z|T];(y)) for all x,y € X. Thus, (X, Z[T];) is a 3-fuzzy 
subalgebra of (X, *,0). The condition (10) implies that 





L[I]sup(x *y) x Z[I sup (X) or Z |I]sup (x *y) STI sup(J)- (13) 
Combining Labels (9) and (13), we have 
Tr x * y) = L[I]sup(x * y) — Zliss(x * v) S Z]sup(x) — Z[ine(x) = Z[Ne(x) 


or 





[I], y) = L[ Loup (x *¥) — ZUlis(x *v) < ZUlsup(y) — ZH ine(y) = Z[Ne(y). 


It follows that Z[I]¢(x * y) € max{Z[I]¢(x),Z[I|e(y)} for all x,y € X. Thus, (X, Z[I];) is a 4-fuzzy 
subalgebra of (X, *,0). Using Labels (11) and (12), we have 


T[F]/Gx * y) = Z[F]sup Gr * v) — Z[Fline(x * y) < T[F]sup(x) — Z[Fline(x) = Z[F] 5 (x) 


and 





T[F]/ (x * y) = Z[F]sup(x * v) — Z[F]ie(x * v) < Z[F]sup(y) — Z[Fline(y) = ZIFle(y), 


and so Z[F];(x « y) € min(Z[F];(x), Z|F];(y)) for all x,y € X. Therefore, (X, Z[F];) is a 2-fuzzy 
subalgebra of (X, *, 0). Similarly, we can prove the desired results for i — 2. 

















Corollary 7. Ifan interval neutrosophic set T :— (T|T], Z |I], Z |F]) in X isa (T(i,3), 1(3,4), F(3,2))-interval 
neutrosophic subalgebra of (X, *,0) for i € {2,4}, then 


(1) (X,Z[T];) is a 1-fuzzy subalgebra of (X, *,0). 
Q) (X,Z[I];) and (X,Z|F];) are 4-fuzzy subalgebra of (X, *,0). 
By a similar way to the proof of Theorem 12, we have the following theorems. 
Theorem 13. If an interval neutrosophic set T :— (ZL|T], Z|I], T[F]) in X is a (T(i,3), 1(3,2), 
F(8,2))-interval neutrosophic subalgebra of (X,*,0) for i € {2,4}, then 
(1) (X,Z[T],) is a 3-fuzzy subalgebra of (X, *,0). 
Q) (X,Z[I];) and (X,Z|F];) are 2-fuzzy subalgebra of (X, *,0). 
Corollary 8. Ifan interval neutrosophic set T :— (Z[T], Z |I], Z|F]) in X isa (T(i,3), 1(3,2), F(3,2))-interval 
neutrosophic subalgebra of (X, *,0) for i € {2,4}, then 
(1) (X,Z[T];) is a 1-fuzzy subalgebra of (X, *,0). 
(2) (X,Z[I];) and (X,Z|F];) are 4-fuzzy subalgebra of (X, *,0). 
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Theorem 14. If an interval neutrosophic set T :— (Z|T], Z|I], Z[F]) in X is a (T(i,3), 1(3,2), 
F(2,3))-interval neutrosophic subalgebra of (X,*,0) for i € {2,4}, then 


(1) (X,Z[T]¢) and (X,Z|[F]z) are 3-fuzzy subalgebra of (X, *,0). 
Q) (X,Z[I]¢) is a 2-fuzzy subalgebra of (X, *,0). 


Corollary 9. Ifan interval neutrosophic set T :— (Z [T], Z |I], Z|F]) in X isa (T(i,3), I(8, 2), F(2, 3))-interval 
neutrosophic subalgebra of (X, *,0) for i € {2,4}, then 


(1) (X,Z[T]¢) and (X,Z|F],) are 1-fuzzy subalgebra of (X, *,0). 
Q) (X,Z[I];) is a 4-fuzzy subalgebra of (X, *,0). 
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Abstract: The bipolar neutrosophic set is an important extension of the bipolar fuzzy set. The bipolar 
neutrosophic set is a hybridization of the bipolar fuzzy set and neutrosophic set. Every element of 
a bipolar neutrosophic set consists of three independent positive membership functions and three 
independent negative membership functions. In this paper, we develop cross entropy measures of 
bipolar neutrosophic sets and prove their basic properties. We also define cross entropy measures of 
interval bipolar neutrosophic sets and prove their basic properties. Thereafter, we develop two novel 
multi-attribute decision-making strategies based on the proposed cross entropy measures. In the 
decision-making framework, we calculate the weighted cross entropy measures between each 
alternative and the ideal alternative to rank the alternatives and choose the best one. We solve 
two illustrative examples of multi-attribute decision-making problems and compare the obtained 
result with the results of other existing strategies to show the applicability and effectiveness of the 
developed strategies. At the end, the main conclusion and future scope of research are summarized. 


Keywords: neutrosophic set; bipolar neutrosophic set; interval bipolar neutrosophic set; multi-attribute 
decision-making; cross entropy measure 





1. Introduction 


Shannon and Weaver [1] and Shannon [2] proposed the entropy measure which dealt formally 
with communication systems at its inception. According to Shannon and Weaver [1] and Shannon [2], 
the entropy measure is an important decision-making apparatus for computing uncertain information. 
Shannon [2] introduced the concept of the cross entropy strategy in information theory. 

The measure of a quantity of fuzzy information obtained from a fuzzy set or fuzzy system is 
termed fuzzy entropy. However, the meaning of fuzzy entropy is quite different from the classical 
Shannon entropy because it is defined based on a nonprobabilistic concept [3-5], while Shannon 
entropy is defined based on a randomness (probabilistic) concept. In 1968, Zadeh [6] extended 
the Shannon entropy to fuzzy entropy on a fuzzy subset with respect to the concerned probability 
distribution. In 1972, De Luca and Termini [7] proposed fuzzy entropy based on Shannon’s function 
and introduced the axioms with which the fuzzy entropy should comply. Sander [8] presented Shannon 
fuzzy entropy and proved that the properties sharpness, valuation, and general additivity have to 
be imposed on fuzzy entropy. Xie and Bedrosian [9] proposed another form of total fuzzy entropy. 
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To overcome the drawbacks of total entropy [8,9], Pal and Pal [10] introduced hybrid entropy that can 
be used as an objective measure for a proper defuzzification of a certain fuzzy set. Hybrid entropy [10] 
considers both probabilistic entropies in the absence of fuzziness. In the same study, Pal and Pal [10] 
defined higher-order entropy. Kaufmann and Gupta [11] studied the degree of fuzziness of a fuzzy set 
by a metric distance between its membership function and the membership function (characteristic 
function) of its nearest crisp set. Yager [12,13] introduced a fuzzy entropy card as a fuzziness measure 
by observing that the intersection of a fuzzy set and its complement is not the void set. Kosko [14,15] 
studied the fuzzy entropy of a fuzzy set based on the fuzzy set geometry and distances between them. 
Parkash et al. [16] proposed two new measures of weighted fuzzy entropy. 

Burillo and Bustince [17] presented an axiomatic definition of an intuitionistic fuzzy entropy 
measure. Szmidt and Kacprzyk [18] developed a new entropy measure based on a geometric 
interpretation of the intuitionistic fuzzy set (IFS). Wei et al. [19] proposed an entropy measure for 
interval-valued intuitionistic fuzzy sets (IVIFSs) and employed it in pattern recognition and multi 
criteria decision-making (MCDM). Li [20] presented a new multi-attribute decision-making (MADM) 
strategy combining entropy and technique for order of preference by similarity to ideal solution 
(TOPSIS) in the IVIFS environment. 

Shang and Jiang [21] developed cross entropy in the fuzzy environment. Vlachos and Sergiadis [22] 
presented intuitionistic fuzzy cross entropy by extending fuzzy cross entropy [21]. Ye [23] proposed 
a new cross entropy in the IVIFS environment and developed an optimal decision-making strategy. 
Xia and Xu [24] defined a new entropy and a cross entropy and presented multi-attribute group 
decision-making (MAGDM) strategy in the IFS environment. Tong and Yu [25] defined cross entropy 
in the IVIFS environment and employed it to solve MADM problems. 

Smarandache [26] introduced the neutrosophic set, which is a generalization of the fuzzy set [27] and 
intuitionistic fuzzy set [28]. The single-valued neutrosophic set (SVNS) [29], an instance of the neutrosophic 
set, has caught the attention of researchers due to its applicability in decision-making [30-61], conflict 
resolution [62], educational problems [63,64], image processing [65-67], cluster analysis [68,69], social 
problems [70,71], etc. 

Majumdar and Samanta [72] proposed an entropy measure and presented an MCDM strategy 
in the SVNS environment. Ye [73] defined cross entropy for SVNS and proposed an MCDM strategy 
which bears undefined phenomena. To overcome the undefined phenomena, Ye [74] defined improved 
cross entropy measures for SVNSs and interval neutrosophic sets (INSs) [75], which are straightforward 
symmetric, and employed them to solve MADM problems. Since MADM strategies [73,74] are suitable for 
single-decision-maker-oriented problems, Pramanik et al. [76] defined NS-cross entropy and developed 
an MAGDM strategy which is straightforward symmetric and free from undefined phenomena and 
suitable for group decision making problem. Sahin [77] proposed two techniques to convert the 
interval neutrosophic information to single-valued neutrosophic information and fuzzy information. 
In the same study, Sahin [77] defined an interval neutrosophic cross entropy measure by utilizing 
two reduction methods and an MCDM strategy. Tian et al. [78] developed a transformation operator 
to convert interval neutrosophic numbers to single-valued neutrosophic numbers and defined cross 
entropy measures for two SVNSs. In the same study, Tian et al. [78] developed an MCDM strategy 
based on cross entropy and TOPSIS [79] where the weight of the criterion is incomplete. Tian et al. [78] 
defined a cross entropy for INSs and developed an MCDM strategy based on the cross entropy and 
TOPSIS. The MCDM strategies proposed by Sahin [77] and Tian et al. [78] are applicable for a single 
decision maker only. Therefore, multiple decision-makers cannot participate in the strategies in [77,78]. 
To tackle the problem, Dalapati et al. [80] proposed IN-cross entropy and weighted IN-cross entropy 
and developed an MAGDM strategy. 

Deli et al. [81] proposed bipolar neutrosophic set (BNS) by hybridizing the concept of bipolar fuzzy 
sets [82,83] and neutrosophic sets [26]. A BNS has two fully independent parts, which are positive 
membership degree T* — [0, 1], I* — [0, 1], F* — [0, 1], and negative membership degree T^ — [—1, 0], 


I~ > [-1, 0], F — [-1, 0], where the positive membership degrees T+, I*, F* represent truth 
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membership degree, indeterminacy membership degree, and false membership degree, respectively, 
of an element and the negative membership degrees T~, I~, F~ represent truth membership degree, 
indeterminacy membership degree, and false membership degree, respectively, of an element to some 
implicit counter property corresponding to a BNS. Deli et al. [81] defined some operations, namely, 
Score, accuracy, and certainty functions, to compare BNSs and provided some operators in order to 
aggregate BNSs. Deli and Subas [84] defined a correlation coefficient similarity measure for dealing 
with MCDM problems in a single-valued bipolar neutrosophic setting. Sahin et al. [85] proposed 
a Jaccard vector similarity measure for MCDM problems with single-valued neutrosophic information. 
Ulugay et al. [86] introduced a Dice similarity measure, weighted Dice similarity measure, hybrid vector 
similarity measure, and weighted hybrid vector similarity measure for BNSs and established an MCDM 
strategy. Dey et al. [87] investigated a TOPSIS strategy for solving multi-attribute decision-making 
(MADM) problems with bipolar neutrosophic information where the weights of the attributes are 
completely unknown to the decision-maker. Pramanik et al. [88] defined projection, bidirectional 
projection, and hybrid projection measures for BNSs and proved their basic properties. In the same 
study, Pramanik et al. [88] developed three new MADM strategies based on the proposed projection, 
bidirectional projection, and hybrid projection measures with bipolar neutrosophic information. 
Wang et al. [89] defined Frank operations of bipolar neutrosophic numbers (BNNs) and proposed 
Frank bipolar neutrosophic Choquet Bonferroni mean operators by combining Choquet integral 
operators and Bonferroni mean operators based on Frank operations of BNNs. In the same study, 
Wang et al. [89] established an MCDM strategy based on Frank Choquet Bonferroni operators of BNNs 
in a bipolar neutrosophic environment. Pramanik et al. [20] developed a Tomada de decisao interativa 
e multicritévio (TODIM) strategy for MAGDM in a bipolar neutrosophic environment. An MADM 
strategy based on cross entropy for BNSs is yet to appear in the literature. 

Mahmood et al. [91] and Deli et al. [92] introduced the hybridized structure called interval bipolar 
neutrosophic sets (IBNSs) by combining BNSs and INSs and defined some operations and operators 
for IBNSs. An MADM strategy based on cross entropy for IBNSs is yet to appear in the literature. 


Research gap: 


An MADM strategy based on cross entropy for BNSs and an MADM strategy based on cross 
entropy for IBNSs. 


This paper answers the following research questions: 


i. Is it possible to define a new cross entropy measure for BNSs? 
ii. Is it possible to define a new weighted cross entropy measure for BNSs? 
iii. Is it possible to develop a new MADM strategy based on the proposed cross entropy measure 


in a BNS environment? 
iv. Is it possible to develop a new MADM strategy based on the proposed weighted cross entropy 
measure in a BNS environment? 


v. Is it possible to define a new cross entropy measure for IBNSs? 
vi. Is it possible to define a new weighted cross entropy measure for IBNSs? 
vii Is it possible to develop a new MADM strategy based on the proposed cross entropy measure 


in an IBNS environment? 
viii. Is it possible to develop a new MADM strategy based on the proposed weighted cross entropy 
measure in an IBNS environment? 


Motivation: 


The above-mentioned analysis presents the motivation behind proposing a cross-entropy-based 
strategy for tackling MADM in BNS and IBNS environments. This study develops two novel 
cross-entropy-based MADM strategies. 

The objectives of the paper are: 
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1.  Todefine a new cross entropy measure and prove its basic properties. 

2. To define a new weighted cross measure and prove its basic properties. 

3. To develop a new MADM strategy based on the weighted cross entropy measure in a BNS 
environment. 


4. To develop a new MADM strategy based on the weighted cross entropy measure in an IBNS 
environment. 


To fill the research gap, we propose a cross-entropy-based MADM strategy in the BNS 
environment and the IBNS environment. 


The main contributions of this paper are summarized below: 


1. We propose a new cross entropy measure in the BNS environment and prove its basic properties. 
We propose a new weighted cross entropy measure in the IBNS environment and prove its 
basic properties. 

3. We develop a new MADM strategy based on weighted cross entropy to solve MADM problems 
in a BNS environment. 

4. We develop a new MADM strategy based on weighted cross entropy to solve MADM problems 
in an IBNS environment. 

5. Two illustrative numerical examples are solved and a comparison analysis is provided. 


The rest of the paper is organized as follows. In Section 2, we present some concepts regarding 
SVNSs, INSs, BNSs, and IBNSs. Section 3 proposes cross entropy and weighted cross entropy measures 
for BNSs and investigates their properties. In Section 4, we extend the cross entropy measures for BNSs 
to cross entropy measures for IBNSs and discuss their basic properties. Two novel MADM strategies 
based on the proposed cross entropy measures in bipolar and interval bipolar neutrosophic settings are 
presented in Section 5. In Section 6, two numerical examples are solved and a comparison with other 
existing methods is provided. In Section 7, conclusions and the scope of future work are provided. 


2. Preliminary 


In this section, we provide some basic definitions regarding SVNSs, INSs, BNSs, and IBNSs. 


2.1. Single-Valued Neutrosophic Sets 


An SVNS [29] S in U is characterized by a truth membership function Ts(x), an indeterminate 
membership function Is(x), and a falsity membership function Fs(x). An SVNS S over U is defined by 


S = {x, (Ts(), Is(x), Fs(x))|x e uj 
where, Ts(x), Is(x), Fs(x): U — [0, 1] and 0 € Ts(x) + Is(x) + Fs(x) < 3 for each point x e U. 


2.2. Interval Neutrosophic Set 


An interval neutrosophic set [75] P in U is expressed as given below: 


P = (x, (Tp(x), Ip(x), Fp(x)>|x e U} 
= (x, [infT, (x), supTp(x)]; [infl,(x), supIp(x)]; [infF, (x) supFp(x)]|x e U} 


where Tp(x), Ip(x), Fp(x) are the truth membership function, indeterminacy membership function, and 


falsity membership function, respectively. For each point x in U, Tp(x), Ip(x), Fp(x) € [0, 1] satisfying 
the condition 0 < sup Tp(x) + sup Ip(x) + sup Fp(x) <3. 
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2.3. Bipolar Neutrosophic Set 
A BNS [81] E in U is presented as given below: 


E = (x TE (x), IE (x), FE (x), Tg (x), Tg (x), Fg (x) bx e U} 


where T7 (x), If (x), Fg (x): U — [0, 1] and Tz (x), Ig (x), Fg (x): U > [-1, 0]. Here, T? (x), If (x), 
Fg (x) denote the truth membership, indeterminate membership, and falsity membership functions 
corresponding to BNS E on an element x € LI, and T; (x), Iz (x), Fg (x) denote the truth membership, 
indeterminate membership, and falsity membership of an element x € U to some implicit counter 
property corresponding to E. 


Definition 1. Ref. [81]: Let, E = {x, (ré (0,1 9) Fg (x), Tg (x), Tp, (x), Fg (x) Ix e U} and 


Ez = (s, (TR (2), HE (2), FLO), Tg 


EU; Ir, (x), Fg (x)) Ix e X] be any two BNSs. Then 


e EícE»if, and only if, 





T£ (x) E T£ (x), Ig (x) E Ig, (x), Fg (x) > Fg (x); Tg (x) > Tg (x), Ig (x) > Ip (x), Fg (x) < Fg, (x) 
for all x e U. 


e Ei =E) if, and only if, 


T£ (x) B T£ (x), Ig (x) = Ig (x), Fg (x) - Fg (x); Tg (x) = Tg (x), Ig (x) = Ig, (x), Fg (x) = Fg (x) 
for all x e U. 





e The complement of E is E° = (x, (T (x), Ide (x), F(x), Tgc(x), Ige(x), Fge(x)) Ixe U} 


where 
Th) = EG), Ikla) = 1- 1E (2, FQ) = TÉ G3; 


Tg.(x) = Fg (x), Ig(x) = —1— Ig (x), Fg(x) = Tg (x). 
e The union E, U E» is defined as follows: 


E1 o E; = (Max (Tp, (x), Tp, (x), Min (Ip, (x), Ig (x), Min (Fe, (x), Fg (x), Min (Tp (0, Tp, (x), 
Max (Ig, (x), Tp, (x)), Max (Fg, (x), Fg (x))), V x e U. 


e The intersection Ey ^ E» [88] is defined as follows: 


E10 E? = {Min ( T£ (x), T£ (x), Max ag (x), Ig (x)), Max (Fe (x), Fg (x), Max (Tg. (x), Tg, (x), 
Min (Ip, (x), Tp, (x), Min (Fg (x), Fg, (x), Vxel. 


2.4. Interval Bipolar Neutrosophic Sets 


An IBNS [91,92] R = ix, «[infTz (x), supTR (x)]; [infIg (x), suplg (x)]; [infFz (x), supFg (x) 
[infTg (x), supTp (x)]; [inflg (x), supIg (x)]; [infFg (x), supFR (x)|>lx € U} is characterized by 
positive and negative truth membership functions TR (x), Tp (x), respectively; positive and negative 
indeterminacy membership functions I} (x), Ig (x), respectively; and positive and negative falsity 
membership functions FR (x), Fa (x), respectively. Here, for any x € U, TR (x), Ik (x), FR (x) € [0, 1] 
and Ty (x), Ig (x), Fg (x) € [-1, 0] with the conditions 0 < supT} (x) + supl (x) + supFg (x) < 3 and 
—3 < supTR (x) + suplp (x) + supFR (x) < 0. 





Definition 2. Ref. [91,92]: Let R = {x, «inf Tz (x), supT COT [inf Tg (x), suplg o)l; [inf Fg (x), supFg o]; 
[inf TR (x), supTp ©]; linf Ik (x), supIg G)I; [inf Fg (x), supFg G)I»1x € U} and S = {x, <linf Tg (x), 
supTz (%)]; [inf Ig (x), suplé (x)I; linf F3 (x), supFg (x)I; [inf T; (x), supTs COL [inflg (x), suplg (x)]; 
[inf Fs (x), supF; (x)]>|x € U} be two IBNSs in U. Then 
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e = RCS if, and only if, 
inf Ty (x) < inf Td (x), supT, (x) < supT¢ (x), 
inf Ig (x) > inf Ig (x), supIg (x) > supld (x), 
inf Fg (x) 
inf Te (x) > inf Ts (x), supTR (x) > supTg (x), 
inf Ip (x) < inf Ig (x), suplp (x) < suplg (x), 
inf FR (x) < inf Fz (x), supFp (x) < supFg (x), 
for all x e U. 

e RzSif and only if, 











v 


inf F3 (x), supFg (x) > supFg (x), 


inf Tg (x) = inf Td (x), supTg (x) = supT3 (x), inf Ig (x) = inf Ig (x), suplg (x) = supl2 (x), 
inf F} (x) = inf Fg (x), supFg (x) = supFg (x), inf Tg (x) = inf Ts (x), supTg (x) = supTg (x), 
inf Ip (x) = inf Ig (x), supIp (x) = suplg (x), inf Fg (x) = inf Fs (x), supFp (x) = supFs (x), 
for all x e U. 











e The complement of R is defined as The complement of R is defined as RC = (x, < [inf Tic) 
supT To]; [inf Tro), sup] pc (x)]; [infFRc(x), supF Ro (x)]; linfTc(x), supTpc(x)]; [inflgc(), 
suplac(x)I; [inf Frc (x), sup Frc (x)] > | xe U} where 


inf 1x c(x) = inf F (x), supT Rc (x) = supFi (x) 


inf Tec (*) = 1— suplg (x), supl T=] infIg (x) 





infF; nc = - infTg , supF ac (x) = supTR 
infT o c(x) =infFR, supT rc (x) = supFR 
infl ac (x) =—1—supl (x), supI pc (x) = —1— inf, (x) 
infF, gc = =infTp (x), supF. Re) =supTp (x) 
for all xe U. 
3. Cross Entropy Measures of Bipolar Neutrosophic Sets 


In this section we define a cross entropy measure between two BNSs and establish some of its 
basic properties. 


Definition 3. For any two BNSs M and N in U, the cross entropy measure can be defined as follows. 


Hoga. (s Jr eos n ) poai TORMA Ne 


(= (i) + +é- 1 (xi) _ Vti 00) v exe), i Gt 2) E VADAR GD (i) ip 








Ca(M,N) = — — — — 
” à m) Vra ()) y (^y G0) [Laon ed) _ V(t) vC G2) |. 
2 F3 2 2 


V ete) ny 62) E (c itn GO rry (x) ) e| ce enm 02) 7 (eee) 
2 2 2 
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Theorem 1. If M = «Ty (xi), Ipy(xi), Fey (xi), Ty Gi), Imai) Fy(xi)* and N «Ty (xj), In (xi), Fx (xi), 
Ty (xi), Ty (xj), Fy (x%i)> are two BNSs in U, then the cross entropy measure Cg(M, N) satisfies the 
following potis. 


(1) Cp(M, N) 2 0; 

(2) Cp(M, N) = 0 if, and only if, Ti) = T$ (xj), TX (xi) = Ig (xi), Exi) = FX (xj), Ta Gi) = Ty (xi), 
Tyg (%i) = Iy (xi), Fry (ai) = Fy (xi), V x eU; 

(3) Cp(M, N) = Cg(N, MJ; 

(4 Cp(M, N) = Cg(MS, NO). 





Proof 
i 1.1 
(1) We have the inequality (34) Tas a LA for all positive numbers a and b. From the inequality 


we can easily obtain Cs (M, N) > 0 
1 


1 
(2 The inequality (a) > iba becomes the equality (4) 7 = ab sb? if, and only if, a = b and 
therefore Cg(M, N) = 0 if, ido Me N,ie., Ti (xa) = Ty (x), Dg i) = Ip Ga), Fe (03) = Fs (x, 
Ta Gi) = Ty (xi), Ty (% i=l N(x i) Fa) = Fy (x, i)VxeU. 


[TEpGOXT Gu) — (Aet) qa EGO OD _ (Bape n 
2 2 2 2 
MOEEDEGE e») — (eese) " nt m Gi -( [e 0 E GO ) 
n 


(3) C&(M,N)- 2i (a GO (x) (Cm eo) (Er Qi) (ae G+ (x) deo) (x)) 
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The proof is completed. 
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Example 1. Suppose that M = <0.7, 0.3, 0.4, —0.3, —0.5, —0.1> and N = <0.5, 0.2, 0.5, —0.3, —0.3, —0.2> are 
two BNSs; then the cross entropy between M and N is calculated as follows: 


i agus. (1) +E - (sets)... D —.[ cecus +4- 


E E —(—03—03 —(-03)--4/ — (—03) —(—05—03 —(—05)--4/—(—03) 
coo - | (tei) orig. (EDE y (cip. (tme) 


1—05)+(1—03 VI-05+4/[1—0.3] —(—01—02 —(—0.1) - 4/— (702) 
Fay 599 i-( y ) 788 r(x +v ) 











— 0.01738474. 











n 
Definition 4. Suppose that w; is the weight of each element xj, i = 1, 2, ..., n, where w; € [0, 1] and X, w; - 1; 


i=1 
then the weighted cross entropy measure between any two BNSs M and N in U can be defined as follows. 


mienie (Faker Ee : gere (visere " 
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n 
Cg(M, N), = ) wi 
i=1 


(2) 





(Tm G+ Ty 6) (= etae) (ni GO GD) (Cn e) C ED) 
z = + z = z ud 











Gm G0) +0+ty G2) (esee) nen ty 60) (Essen) 
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Theorem 2. If M = <T} (xi), Ipy(xi), Fixi), Ty Gi), Imxi) Fmu(x:)> and N «Ty (xi), Dh (xi), Fa (xi), 
Ty (xi), IN (xi), Ey (xi)? are two BNSs in U, then the weighted cross entropy measure Cg(M, N) satisfies the 
following properties: 


(1) Cg(M, N)w > 0; 

(2) Cp(M, N)w = 0 if, and only if, Ty Ga) = Tx (xi), TK (xi) = Ig (xi), Fx, (xi) = EX (xi), Ty Gi) = Ty (xi), 
Ty (i) = Ly Ga), Ey) = Ey (xi), V x e U; 

(3) Cp(M, N)w = Cg(N, M)w; 

(4) Cg(MC, NO. = Cp (M, N)w. 





Proof is given in Appendix A. 


Example 2. Suppose that M = <0.7, 0.3, 0.4, —0.3, —0.5, —0.1> and N = <0.5, 0.2, 0.5, —0.3, —0.3, —0.2> are 
two BNSs and w = 0.4; then the weighted cross entropy between M and N is calculated as given below. 








3E -( 7+ 5) JG -( a3 82) +y VEDED] (smmwem) 

















Cs (M,N) = 04 x ESSE - (epa) +y —(C-03-03) -( En ==) +y -(-os-05) -( =o)? =) = 0.006953896. 
+ (1—054- (1—03) - (EYES) TEET -( = (01) + -cm) 


4. Cross Entropy Measure of IBNSs 


This section extends the concepts of cross entropy and weighted cross entropy measures of BNSs 
to IBNSs. 


Definition 5. The cross entropy measure between any two IBNSs R = «[infTg (xi), supTg (xi)l, 
[inf T} (xi), sup (x;)1, [inf Fg (xi), supFg (xi)1, [inf Tg (xi), supTg (xi)1, linf Ig (xi), supIg (xi)1, [inf Fg (xi), 
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supEp (xi)I» and S = «[inf Tz (x;), supTs (xi)], [inf Ig (xi), supI2 (x;)1, linf Fg (xi), supFg (xi), [inf T (xi), 
supTs (xi)], [inf Ig (x;), sup Ig (x;)1, [inf Fg (xi), supF (x;)]> in U can be defined as follows. 











n f [ 
Jen (xj) tine’ (x;) yint Gu)e intr Gi) n "E (xj) esupTZ (xi) supr. Gu) +y/supT (xi) " 
= T = z 











inf F intl inti ltr F + It |supi- 
NET (x) intl. (x;) Vintly Qj) rint (x;) NET (x) supr (x)) vsupIg (xj) +y/supls (xj) x 
Zz = Z Z = 





EE Ge) g a) B Vim intl (5) i-is Gi] di (a-supig (a) + rer (x;)) _ 











! NNR rre | Ap p 
(= Gi) +y/1-suplgt Gi) " Je (xj) int Qs) [ss Gi) eir 2 
z z = z 


"ET (x) esupFg" (x;) (= Gu) e sup 2), —(intTR (s) +int TS (x;)) 
= i A i = 
D2 
PAL C (AC eo) Cos 62) Y, [rg Got 60). (Cr Gd) Conr: 62) 
z + z m z * 
—(intrg (xj) int: (x;)) pes GD) ty (Sint (3) | " -(suerg (si) supr: (x;)) 
A i a A - 


pores me Vemm GO) em GO) (Vir eme), 








Cig(R,8) = 


(3) 























V eroe Gd) ++i) [remet], —(imtrg: (s;) intr: (3;)) 
Zz E z 











piai een) (ser a) SR G) [Hasta an 
: - 


Theorem 3. If R = «inf Tg (xi), supTg (xi)], [inf, supIg (x;)], [inf F} (xi), supFg (xi)], [inf Tg (xi), 
supTr (x;i)], linflg (xi), suplg (x;i)], [infFg (xi), supFg (xj)I» and S = <linfT (xi), supTe (xi)], 
[inf If (x;), suplz (x;)], [inf F$ (xi), supFé (x;)], [inf Tg (xi), supTs (x;)], linf Ig (x;), suplg (xi)1, [inf Fs (xi), 
supFs (x;)]> are two IBNSs in U, then the cross entropy measure Crg(R, S) satisfies the following properties: 


(1) Cyp(R, S) > 0; 

Q) Crm(R,S) = 0 for R =S ie., inf Tg (xi) = inf T2 (xi), supTg (xi) = supTg (xi), inf Ig (xi) = inf I2 (xi), 
suplg (xj) = supld (xj), infFg (xi) = inf Eg (xi), supFg (xi) = supFz (xi), inf Tg (xi) = inf Ts (xi), 
supTp (xj) = supTs (xj), infl (xi) = inflg (xi), suplp (xi) = suply (xj), inf Fg (xi) = inf Fs (xi), 
supFp (xi) =supFs (xi) V x € U; 

(3)  Cyp(R, S) = Cyp(S, R); 

(4) Cyp(RC, SC) = CCR, S). 


x 
x 


Proof 


(1) From the inequality stated in Theorem 1, we can easily get Crg(R, S) > 0. 

Q) SinceinfT; (xj) = infTZ (x;), supTg (x;) =supT¢ (x;), infIg (x;) = infI? (x;), supl} (x;) = suplg (x; 
infFj (x;) = infFZ (xi), supFR (x;) = supF¢ (xj), infTp (xj) = infT; (x;), supTp (xj) = supTs (x; 
inf (x;) = inflg (xj), supp (xi) = supls (xj), infFp (xi) = infFz (xi), supFg (xi) = supF; (x;) V 
xe U, we have Cjp(R, S) = 0. 


) 
) 
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(3  Cm(R, S) 
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(4 Cip(RE, SO) = 


"i 
vst (wes oot ete) (mt tmt y, 
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= Cp (R, S). 


[= (est [= (aor (a 
(: (omen) (e) a m epe (= Qe E (ater (a) c (= Qm 2) 











Example 3. Suppose that R = «[0.5, 0.8], [0.4, 0.6], [0.2, 0.6], [—0.3, —0.1], [—0.5, —0.1], [—0.5, —0.2]> 
and S = «[0.5, 0.9], [0.4, 0.5], [0.1, 0.4], [—0.5, —0.3], [—0.7, —0.3], [—0.6, —0.3]» are two IBNSs; the cross 





entropy between R and S is computed as follows: 


[05405 _ ( v5 V05) + [08703 n ( vos v08) + oa _ ( mvn) + NI -( T54 V05) 4. 
[moa oA _ (Sv) 4 aos ras] = [ze + /98391 L (E) 


06404 06+ V04 —(-03-05 —(703)2-/-(-05 —(—01—03 =o +V C93 
i V + -( + m ( E es a: (—05) +y ( eda) = (01) C03), 
Ci(R, S) = 5 























(Sa -( Ses 7) , yg eum -( =e =O) , ET 








(veu Ses (44s = c. += C UE 0.6) ;-( —(-05)4 —m. 


TETEN] -( —(-02)4- 2j 
EJ 








— 0.02984616. 
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n 
Definition 6. Let w; be the weight of each element xj, i = 1, 2,...,n,and w; € [0,1] with Y; wi = 1; then the 
i=1 
weighted cross entropy measure between any two IBNSs R = «[inf T} (x;), supTg (x;)], [inf Ig (x;), supIg (xi), 
[inf Fg (xi), supFg (xi)], linf Tg (xi), supTg (x;)], [inf Ig (xi), supIg (xi), inf Fg (xi), supFg (xi)]» and 
ŞS <linf Ts (xi), supT¢ (x;)], [inf Ig (xi), supl2 (x;)], [inf F3 (xi), supFé (xi)], [inf Tg (xj), supTs (xi), 
[inf Ig (xi), suplg (x;)1, [inf Fy (xi), supFg (xi)]» in U can be defined as follows. 
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Theorem 4. For any two IBNSs R = <[infTg (xi), sup Tg (xi)], [inf I} (xi), supIg (x;)], [inf Fg (xi), 
supFg (x;)1, [inf Tg (xi), supTg (x;)1, [inf Ig (xi), suplg (x;)1, [inf Fg (xj), supFg (xi)I» and S = «[inf Tz (x;), 
supT; (xi)], [inf Ig (xi), suplé (xi), [inf ES (xi), supFz (x;)], linfT; (xi), supTs (xi), linflg (xi), 
supl; (x;)], inf F5 (xi), supFg (x;)J> in U, the weighted cross entropy measure Cjp(R, S)w also satisfies 
the following properties: 





(1)  Ci(R, S)w > 0; 

Q) Cp(R, S), = 0 if, and only if, R = S i.e., inf Tg (xj) = inf Tg (xi), supTg (xi) = supTg (xi), infIg ( 
B inf Ig (xi), suplg (xj) = suplé (xi), infEg (xi) = inf F3 (xi), supFg (xi) = supFg (xi), inf Tg ( 
= inf T; (xi), supTp (xi) = supTs (xi), inf Ig (xi) = inf Ig (xi), supIg (xi) = suplg (xi), inf Fg (xi) 
inf Fs (xi), supFg (xi) = supFg (xi) V x € U; 

(3) Crp(R, S)w = Cip (S, Rw; 

(4) Cyp(RC, SC) = Cyp(R, S)ev. 


x 
x 


i) 
i) 


The proofs are presented in Appendix B. 
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Example 4. Consider the two IBNSs R = <[0.5, 0.8], [0.4, 0.6], [0.2, 0.6], [—0.3, —0.1], [—0.5, —0.1], 
[—05, —0.2]> and S = <[0.5, 0.9], [0.4, 0.5], [0.1, 0.4], [—0.5, —0.3], [—0.7, —0.3], [—0.6, —0.3]>, and let 
w = 0.3; then the weighted cross entropy between R and S is calculated as follows: 
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5. MADM Strategies Based on Cross Entropy Measures 


In this section, we propose two new MADM strategies based on weighted cross entropy measures 
in bipolar neutrosophic and interval bipolar neutrosophic environments. Let B = (B4, B2, ... , Bm} 
(m > 2) be a discrete set of m feasible alternatives which are to be evaluated based on n attributes 
C = (C4, Cz, ... , Cu) (n 2 2) and let wj be the weight vector of the attributes such that 0 < wj < land 
n 

w;=1. 
EX j 


J 


5.1. MADM Strategy Based on Weighted Cross Entropy Measures of BNS 


The procedure for solving MADM problems in a bipolar neutrosophic environment is presented 
in the following steps: 

Step 1. The rating of the performance value of alternative B; (i = 1, 2, ... , m) with respect to the 
predefined attribute C; (j = 1, 2, . . . , n) can be expressed in terms of bipolar neutrosophic information 
as follows: 

B; = (Cj, < Tg (Cj), Ig. (Cj), Fg. (Cj), Tg (Cj), Ig (Cj), Fg (Cj) > Cj € Chj = 1, 2, ..., n) 
where 0 < Tg (Cj) + Ig. (Cj) + Fg (Cj) <3 and —3 < Tg (Cj) + Ip (Cj) + Fg (C) «0,12 1,2,... mj 1, 
Zee a 

Assume that dij = <T, I if Fr, Tj, Ij, Fi is the bipolar neutrosophic decision matrix whose 
entries are the rating values of the alternatives with respect to the attributes provided by the expert or 


decision-maker. The bipolar neutrosophic decision matrix [dij]... , can be expressed as follows: 


Cr Cy. 
a By di di» ibus din 
ldi] nxn = Bo doi dy ... don 


Bm dm Amz... dmn 
Step 2. The positive ideal solution (PIS) <p* = (dj, d5, ..., d5;)» of the bipolar neutrosophic 
information is obtained as follows: 
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pp = PAVESE EVE = < [{Max (Tj e Hi}; {Min (Tf )lj Ha), 
[{Min (I) € Hı}; (Max (I})lj € Ha], [{Min Cj € Hi}; (Max (Ff) Ij € Ha}, 
[{Min (T; € Hı}; {Max (T7 lj € Ha), [(Max (I; )|j € Hı}; (Min Ij € Ha, 
[{Max (Fj )lj € Hi}; {Min (Fj je B] j = 1, 2 eum 


$ 


where H1 and Hp represent benefit and cost type attributes, respectively. 
Step 3. The weighted cross entropy between an alternative Bj, i = 1, 2, ... , m, and the ideal 
alternative p' is determined by 


nde (ES) gpurt CP) TEE] 
2 + 2 + > 
Jin nam ) JEE (mr NECEL) 
2 2 
Ca (Bi, p), 2 wi e" (a 7) «t 7) ). Ea] | Er " (ee emer pour | (5) 
E 2 2 
(sese), BH) | C 























Step 4. A smaller value of Cg(B;, p*)w, i = 1, 2, ..., m represents that an alternative Bj, i = 1,2,... , m 
is closer to the PIS p*. Therefore, the alternative with the smallest weighted cross entropy measure is 
the best alternative. 


5.2. MADM Strategy Based on Weighted Cross Entropy Measures of IBNSs 


The steps for solving MADM problems with interval bipolar neutrosophic information are 
presented as follows. 

Step 1. In an interval bipolar neutrosophic environment, the rating of the performance value 
of alternative B; (i = 1, 2, ... , m) with respect to the predefined attribute Cj (j21,2,..., n) can be 
represented as follows: 


B= (Cj < [infTg, (Cj), supT;, (Cj) [infIj. (Cj), sup]. (Ci)], [infFg. (Cj), supF 5. (Cj)], 
[infT, (Cj), supT (Cj)], [infIg. (G ), suplp. (G; )], linfFg. (Cj), supFg, (€ jl > IC; e Cj, 
f—1,2,.:5;8] 


where 0 < supTg (C j) + supIg (C j) + supFg (C j) < 3 and —3 € supT; (Cj) + supIg, AC j) + supFs. (C 4) <0; 
j212,...,n. Let gj; = <ET}, UTR] [^17 B uri [FP ; uril ET, "T$ ] ET; ur. ] EF}, ur. J> 
be the bipolar neutrosophic decision matrix whose eiiis are the rating values of the alternatives with 
respect to the attributes provided by the expert or decision-maker. The interval bipolar neutrosophic 
decision matrix [Sij], „ can be presented as follows: 





Cy C9 aac C, 
Bi 811 812 --- Sin 


lil mxn = B2 821 822 +++ Son 


Bm Sml 8m2 +--+ mn 
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Step 2. The PIS <q* = (21, 83, .., 85)» Of the interval bipolar neutrosophic information is obtained 
as follows: 





i = = «T LT Pay, Urs], [SFR CES, ET} , UT} L [^15 p UIS iF [F] , uF; ] >, 
< [{Max ETH) e Hi}; {Min CTj)j e Ho}, (Max C T5)j © Hi}; {Min (TF) Ij e Ha), 
{Min ni |j € Hay; {Max (PIF) |j © Ho}, (Min ("15))j e Hı}; (Max (“T)|j € Ha), 
(Min CF;)lj e Hi}; (Max (“FI € Hp}, (Min (Fj))lj € Hi}; (Max (F 5)j € H3)], 
(Min CT; )j e Hi}; (Max CT;)lj € H2}, (Min (“T3 )lj € Hı}; (Max (7T5)j € H2], 
TI )lj € Hi}; (Min C15)lj € Hay, (Max (*1;)j e Hy; (Min C 15)lj © Ha), 


[ 
[ 
[ i 
[(Max (11; 
[(Max (1 F;;)|j e Hi); (Min ("Fi )lj e Ha), (Max ("Fp )lj e a}; (Min (TF3 )lj € H2}] > 
T= 1p 2h 


( ( 
) ) 


) 
m 
) 
i ij) 


where H; and H; stand for benefit and cost type attributes, respectively. 
Step 3. The weighted cross entropy between an alternative Bj, i = 1, 2, ... , m, and the ideal 
alternative q* under an interval bipolar neutrosophic setting is computed as follows: 








(ott E verser eret z [oct] a METER ) 
(be SM haut Rb re [utut NETUS 


_ eet _( ELV), fear | Pee EGEN 


[E= a L- (E Eo) TEF (em V braE- - ETT 


(HEP), NECEM (ca E5), Vaca poet 


Step 4. A smaller value of Crg(B;, p*)w, i = 1, 2, ..., m indicates that an alternative Bj, i = 1,2,... , m 
is closer to the PIS q*. Hence, the alternative with the smallest weighted cross entropy measure will be 
identified as the best alternative. 

A conceptual model of the proposed strategy is shown in Figure 1. 




















Cip (B, qsk), = i x Sia = 


























Step 3: Determine the weighted Baap 2 uc 


cross entropy measures positive ideal 








solution (PIS) 

















Step 5: Select the best 


alternative 























Step 6: Stop 





Figure 1. Conceptual model of the proposed strategy. 
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6. Illustrative Example 


In this section we solve two numerical MADM problems and a comparison with other existing 
strategies is presented to verify the applicability and effectiveness of the proposed strategies in bipolar 
neutrosophic and interval bipolar neutrosophic environments. 


6.1. Car Selection Problem with Bipolar Neutrosophic Information 


Consider the problem discussed in [81,86-88] where a buyer wants to purchase a car based on 
some predefined attributes. Suppose that four types of cars (alternatives) B;, (i = 1, 2, 3, 4) are available 
in the market. Four attributes are taken into consideration in the decision-making environment, namely, 
Fuel economy (C1), Aerod (C2), Comfort (C3), Safety (C4), to select the most desirable car. Assume that 
the weight vector for the four attributes is known and given by w = (w1, w2, ws, w4) = (0.5, 0.25, 0.125, 
0.125). Therefore, the bipolar neutrosophic decision matrix (dij » 4x4 Can be obtained as given below. 


The bipolar neutrosophic decision matrix [d;;] 





4x47 
IS! C2 C3 C4 
Bı <0.5,0.7, 0.2, —0.7, —0.3, —0.6> <0.4,0.4, 0.5, —0.7, —08, —04»  <0.7, 0.7, 0.5, —0.8, —0.7, —0.6>  <0.1, 0.5, 0.7, —0.5, —0.2, —0.8> 
By  «09,07,05,—07,—07,—0.1» <0.7, 0.6, 0.8, —0.7, —0.5, —0.1> <0.9, 0.4, 0.6, —0.1, —0.7, —0.5> <0.5, 0.2, 0.7, —0.5, —0.1, —0.9> 
B,  «03,04,02,—06,—03,—0.7» <0.2, 0.2, 0.2, —0.4, —0.7, —0.4> <0.9, 0.5, 0.5, —0.6, —0.5, 02» <0.7, 0.5, 0.3, —0.4, —0.2, —0.2> 
B, <09, 0.7, 0.2, —0.8, —0.6, —0.1> <0.3, 0.5, 0.2, —0.5, —0.5, —0.2> <0.5, 0.4, 0.5, —0.1, —0.7, 02» — «0.2, 0.4, 0.8, —0.5, —0.5, —0.6> 





The positive ideal bipolar neutrosophic solutions are computed from [di] 4x4 88 follows: 


p* = [«0.9, 0.4, 0.2, —0.8, —0.3, —0.1>, «0.7, 0.2, 0.2, —0.7, —0.5, —0.1>, 
«0.9, 0.4, 0.5, —0.8, —0.5, —0.2>, «0.7, 0.2, 0.3, —0.5, —0.1, —0.2>]. 


: + i : i ) : 
Using Equation (5), the weighted cross entropy measure Cp(B;, p*) is obtained as follows 


Cp(B1, p*)w = 0.0734, Cp(Bs, p*)w = 0.0688, Cp (Bs, p*)w = 0.0642, Cg(B4, p*)w = 0.0516. (7) 

According to the weighted cross entropy measure Cg(B;, p*)w, the order of the four alternatives is 
B4 < B3 < By < By; therefore, B, is the best car. 

We compare our obtained result with the results of other existing strategies (see Table 1), where 
the known weight of the attributes is given by w = (w1, w2, w3, w4) = (0.5, 0.25, 0.125, 0.125). It is to be 
noted that the ranking results obtained from the other existing strategies are different from the result 
of the proposed strategies in some cases. The reason is that the different authors adopted different 
decision-making strategies and thereby obtained different ranking results. However, the proposed 
strategies are simple and straightforward and can effectively solve decision-making problems with 
bipolar neutrosophic information. 


Table 1. The results of the car selection problem obtained from different methods. 








Methods Ranking Results Best Option 
The proposed weighted cross entropy measure By < B3 < By < By B4 
Dey et al.'s TOPSIS strategy [87] Bı < Ba < B? < B4 B4 
Deli et al.'s strategy [81] By < B? < B4 < B3 B3 
Projection measure [88] B3 < B4 < B1 < B2 B2 
Bidirectional projection measure [88] B» < By < B4 < B3 B3 
Hybrid projection measure [88] with p = 0.25 By < By < Ba < By B4 
Hybrid projection measure [88] with p = 0.50 Bz «B; < By < By B4 
Hybrid projection measure [88] with p = 0.75 Bı < B3 < By < B5 B5 
Hybrid projection measure [88] with p = 0.90 B3 < B4 < B; < By Bı 
Hybrid similarity measure [88] with p = 0.25 Bo < Bg < By < B3 B3 
Hybrid similarity measure [88] with p = 0.30 By < B4 < By < Bg B3 
Hybrid similarity measure [88] with p = 0.60 Bo < Bg < By < B3 B3 
Hybrid similarity measure [88] with p = 0.90 By < Bg < Bz < By By 
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6.2. Interval Bipolar Neutrosophic MADM Investment Problem 


Consider an interval bipolar neutrosophic MADM problem studied in [91] with four possible 
alternatives with the aim to invest a sum of money in the best choice. The four alternatives are: 


> a food company (B1), 

> a car company (B2), 

> an arms company (B3), and 
> a computer company (B4). 


The investment company selects the best option based on three predefined attributes, namely, 
growth analysis (Cj), risk analysis (C2), and environment analysis (C3). We consider C; and C» to be 
benefit type attributes and C3 to be a cost type attribute based on Ye [93]. Assume that the weight 
vector [91] of C1, C2, and C3 is given by w = (tw, w2, w3) = (0.35, 0.25, 0.4). The interval bipolar 
neutrosophic decision matrix [87], 3 presented by the decision-maker or expert is as follows. 

Interval bipolar neutrosophic decision matrix [jj], = 


Cy 





Bı [[0.4, 0.5], [0.2, 0.3], [0.3, 0.4], [—0.3, —0.2], [-0.4, —0.3], [-0.5, — 0.4 
B2 [[0.6, 0.7], [0.1, 0.2], [0.2, 0.3], [—0.2, —0.1], [-0.3, —0.2], [-0.7, — 0.6 
B3 [[0.3, 0.6], [0.2, 0.3], [0.3, 0.4], [—0.3, —0.2], [—0.4, —0.3], [—0.6, — 0.3 
B4 [[0.7, 0.8], [0.0, 0.1], [0.1, 0.2], [—0.1, —0.0], [—0.2, —0.1], [-0.8, — 0.7 


Cy 


Bı [[0.4, 0.6], [0.1, 0.3], [0.2, 0.4], [—0.3, —0.1], [—0.4, —0.2], [—0.6, — 0.4]] 
By [[0.6, 0.7], [0.1, 0.2], [0.2, 0.3], [—0.2, —0.1], [—0.3, —0.2], [—0.7, — 0.6]] 
B3 [[0.5, 0.6], [0.2, 0.3], [0.3, 0.4], [—0.3, —0.2], [—0.4, —0.3], [—0.6, — 0.5]] 
Bg [[0.6, 0.7], [0.1, 0.2], [0.1, 0.3], [-0.2 — 0.1], [-0.3, —0.1], [—0.7, — 0.6 


C3 


Bı [[0.7, 0.9], [0.2, 0.3], [0.4, 0.5], [—0.3, —0.2], [-0.5, —0.4], [-0.9, — 0.7 
B2 [[0.3, 0.6], [0.3, 0.5], [0.8, 0.9], [—0.5, —0.3], [—0.9, —0.8], [—0.6, — 0.3 
B3 [[0.4, 0.5], [0.2, 0.4], [0.7, 0.9], [—0.4, —0.2], [—0.9, —0.7], [-0.5, — 0.4 
B4 [[0.6, 0.7], [0.3, 0.4], [0.8, 0.9], [—0.4, —0.3], [—-0.9, —0.8], [—0.7, — 0.6 













































































From the matrix [2;;],...., 
(q*) by using Equation (6) as follows: 


we determine the positive ideal interval bipolar neutrosophic solution 


q* = «[0.7, 0.8], [0.0, 0.1], [0.1, 0.2], [-0.8, —0.2], [-0.2, —0.1], [-0.5, —0.3]»; 
<[0.6, 0.7], [0.1, 0.2], [0.1, 0.3], [—0.3, —0.2], [—0.3, —0.1], [-0.6, —0.4]>; 
<[0.3, 0.5], [0.3, 0.5], [0.8, 0.9], [—0.3, —0.2], [—0.9, —0.8], [-0.9, —0.7]>. 











The weighted cross entropy between an alternative Bj, i = 1, 2, ... , m, and the ideal alternative q* 
can be obtained as given below: 


Cip (B4, q*)u = 0.0606, Cip (Bo, q*)w = 0.0286, Cip (Ba, q*) = 0.0426, Cj (Ba, q*)w = 0.0423. 


On the basis of the weighted cross entropy measure Crg(B;, q*)w, the order of the four alternatives 
is By < B4 < B3 < By; therefore, Bz is the best choice. 

Next, the comparison of the results obtained from different methods is presented in Table 2 where 
the weight vector of the attribute is given by w = (w1, w2, w3) = (0.35, 0.25, 0.4). We observe that B» is the 
best option obtained using the proposed method and B, is the best option obtained using the method 
of Mahmood et al. [91]. The reason for this may be that we use the interval bipolar neutrosophic 
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cross entropy method whereas Mahmood et al. [91] derived the most desirable alternative based on a 
weighted arithmetic average operator in an interval bipolar neutrosophic setting. 


Table 2. The results of the investment problem obtained from different methods. 








Methods Ranking Results Best Option 
The proposed weighted cross entropy measure B2 < B4 < B3 < B B5 
Mahmood et al.’s strategy [91] B2 < B3 < By < B4 B4 


7. Conclusions 


In this paper we defined cross entropy and weighted cross entropy measures for bipolar 
neutrosophic sets and proved their basic properties. We also extended the proposed concept to 
the interval bipolar neutrosophic environment and proved its basic properties. The proposed cross 
entropy measures were then employed to develop two new multi-attribute decision-making strategies. 
Two illustrative numerical examples were solved and comparisons with existing strategies were 
provided to demonstrate the feasibility, applicability, and efficiency of the proposed strategies. We hope 
that the proposed cross entropy measures can be effective in dealing with group decision-making, 
data analysis, medical diagnosis, selection of a suitable company to build power plants [94], teacher 
selection [95], quality brick selection [96], weaver selection [97,98], etc. In future, the cross entropy 
measures can be extended to other neutrosophic hybrid environments, such as bipolar neutrosophic 
soft expert sets, bipolar neutrosophic refined sets, etc. 
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Appendix A 
Proof of Theorem 2 


(1) From the inequality stated in Theorem 1, we can easily obtain Cg(M, N)w > 0 
Q) Cp(M, Nje = 0 if, and only if, M = N, Le, Tjj (xi) = TH (ai), Dx) = Dr (xi), Exp (xi) = Fi (xi), 
Tyg (Xi) = Ty (xi), Tyg (xi) = Ig (xi), Fag (xi) = Fy (xi) V x e U. 
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Appendix B 


Proof of Theorem 4 


(1) 
(2) 


1+4Iy ()) (um GO Vi e) yE (xi) +Fy Q2) ka 2 
= = 7 


Obviously, we can easily get Crg(R, S)w > 0. 
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This completes the proof. 
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1. Introduction 


Smarandache [1] initiated the concept of neutrosophic set (NS). Smarandache’s NS is characterized 
by three parts: truth, indeterminacy, and falsity. Truth, indeterminacy and falsity membership values 
behave independently and deal with the problems of having uncertain, indeterminant and imprecise 
data. Wang et al. [2] gave a new concept of single valued neutrosophic set (SVNS) and defined the set 
of theoretic operators in an instance of NS called SVNS. Ye [3-5] studied the correlation coefficient and 
improved correlation coefficient of NSs, and also determined that, in NSs, the cosine similarity measure 
is a special case of the correlation coefficient. Peng et al. [6] discussed the operations of simplified 
neutrosophic numbers and introduced an outranking idea of simplified neutrosophic numbers. 

Molodtsov [7] introduced the notion of soft set as a novel mathematical approach for handling 
uncertainties. Molodtsov’s soft sets give us new technique for dealing with uncertainty from the 
viewpoint of parameters. Maji et al. [8-10] introduced neutrosophic soft sets (NSSs), intuitionistic 
fuzzy soft sets (IFSSs) and fuzzy soft sets (FSSs). Babitha and Sunil gave the idea of soft set relations [11]. 
In [12], Sahin and Kucuk presented NSS in the form of neutrosophic relation. 

Rough set theory was initiated by Pawlak [13] in 1982. Rough set theory is used to study the 
intelligence systems containing incomplete, uncertain or inexact information. The lower and upper 
approximation operators of RSs are used for managing hidden information in a system. Therefore, 
many hybrid models have been built such as soft rough sets (SRSs), rough fuzzy sets (RFSs), 
fuzzy rough sets (FRSs), soft fuzzy rough sets (SFRSs), soft rough fuzzy sets (SRFSs), intuitionistic 
fuzzy soft rough sets (IFSRS), neutrosophic rough sets (NRSs), and rough neutrosophic sets (RNSs) for 
handling uncertainty and incomplete information effectively. Soft set theory and RS theory are two 
different mathematical tools to deal with uncertainty. Evidently, there is no direct relationship between 
these two mathematical tools, but efforts have been made to define some kind of relation [14,15]. 
Feng et al. [15] took a significant step to introduce parametrization tools in RSs. They introduced SRSs, 
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in which parameterized subsets of universal sets are elementary building blocks for approximation 
operators of a subset. Shabir et al. [16] introduced another approach to study roughness through SSs, 
and this approach is known as modified SRSs (MSR-sets). In MSR-sets, some results proved to be 
valid that failed to hold in SRSs. Feng et al. [17] introduced a modification of Pawlak approximation 
space known as soft approximation space (SAS) in which SAS SRSs were proposed. Moreover, they 
introduced soft rough fuzzy approximation operators in SAS and initiated a idea of SRFSs, which is an 
extension of RFSs introduced by Dubois and Prade [18] . Meng et al. [19] provide further discussion 
of the combination of SSs, RSs and FSs. In various decision-making problems, RSs have been used. 
The existing results of RSs and other extended RSs such as RFSs, generalized RFSs, SFRSs and IFRSs 
based decision-making models have their advantages and limitations [20,21]. In a different way, 
RS approximations have been constructed into the IF environment and are known as IFRSs, RIFSs and 
generalized IFRSs [22-24]. Zhang et al. [25,26] presented the notions of SRSs, SRIFSs, and IFSRSs, 
its application in decision-making, and also introduced generalized IFSRSs. Broumi et al. [27,28] 
developed a hybrid structure by combining RSs and NSs, called RNSs. They also presented interval 
valued neutrosophic soft rough sets by combining interval valued neutrosophic soft sets and RSs. 
Yang et al. [29] proposed single valued neutrosophic rough sets (SVNRSs) by combining SVNSs and 
RSs, and established an algorithm for decision-making problems based on SVNRSs in two universes. 
For some papers related to NSs and multi-criteria decision-making (MCDM), the readers are referred 
to [30-38]. The notion of SRNSs is a extension of SRSs, SRIFSs, IFSRSs, introduced by Zhang et al. 
motivated by the idea of single valued neutrosophic rough sets (SVNRSs) introduced, we extend the 
single valued neutrosophic rough sets' lower and upper approximations to the case of a neutrosophic 
soft rough set. The concept of a neutrosophic soft rough set is introduced by coupling both the 
neutrosophic soft sets and rough sets. In this research paper, we introduce the notions of SRNSs 
and NSRSs as hybrid models for soft computing. Approximation operators of SRNSs and NSRSs are 
described and their relevant properties are investigated in detail. We describe a mathematical approach 
to handle decision-making problems in view of NSRSs. We also present an efficient algorithm of our 
proposed hybrid model to solve decision-making problems. 


2. Construction of Soft Rough Neutrosophic Sets 


In this section, we introduce the notions of SRNSs by combining soft sets with RNSs and soft 
rough neutrosophic relations (SRNRs). Soft rough neutrosophic sets consist of two basic components, 
namely neutrosophic sets and soft relations, which are the mathematical basis of SRNSs. The basic idea 
of soft rough neutrosophic sets is based on the approximation of sets by a couple of sets known as the 
lower soft rough neutrosophic approximation and the upper soft rough neutrosophic approximation 
of a set. Here, the lower and upper approximation operators are based on an arbitrary soft relation. 
The concept of soft rough neutrosophic sets is an extension of the crisp set, rough set for the study 
of intelligent systems characterized by inexact, uncertain or insufficient information. It is a useful 
tool for dealing with uncertainty or imprecision information. The concept of neutrosophic soft 
sets is powerful logic to handle indeterminate and inconsistent situations, and the theory of rough 
neutrosophic sets is also powerful mathematical logic to handle incompleteness. We introduce the 
notions of soft rough neutrosophic sets (SRNSs) and neutrosophic soft rough sets (NSRSs) as hybrid 
models for soft computing. The rating of all alternatives is expressed with the upper soft rough 
neutrosophic approximation and lower soft rough neutrosophic approximation operator and the pair 
of neutrosophic sets that are characterized by truth-membership degree, indeterminacy-membership 
degree, and falsity-membership degree from the view point of parameters. 


Definition 1. Let Y bean initial universal set and M a universal set of parameters. For an arbitrary soft relation 
P over Y x M, let P; : Y — N (M) bea set-valued function defined as P;(u) = {k € M | (wk) € P),u € Y. 

Let (Y, M, P) be an SAS. For any NS C = {(k, Tc(k), Ic(k), Fc(k)) | k € M} € N(M), where N(M) 
is a neutrosophic power set of parameter set M, the lower soft rough neutrosophic approximation (LSRNA) and 
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the upper soft rough neutrosophic approximation (USRNA) operators of C w.r.t (Y, M, P) denoted by P(C) and 
P(C), are, respectively, defined as follows: 





P(C) = (Gu Tac) Q0, Icy (u) Fro) | # € Y}, 


P(C) = {(u, Tp(ey (u), Ipo) (4), Fpqcy(u)) | uw € YT, 


where 


Tp(cj(u) = V To(k), Ip(c u) = ^ Ic(k), Fpg(cy(u) = ^ Fe(k), 
kePs(u) kePs(u) keP.(u 





Tpcy(u) 2. A Telk) Ip(u)- V (k), Foo(u)= V Fe(k). 
keP;(u) kePs(u) keP.(u 


It is observed that P(C) and P(C) are two NSs on Y, P(C), P(C) : N (M) — P(Y) are referred to as the 
LSRNA and the USRNA operators, respectively. The pair (P(C), P(C)) is called SRNS of C w.r.t (Y, M, P). 





Remark 1. Let (Y, M, P) be an SAS. If C € IF(M) and C € P(M), where IF(M) and P(M) are 
intuitionistic fuzzy power set and crisp power set of M, respectively. Then, the above SRNA operators P(C) and 
P(C) degenerate to SRIEA and SRA operators, respectively. Hence, SRNA operators are an extension of SRIEA 
and SRA operators. 


Example 1. Suppose that Y = {w1, w2, W3, W4, ws} is the set of five careers under observation, and Mr. X 
wants to select best suitable career. Let M = (K4, ka, ka, k4) be a set of decision parameters. The parameters 
kı, ko, ka and kg stand for "aptitude", “work value”, "skill" and “recent advancement”, respectively. Mr. X 
describes the "most suitable career" by defining a soft relation P from Y to M, which is a crisp soft set as shown 


in Table 1. 


Table 1. Crisp soft relation P. 


P 01 w2 w3 w4 w5 





ko ë 1 1 0 1 0 
ko è 0 1 1 0 1 
k 0 1 0 0 0 
ka 1 1 1 0 1 
P, : Y — N(M) is a set valued function, and we have P;(w,) = {ky,k4},P;(w2) = 


(i, Ko, ka, k4}, Ps(w3) = (Ko, ka}, P5 (w4) = {ki} and P;(ws5) = (ko, k4}. Mr. X gives most the favorable 
parameter object C, which is an NS defined as follows: 


C = ((k1,0.2,0.5,0.6), (k2, 0.4,0.3,0.2), (ka, 0.2,0.4, 0.5), (k4, 0.6, 0.2,0.1)}. 


From the Definition 1, we have 











Tpc) (1) = V Tc(k) = V(02,0.6) = 0.6, 
kePs (w1) 
Iggy (w1) = J Iclk) = A(05,02) = 0.2, 
kePs(w4) 
Fow) = A Fe(k) = Af0601) = 0.1, 
keP;(w1) 
Tec) w2) = 0.6, Ipc) (w2) 202, Fp(cj (w2) z0J, 
Tc) w3) = 0.6, Ipc) (ws) = 0:2, Fp(cy (wa) =0.1, 
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Tp(cy (wa) = 0.2, Tac) (wa) = 05, Fp(cy (wa) = 0.6, 





Tp(cy (ws) = 0.6, Ipo) (ws) = 0.2, Fpyc) (ws) = 0.1. 





Similarly, 
Trcy(wi) = A Telk) = A{0.2,0.6} = 0.2, 
kePs(w4) 
Ipcy(w1) = V  Te(k) = V(0.5,02) = 05, 
kePs(w1) 
Fgc(wi = V Felk) = (0.60.1) = 0.6, 
kePs (w1) 
Tp(c) w2) = 0.2, Ip(c) (w2) = 0:5, Fp(c) (w2) = 0.6, 
Tp(c) w3) = 0.4, Ip(c) (ws) = 0:3; Fp(c) (ws) = 0.2, 
Tp(c) wa) = 0:2; Ip(c) (w4) = 0:5, Fp(c) (wa) = 0.6, 
Tp(c) Ws) = 0.4, Ip(c) (ws) = 0.3, Fp(c) (ws) =10:2: 
Thus, we obtain 
P(C) = {(wy,0.6,0.2,0.1), (wz, 0.6, 0.2, 0.1), (w3,0.6,0.2,0.1), (w4, 0.2, 0.5,0.6), (ws, 0.6,0.2,0.1)}, 
P(C) = {(wy,0.2,0.5,0.6), (w2, 0.2,0.5, 0.6), (w3,0.4, 0.3, 0.2), (wa, 0.2, 0.5, 0.6), (ws, 0.4, 0.3, 0.2)}. 


Hence, (P(C), P(C)) is an SRNS of C. 


Theorem 1. Let (Y, M, P) be an SAS. Then, the LSRNA and the USRNA operators P(C) and P(C) satisfy 
the following properties for all C, D € N (M): 











(i) P(C) =~ P(~ C), 

Gi) P(CnD)-P(C)nP(D), 
(iii) C C D = P(C) C P(D), 
(iv) P(CUD) 2 P(C)U P(D), 
(v) P(C) =~ P(~ C), 

(vi) P(CUD) = P(C)UP(D), 
(vii) CC D ^ P(C) C P(D), 
(viii) P(Cn D) C P(C) n P(D), 




















where ~ C is the complement of C. 


Proof. (i) By definition of SRNS, we have 


2 
ts Ts 
ME 
£245 
Il 


where 


Fey = V Telk 


"eet ) 


Hence, ~ P(~ C) = P(C). 


{(k, Fe(k), 1 — Ic(k), Te(k)) }, 
{(u, Tenc) (u), Ep ey (4), Fe(wcy(u)) |u € YT, 
{(u, Feno u) 1 — Ipc lu), Tenc (u)) | u € YF, 


) Ip.cy(u) = V (0 — Ie(k)), Tero ( A Felk 
keP;(u) — keR.u u) 
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(ii) 


P(CnD) = 


{(u, Tptenp) (4), Ip¢enpy (4), Fpcenpy (#)) | « € Y} 
{mw A Tenn) V kek) V Fee (0) | ue Y3 


kePs(u) kePs(u) kePs(u) 
(QA. (Te(k) ^Tp(), V clk) V In(k)), 
kePs(u) keP;(u) 
V (Fe(k) V Fo(k)) |u € Y} 
keP;(u) 


Tu Tp(e) (u) ^ Tep) Q4), Iptey (u) V Ipp) (u), Feco) (0) V Fppy(u)) | u € Y] 
P(C)nP(D). 





(iii) It can be easily proved by Definition 1. 


(iv) 


Tpcup(u) = A Teun(k) 
keP;(u) 


= A (Te(k) V Tp(k)) 


keEP;(u) 


CA Te(k)V A Tolk) 


kePs(u) ke Ps (u) 
(Teo) (u) V Tp(py (u)), 


IV 


IV IV 


Tp(cup)(u) 


Similarly, we can prove that 


Ipo) (u) U Ipc) (u), 
Frc) (u) U Fpp) (u). 


Iptcup)(u) 


I^ IA 


Fptcupy(u) 


Thus, P(CU D) 2 P(C) U P(D). 





The properties (v)-(viii) of the USRNA P(C) can be easily proved similarly. 














Example 2. Considering Example 1, we have 


we = 


{ (ky, 0.6, 0.5, 0.2), (k2, 0.2, 0.7, 0.4), (k3, 0.5, 0.6, 0.2), (ka, 0.1, 0.8, 0.6)}, 
{(w1,0.6, 0.5, 0.2), (w2, 0.6, 0.5, 0.2), (w3, 0.2, 0.7, 0.4), (w4, 0.6, 0.5, 0.2), 
(w5,0.2,0.7,0.4)], 

((11,0.2, 0.5, 0.6), (15, 0.2, 0.5, 0.6), (w3, 0.4, 0.3, 0.2), (w4, 0.2, 0.5, 0.6), 
(w5,0.4,0.3,0.2)], 

P(C). 

{(k1,0.4,0.2, 0.6), (k2,0.5,0.3,0.2), (ks, 0.5, 0.5, 0.1), (k4, 0.6, 0.4,0.7)}, 
{(w1,0.4,0.4, 0.7), (w2, 0.4, 0.5, 0.6), (w3, 0.5, 0.4, 0.7), (w4, 0.4, 0.2, 0.6), 
(ws,0.5,0.4,0.7)}, 

{(k1,0.2, 0.5, 0.6), (kz, 0.4, 0.3, 0.2), (k3, 0.2, 0.5, 0.5), (ka, 0.6, 0.4,0.7)}, 
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P(CnD) = {(w1,0.2,0.5,0.7), (w2,0.2,0.5, 0.6), (:w3,0.4, 0.4, 0.7), (14,0.2,0.5,0.6), 
(ws, 0.4, 0.4, 0.7) ), 

P(C)NP(D) = {(wy1,0.2,0.5,0.7), (w,0.2,0.5, 0.6), (w3,0.4, 0.4, 0.7), (14, 0.2,0.5,0.6), 
(ws, 0.4, 0.4, 0.7) ), 

P(CND) = P(C)nP(D), 

CUD = {(ky,0.4,0.2,0.6), (k2,0.5,0.3, 0.2), (k3,0.5,0.4,0.1), (ka, 0.6, 0.2,0.1)}, 

P(CUD) = {(wy1,0.4,0.2,0.6), (w2,0.4,0.4, 0.6), (w3,0.5,0.3,0.2), (w4, 0.4, 0.2, 0.6), 
(ws, 0.5,0.3,0.2) ), 

P(C)UP(D) = {(w1,0.4,0.4,0.6), (w2,0.4,0.5, 0.6), (w3, 0.5, 0.3, 0.2), (14, 0.4, 0.2, 0.6), 
(ws, 0.5,0.3,0.2) ). 





Clearly, P(C UD) 2 P(C) U P(D). Hence, properties of the LSRNA operator hold, and we can easily 
verify the properties of the USRNA operator. 


The conventional soft set is a mapping from a parameter to the subset of universe and let (P, M) 
bea crisp soft set. In [11], Babitha and Sunil introduced the concept of soft set relation. Now, we present 
the constructive definition of SRNR by using a soft relation R from M x M = M to P(Y x Y = Y), 
where Y is a universal set and M is a set of parameter. 


Definition 2. A SRNR (R(D), R(D)) on Y isa SRNS, R : M + P (Ý) is a soft relation on Y defined by 
R(kikj) = {ujuj | du; € P(kj),uj € P(kj)), uu; € x: 
Let Rs : Y + P(M) be a set-valued function by 
Rs (ujuj) = (kk; € M| (ujuj, kk;) € R}, ujuj € Y. 
For any D € N(M), the USRNA and the LSRNA operators of D w.r.t (Y, M, R) defined as follows: 


R(D) = { (uittj, TR(py (uiu), Ireo) Qiu), Froo) Quiuj)) | ujuj € Y, 


R(D) = {(ujuj, Trip) (uiu), Igqpy (ui), Feqpy(uiuj)) | uiu; € Y, 


where 
Tg(pj (ujuj) = V Tp (kikj), TRD) (uiuj) = A Ip (kikj), 
kjkjERs (uju;) kikjERs(u;uj) 
Fg(p) (ujuj) = A Fp(kik;), 


kjkjERs(uju;) 


Trp) (iuj) = A Tp (kikj), Ig(py(uiu;) = V Ip(kikj), 
kk; € Rs(uiuj) kjkjERs(uju;) 
Fgpy(uiuj) = V Ep(kikj). 


kk ERs (uju;) 


The pair (R(D), R(D)) is called SRNR and R,R : N(M) — P(Y) are called the LSRNA and the 
USRNA operators, respectively. 
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Remark 2. For an NS D on M and an NS C on M, 


Tp(kkj) < min{Tc(k i}, 
In(kik;) X  min{Ic(ki)}, 
Fp(kkj) < min {Fc(ki)}- 


According to the definition of SRNR, we get 


Trp) (viuj) < min{ TRcy (ui), Treo) (uj) P, 
Izp) (Mi uj) < max{IR(c) (ui), Rio (u ph 
Fp) (uiu) < max{ FRc) (ui), Frc) (Yj) h 


Similarly, for the LSRNA operator R(D 


WS 





Trp) (uit; < min{ Tc) (ui), Tic) (uj) }, 
Igpy(ujuj) €  maxtIn(cy (ui), Ireo Qj) ); 
Frp) (uiuj < max{Fg(c) (ui), Fn(c) (uj) }- 


Example 3. Let Y = (u1,u», u3} be a universal set and M = (Ki, k», k3} be a set of parameters. A soft set 
(P, M) on Y can be defined in tabular form (see Table 2) as follows: 


Table 2. Soft set (P, M). 


P uy u2 u3 





ko 1 1 0 
k 0 0 1 
k 1 1 1 


Let E = (uuo, usus, Uzu, usus) C Y and L = (Kika, kola, kako C M. Then, a soft relation R on E 
(from L to E) can be defined in tabular form (see Table 3) as follows: 


Table 3. Soft relation R. 








R 1112 1215 12112 13112 
kyk3 1 1 1 0 
kok, 0 0 0 1 
k3k2 0 1 0 0 


Now, we can define set-valued function Rs such that 


Rs(u102) = {kiks}, Rs(uzu3) = (Kaka, k3k2}, Rs(u212) = {kiks}, Rs(uau2) = {koky}. 


{ (ki, 0.2, 0.4, 0.6), (k2, 0.4, 0.5, 0.2), (k3, 0.1, 0.2, 0.4) } be an NS on M, then 
((u1,0.2,0.2,0.4), (uz, 0.2, 0.4, 0.4), (u3, 0.4, 0.2,0.2)}, 

= ((u1,0.1,0.4, 0.6), (uz, 0.1,0.4, 0.6), (13,0.1,0.5,0.4)}, 
{ (kyk3,0.1,0.2, 0.2), (kok1,0.1, 0.1, 0.2), (kgkz, 0.1, 0.2, 0.1)} be an NS on L, then 
{ (uy, 0.1, 0.2, 0.2), (u2u3, 0.1, 0.2, 0.1), (ug, 0.1, 0.2, 0.2), (1312, 0.1,0.1,0.2)}, 
{ (uy, 0.1, 0.2, 0.2), (u2u3, 0.1, 0.2, 0.1), (ugu2, 0.1, 0.2, 0.2), (u3u2,0.1,0.1,0.2). 


Hence, R(D) = (R(D), R(D)) is SRNR. 
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3. Construction of Neutrosophic Soft Rough Sets 


In this section, we will introduce the notions of NSRSs, neutrosophic soft rough relations (NSRRs). 


Definition 3. Let Y be an initial universal set and M a universal set of parameters. For an arbitrary 
neutrosophic soft relation P from Y to M, (Y, M, P) is called neutrosophic soft approximation space (NSAS). 
For any NS C € N(M), we define the upper neutrosophic soft approximation (UNSA) and the lower 
neutrosophic soft approximation (LNSA) operators of C with respect to (Y, M, P) denoted by P(C) and P(C), 
respectively as follows: 





BC) = {u Thot) ot) Fg (00) | € Y), 
PIC) = (s Tee Q0, Inc) (0) Eso) |u € YT, 
where 
Tg) = V, Ui Ge E) ^ Te(), Qt) = A (pic) (uk) V Ic(k)), 
Fao) = JN Vato Go Fel), 
To) = A Ceo, V Tc), Igo) = V (1.7 Ig Q9) ^ tcl), 
Faou) = M, roA): 


The pair (P(C), P(C) ) is called NSRS of C w.r.t (Y, M, P), and P and P are referred to as the LNSRA 
and the UNSRA operators, respectively. 


Remark 3. A neutrosophic soft relation over Y x M is actually a neutrosophic soft set on Y. The NSRA 
operators are defined over two distinct universes Y and M. As we know, universal set Y and parameter set M are 
two different universes of discourse but have solid relations. These universes can not be considered as identical 
universes; therefore, the reflexive, symmetric and transitive properties of neutrosophic soft relations from Y to M 
do not exist. 

Let P be a neutrosophic soft relation from Y to M, if, for each u € Y, there exists k € M such that 
Tp(u,k) = 1, Ip(u,k) = 0, Fg(u,k) = 0. Then, P is referred to as a serial neutrosophic soft relation from Y to 
parameter set M. 


Example 4. Suppose that Y = {w1, w2, ws, w4 } is the set of careers under consideration, and Mr. X wants 
to select the most suitable career. M = (I1, ko, ka) is a set of decision parameters. Mr. X describes the “most 
suitable career” by defining a neutrosophic soft set (P, M) on Y that is a neutrosophic relation from Y to M as 
shown in Table 4. 


Table 4. Neutrosophic soft relation P. 


P w1 w2 w3 wa 
kı (0.3,0.4,0.5) (0.4, 0.2,0.3) (0.1,0.5,0.4) (0.2, 0.3, 0.4) 


ko — (01,05,0.4) — (03,04,0.6) — (0.4,04,03) — (0.5,0.3,0.8) 
ks —.(03,04,0.4) — (04,0.6,07) — (03,05,04) — (0.5,0.4,0.6) 
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Now, Mr. X gives the most favorable decision object C, which is an NS on M defined as follows: 
C= {(k1,0.5,0.2,0.4), (k2, 0.2, 0.3, 0.1), (k3, 0.2, 0.4, 0.6) ). By Definition 3, we have 











Tão) = V, (Taco (wik) ^ Te(k)) = V{0.3,0.1,0.2} = 0.3, 
Bo) = A (Ip¢c) (w1-k) V Ic(k)) = A\{0.4,0.5,0.4} = 04, 
Fo) = A (Fao (wrk) V Fc(K)) = A{0.5,0.4, 0.6} = 04, 
keM 
T5(c) (2) = 04, Icy (02) —02, Fg(cy (%2) =04, 
Tios) = 0.2, T5(c)(ws) = 0.4, Fi (ws) = 0.3, 
Tio (w4) =0.2, Tjo (wa) = 0.3, Fac) (wa) = 04. 
Similarly, 
Tac) (m1) = A (Eg(cy (wrk) V Tc(K)) = A\{0.5,0.4,0.4} = 04, 
c 
Hoey) = VE LO daca Gu oA Te 0) = A09:09,04]5 04, 
c 
Foc) (w1) = NV Une (a O89) e VIO 09) 08, 
€ 


Tac) (w2) = 0.4, 


Ip) (w3) = 0.4, 


Fp) (w2) = 04, 
Fp(cy(w3) = 0.3, 
Tac) (wa) = 04, Fp(c (wa) = 0.5. 


Thus, we obtain 


l 


{(w1,0.3,0.4,0.4), (w2, 0.4, 0.2, 0.4), (w3, 0.2, 0.4, 0.3), (w4, 0.2, 0.3,0.4)}, 
{(w1,0.4,0.4,0.3), (w2, 0.5, 0.4, 0.4), (w3, 0.4, 0.4, 0.3), (w4, 0.5, 0.4,0.5)}. 


In 


Hence, (P(C), P(C)) is an NSRS of C. 


Theorem 2. Let (Y, M, P) be an NSAS. Then, the UNSRA and the LNSRA operators P(C) and P(C) satisfy 
the following properties for all C, D € N(M): 








© P(C) =~ P(~ A), 

Gi) P(cnD)-B(c)nB(D), 
(ii) CC D > P(C) € B(D), 
(iv) P(CU D) D P(C) UP(D), 
(v) P(C) =~ P~ C), 

(vi) B(CUD) = P(C) u B(D), 
(vii) C C D > P(C) € P(D), 
(viii) P(Cn D) € P(C) n P(D). 
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Proof. (i) 


(ii) 


~C = {(k,Fe(k),1— Ic(k), Tc()) | ke M}. 
By definition of NSRS, we have 





P(~C) = {(u, Taw o U) Bo (4) FB e (4) [ue Y), 
~P(~C) = {(u Fan o )j1- Tuc) 0 TEx) (u)) | u e Y), 
Frog) = A (Felek) v Te(k)) 

keM 
= Tpc) (4) 
1 F(t) = 1-( A psv M 
keM 





Tg) = V. (Tp(u,k) ^ T.c(k)) 
keM 
= V (Tp(u,k) ^ Fc(K)) 
keM 
= Føl). 
Thus, P(C) = ~ P(~ C). 
B(CnD) = {(u Tien) (t) Ipcopy (4), FBtenpy (2) }- 
B(C)nB(D) = ((w Tao (u) A Tp) (u) Lacy (4) V Ipo) (u), Fic) (4) V Feo) 
Now, consider 
Tpcnpy(w) = A (Fp(u,k) V Tenp(k)) 
keM 
= N (Fp(u,k) V (Tc(K) ^ Tp(K))) 
keM 
= A (Fg, k) V Tc(k)) ^ A (Eslu k) V Tp(K)) 
keM keM 


= Tp(cy(u) ^ Tp(p) (u), 
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Ip(crp) (u) 


Fbicnp) (u) 


Thus, P(C n D) 


= V ((1— Ip u,k)) ^ Icnp(Kk)) 


keM 

= V (= Ig(uk)) ^ Uclk) V In(k))) 
keM 

= V ((1— Ip(u,k))) A Ic(k)) V V ((02— Ip(uk)) V Ip(k)) 
keM keM 


= Ijo (u) V Ipp (u), 
= WV (Tpl k) ^ Fenp(k)) 


keM 





= M (Tp(u,k) ^ (Fe(k) V Fo(k))) 
keM 

= V (Tp(u,k ^ Fc(k v V (T P (u, k) ) A Fp(k)) 
keM keM 

= Fao v Feo) (4). 

= P(c)nB(D) 


(iii) It can be easily proven by Definition 3. 


(iv) 


Tp¢cupy (u) 


Fercupy (#4) 


— 


u, Tpcup) (u), Ipicup) (u), Fptcup) (u)) 

u, Tac) (4) V Tarp) (4), Ipo (4) A Igqpy(u), Fare) (u) A Fppy(u)) ], 
A (Fg (wk) V Tcup(K)) 

M 


— 


(Fp(u,k) v [Te(K) v To(k)]) 
A ([Fp (uk) V Te(K)] V [Fp(u,k) V Tp(K)]) 
M 


Fs(u,k) V in V A (£s, k) V Tp(k)) 
EM 


Tan 
keM 
V (( — p(k) A lic) ^ Ip (i) 
keM 
Mods a 
keM 
V. ((1— Ip(u,k)) ^ Ic(K)) ^ V ((1— Ip(u,k)) A Ip()) 
keM keM 


Ipo (u) ^ Ipp) (u), 
V (Tg(u,K) ^ Fcup(K)) 


keM 

V (Zp(u,k) ^ [Fc(k) ^ Fp()]) 

keM 
UAM 
keM 

V (T, pu, k) ^ Fc(k AV (T plu, k) ^ Ep(k)) 
keM keM 


Fø (u) ^ Fpp) (u). 
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(vii) 


(cnp) ™) 


Thus, P(C D) 


Bicnp) U!) = 


~ 
T 


)/ Tp Bicnpy UP Fe capy)) Lh 





cnp) 
(lar u, a V Ipp) (0), Fg Q0 V Fp) 00), 
V S ue ^ Tcap(k)) 
keM 
Tp(u,k) ^ k) ^ Tp(k 
V (tH »(0]) 
(I Tp(u,k) ^ Tc(K)] ^ [Tp (uk) ^ Tp(E)]) 
keM 
(Tal u, k) ) ^ Tc(k M V (Tl u, K) A Tp(k)) 
keM keM 
Tac) (u )^ Tap pU u), 
A (gt (u,k) V Ienp(k )) 
keM 
Ix(u,k) V [Ic(k) V Ip(k 
AA, sto v tret v w) 
(Us (u,k) V Ic(k n 
keM 
((I5(u,k)) V Ic(k)) v A (Gg k)) V Ip(k)) 
keM keM 
ogl n (4), 
A^ (E (uu, k) V Fenp(k)) 
keM 
A (Fps K) v [Fc(k) V Fp(K)]) 
keM 
A (IE) V Fe(k)] V [Eg E) V Fo(k)]) 
keM 
A (Fps k) V Fc(K)) v A (Fg(u,K) V Fp(K)) 
keM keM 
Fac“) V is 
P(c)nP(D). 











The properties (v)-(vii) of the UNSRA operator P( C) can be easily proved similarly. 





Theorem 3. Let (Y, M, P) be an NSAS. The UNSRA and the LNSRA operators P and P satisfy the following 


properties for all C, D € N(M): 
© P(c-D)2 P(C)- P(D), 
Gi) P(C- D) c P(C) - Bib). 
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Proof. (i) By Definition 3 and definition of difference of two NSs, for all u € Y, 


Ta(c_p) (4) = A (Fg(u,k) V Te_p(k)) 
keM 


= N (Fg(u,K) V (Tc(k) A Fp(k))) 
keM 

= A (lFp(usk) V Tc()] ^ [Fp(u,k) V Fp(O]) 
keM 

= N (Fp(u,k) V Tc(k)) ^ A (Fg(u,k) V Fp(k)) 
keM keM 

= Tao) (u) ^ Fgiy(u) 


Tpicy- Bip) 0) 





Ipc-py(u) = V ((1—Ip(u,k)) ^ Ic-p()) 

keM 

= M (( - Ig(wK)) ^ (elk) ^ (1 — Ip(K)))) 
keM 

= V (I 150,5) ^ Ic] ^ [a — 150,5) ^ (1 = 10(0)]) 
keM 

= V (I — 196,8) ^ Ic(] ^ [1 — (p) V 10(9)1) 
keM 

< ((1 — Ig(u,k)) ^ Ic(K)) ^ V. (1— (p(k) V Ip(k))) 
keM keM 

< (1 — Ip(u,k) A Ic(k)) ^ (1- A (Ip(u,k) V Ip(k)) ) 
keM keM 

= Ip (u) AA- Ip) 

= ppp) 

Fic py) = V (Tp(u,k) ^ Fo_p(k)) 

EM 

— V (Taluk) ^ (Fc(k) ^ Tp(k))) 
keM 

= V ([Tp(u,k) ^ Fc(G)] ^ [Tp(u k) ^ To(k)]) 
keM 

< V (Tp(u,k) A Fc(k)) ^ V (Tp(u,k) ^ Tp(k)) 
keM keM 


E Feic) (u) ^ Tp) 
= Faoz). 
Thus, P(C— D) C P(C)- P(D). 


(ii) By Definition 3 and definition of difference of two NSs, for all u € Y, 
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Tsic. py (9) = A IPLA HAT] 

= V (Tp(u,k) ^ (Te(k) ^ Fp(E))) 
keM 

= V [Tp k) ^ Tc] ^ [Tp(u, k) ^ Fo(k)]) 
keM 

€ V (Tp(u,k) ATc(k)) ^ V (Tp(u,k) A Fo(k)) 
keM keM 

= Tic) A Foca) (u) 


= Ts(cy.. (dn u), 


= Na (u, k) V Ic-p(k)) 
keM 
= A (Ip(u,k) V (Iclk) ^ (1 = In()))) 


keM 


= A (lp) v Ic(K)] ^ pu) V (1 = I0(9)]) 


keM 


= A (lpk) v Ic] A [1 = 1 = 15,5) v (1 = 15(9)]) 


keM 


= OA (pu bv Ic) ^ (1= V (0 - 150,5) A I0(9)) 


keM keM 
= Io) ^(1— Ipgpy(u)) 


Ttc) spy 09 


B(C_D) (u) 


Fac_py 0?) = A (Fg(u,k) V Fe-p(k)) 
— N (Fp(u,k) V (Fe(k) ^ Tp())) 
keM 
= A ((Fp(u,k) V Fc(9] ^ [Fp(u k) v To(9]) 
keM 
= N (Fp(uk) V Fe(k)) ^ A (Ep(u,k) V To(k)) 
keM keM 


Thus P(C—D) C P(C) — P(D). 














Theorem 4. Let (Y, M, P) be an NSAS. If P is serial, then the UNSA and the LNSA operators P and P satisfy 


the following properties for all ©, M,C € N (M): 
O PO) 
(ii) P(C) 


= @, P(M) =Y, 
c P(C). 
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Proof. (i) 


(ii) 


PO) = ((w Tio Q0), Iggy (4), Faq (0)) | u € YE, 
Tio) = V (Tp(u,k) ^ To(K)), 
Bo) = D (Ip(u,k) V Iø(k)), 
Fot) = AN. (Fg, k) V Eg(K)). 
keM 


Since Ø is a null NS on M, To (k) = 0, Ig(k) = 1, Fo(k) = 1, and this implies 
Tyg) (4) — 0, Ig(u) =1, Fg(u) = 1. Thus, P(2) = Ø. 








P) 
Now, 
P(M) — (Go Teom Q0, Ipon 0, Feo) | € YT, 
Tom) = A (Fenk) V Tu()), Ipm) = V ((1.— Ip k)) ^ Inu (h)), 
keM keM 
Foamy (4) = V (Tp(u,k) ^ Fu()). 
keM 


Since IM is full NS on M, Ty(k) = 1, Iy(k) = 0,Fm(k) = 0, for all k € M, and this implies 
Taam (4) = 1 Ipm (u) = 0, Fø (u) = 0. Thus, P(M) = Y. 

Since (Y, M, P) is an NSAS and P is a serial neutrosophic soft relation, then, for each u € Y, there 
exists k € M, such that Tp(u,k) = 1, Ip(u,k) = 0, and Fp(u,k) = 0. The UNSRA and LNSRA 


operators P(C), and P(C) of an NS C can be defined as: 





Tg) = VTO, Ig) = A l, 
keM keM 
Fao) = A Felk), 
keM 
Tagu) = A Tek), Tpey(u) = V Ick, 
keM keM 
Frou) = V Fc(9. 
keM 





Clearly, Teo) (u) < Tol) Iou) = Tac) (0), Fou) = Fac) (u) for all u € Y. 


Thus, P(C) C P(C). 














The conventional NSS is a mapping from a parameter to the neutrosophic subset of universe and 


let (B, M) be NSS. Now, we present the constructive definition of neutrosophic soft rough relation by 
using a neutrosophic soft relation R from M x M = M to N(Y x Y = Y), where Y is a universal set 
and M is a set of parameters. 


Definition 4. A neutrosophic soft rough relation (R(D), R(D)) on Y is an NSRS, R : M > N(Y) is 
a neutrosophic soft relation on Y defined by 


R(kik;) = (uiuj | Ju; € P(k;), uj € P(kj)}, ujuj € Y, 
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such that 


Tg (uu Ui uj, kik; ) < min{Tp(u;, ki), Tp(uj, kr 
Ig(ujuj,kik) € | max(Ip(ui, ki), Ip(uj, kj) ), 
Fg(ujuj kjkj) < maxiFp(u;, ki), Fg(uj, kj) }- 


For any D € N(M), the UNSA and the LNSA of B w.r.t (Y, M, R) are defined as follows: 
R(D) = (uj Tg (0:0), Ty Gr), Fc (n) | nu € Ý}, 


R(D )- tuu, TR (p) ti uj), Igp) (tiu), Fre ) (ui uj j)) | ujuj € Y, 


where 
Tap (ui) = V (Tguiuj kikj) ^ To(ik;)), 
kk;eM 
Tap) (uit) = — A (Ig Qui ki) V Ip(kik;)), 
kkjeM 
Fip uu) = A (Fguuj kikj) V Fo (kikj)), 
kk;eM 
Teol) = A (Fani ij) V Tp (kikj)), 
kikjeM 
Irou) = V ((L— Ig(uiuj kikj)) ^ Ip(kik;)), 
kikjeM 
Facp)(uiuj) = — M. (Tg(uj,kik;) ^ Fo (kikj)). 
kk;eM 


The pair (R(D), R(D)) is called NSRR and R, R : N(M) — N (Ý) are called the LNSRA and the 
UNSRA operators, respectively. 


Remark 4. Consideer an NS D on M and an NS C on M, 


Tp (kikj) < min{ Tc (k;), Tc (kj) }, 
Ip(kk) <  max{Ic(kj), Ic(k;)}, 
Fp(kk) < max(Fc(k), Fo(kj)}- 


According to the definition of NSRR, we get 


9 S 
a 
= 3 
Ss 
lA IA 
to 
XR 
mU m 
a o 
DN LA. 
= Ss 
vol 
~ 
EU X 
2 8 
mU eS 
Som 
- 


T. 
I ) 
Fgipy(uiuj) < mF o (u) Ee (uj) 
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Similarly, for LNSRA operator R(D), 


min{Tac) (uj), AG yup 
max(Ig(cy (ui), I 


m 
M 
IA IA IA 


max{ Fac (ui)-FR 


Example 5. Let Y = {u1, u2, ua) be a universal set and M = (ki, k2, k3 } a set of parameters. A neutrosophic 
soft set (P, M) on Y can be defined in tabular form (see Table 5) as follows: 


Table 5. Neutrosophic soft set (P, M). 





P uy uz u3 
kı (0.4,0.5,0.6) (0.7,0.3,0.2) (0.6,0.3,0.4) 


ka (0.5,0.3,0.6) (0.3,0.4,0.3)  (07,0.2,0.3) 
k3 (0.7,0.2,0.3) (0.6,0.5,0.4) (0.7,0.2,0.4) 








Let E = (uuo, u2u3, u2u2, ugu2) C Ý and L = {kiks, koi, kako} C M. 
Then, a soft relation R on E (from L to E) can be defined in tabular form (see Table 6) as follows: 


Table 6. Neutrosophic soft relation R. 


R 1112 1215 1212 1312 
kiks | .(0.4,0.4,0.5)  (0.6,0.3,0.4) (0.5,0.5,0.2)  (0.5,0.4,0.3) 


koky (0.3,0.3,0.4) (03,02,03) (02,03,03) (07,022,022) 
ksko  (0.3,0.3,0.2) (05,03,02) (02,04,04)  (0.3,0.4,0.4) 








Let C = ((k4,0.2, 0.4, 0.6), (k2, 0.4, 0.5, 0.2), (k3, 0.1, 0.2, 0.4) } be an NS on M, then 
R(C) = £(u1,0.4,0.2,0.4), (uz, 0.3, 0.4, 0.3), (u3, 0.4, 0.2,0.3)}, 

R(C) = ((u1,0.3,0.5,0.4), (2, 0.2, 0.5, 0.6), (u3, 0.4, 0.5,0.6)}, 

Let B = {(kyk3,0.1, 0.3, 0.5), (kok, 0.2, 0.4, 0.3), (k3k2,0.1,0.2,0.3)} be an NS on L, then 


R(D) = (nus, 0. 2,0.4, 0.4), (u2u5, 0.2, 0.4, 0.5), (u2u2, 0.3,0.4, 0.5), (usu, 0.2,0.4,0.5)) . 


R(D) = ((u1u2,0.2,0.3,0.3), (1215, 0.2, 0.3, 0.3), (u212,0.2, 0.4, 0.3), (35, 0.2, 0.4,0.3)}, 
R ), 
Hence, R(D) = (R(D), R(D)) is NSRR. 


Theorem 5. Let B, P, be two NSRRs from universal Y to a parameter set M; for all C € N (M), we have 


(i) P,UP(C) = P\(C)NP,(C), 
(ii) A UP,(C) = P\(C) UP,(C). 








Theorem 6. Let Pi, P; be two neutrosophic soft relations from universal Y to a parameter set M; for all 


C € N (M), we have 
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4. Application 


In this section, we apply the concept of NSRSs to a decision-making problem. In recent times, 
the object recognition problem has gained considerable importance. The object recognition problem 
can be considered as a decision-making problem, in which final identification of object is founded on 
a given amount of information. A detailed description of the algorithm for the selection of the most 
suitable object based on an available set of alternatives is given, and the proposed decision-making 
method can be used to calculate lower and upper approximation operators to address deep concerns 
of the problem. The presented algorithms can be applied to avoid lengthy calculations when dealing 
with a large number of objects. This method can be applied in various domains for multi-criteria 
selection of objects. A multicriteria decision making (MCDM) can be modeled using neutrosophic soft 
rough sets and is ideally suited for solving problems. 

In the pharmaceutical industry, different pharmaceutical companies develop, produce and 
discover pharmaceutical medicines (drugs) for use as medication. These pharmaceutical companies 
deal with "brand name medicine" and "generic medicine". Brand name medicine and generic medicine 
are bioequivalent, have a generic medicine rate and element of absorption. Brand name medicine and 
generic medicine have the same active ingredients, but the inactive ingredients may differ. The most 
important difference is cost. Generic medicine is less expensive as compared to brand names in 
comparison. Usually, generic drug manufacturers have competition to produce products that cost less. 
The product may possibly be slightly dissimilar in color, shape, or markings. The major difference is 
cost. We consider a brand name drug “u = Claritin (loratadink)" with an ideal neutrosophic value 
number n, = (1,0,0) used for seasonal allergy medication. Consider 


Y = {u = Nasacort Aq (Iriamcinolone), u? = Zyrtec D (Cetirizine/ Pseudoephedrine), 
u3 = Sudafed (Pseudoephedrine), u4 = Claritin-D (loratadine/pseudoephedrine), 


us = Flonase (Fluticasone) } 


is a set of generic versions of “Clarition”. We want to select the most suitable generic version of Claritin 
on the basis of parameters e; = Highly soluble, e? = Highly permeable, e3 = Rapidly dissolving. 
M = {e1,e2,e3} be a set of paraments. Let P be a neutrosophic soft relation from Y to parameter set 
Mas shown in Table 7. 


Table 7. Neutrosophic soft set (P, M). 





P e ez £3 

u (04,05,06) (07,03,02)  (0.6,0.3,0.4) 
uz (0.5,0.3,0.6) (03,04,03)  (0.7,0.2,0.3) 
uz (0.7,0.2,0.3) (0.6,0.5,0.4) (07,02,0.4) 
u, (0.5,0.7,0.5) (0.8,0.4,0.6) (0.8, 0.7,0.6) 
us (0.6,0.5,0.4) (0.7,0.8,0.5) —(0.7,0.3,0.5) 


Suppose C = {(e1,0.2,0.4,0.5), (e2,0.5,0.6, 0.4), (e3,0.7,0.5,0.4)} is the most favorable object 
that is an NS on the parameter set M under consideration. Then, (P(C), P(C)) is an NSRS in 
NSAS (Y, M, P), where 


I 


) = {(u1,0.6,0.5,0.4), (u5,0.7,0.4, 0.4), (13, 0.7,0.4, 0.4), (14,0.7,0.6, 0.5), (15,0.7,0.5,0.5)), 


E 
C) = ((,0.5,0.6,0.4), (u2,0.5,0.6,0.5), (u5,0.3,0.3,0.5), (u4,0.5,0.6, 0.5), (us, 0.4, 0.5, 0.5) }. 


Ie 
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In [6], the sum of two neutrosophic numbers is defined. The sum of LNSRA and the UNSRA 
operators P(C) and P(C) is an NS P(C) € P(C) defined by 


P(C)@B(C) = ((u,0.8,0.3,0.16), (u2, 0.85, 0.24, 0.2), (u3, 0.79,0.2, 0.2), (u4,0.85,0.36,0.25), 
(us, 0.82,0.25,0.25)]. 


Let ny; = (Thu, In, , Fny, ) bea neutrosophic value number of generic versions medicine u;. We can 
calculate the cosine similarity measure S(n,,,n,) between each neutrosophic value number ny, of 
generic version u; and ideal value number n, of brand name drug u, and the grading of all generic 
version medicines of Y can be determined. The cosine similarity measure is calculated as the inner 
product of two vectors divided by the product of their lengths. It is the cosine of the angle between 
the vector representations of two neutrosophic soft rough sets. The cosine similarity measure is 
a fundamental measure used in information technology. In [3], the cosine similarity is measured 
between neutrosophic numbers and demonstrates that the cosine similarity measure is a special case 
of the correlation coefficient in SVNS. Then, a decision-making method is proposed by the use of 
the cosine similarity measure of SVNSs, in which the evaluation information for alternatives with 
respect to criteria is carried out by truth-membership degree, indeterminacy-membership degree, 
and falsity-membership degree under single-valued neutrosophic environment. It defined as follows: 


Ta, - Tnu; + In, In, + Fa, Fny, 


S(ny,ny;) E 
CO JU T + B+ The, + Tag, + Fhe, 


(1) 





Through the cosine similarity measure between each object and the ideal object, the ranking order 
of all objects can be determined and the best object can be easily identified as well. The advantage is 
that the proposed MCDM approach has some simple tools and concepts in the neutrosophic similarity 
measure approach among the existing ones. An illustrative application shows that the proposed 
method is simple and effective. 

The generic version medicine u; with the larger similarity measure S(n,,,1,) is the most suitable 
version uj because it is close to the brand name drug u. By comparing the cosine similarity measure 
values, the grading of all generic medicines can be determined, and we can find the most suitable 
generic medicine after selection of suitable NS of parameters. By Equation (1), we can calculate the 
cosine similarity measure between neutrosophic value numbers r1 of u and nų; of u; as follows: 


S(ny,ny) = 0.9203, S(ny,ny,) = 0.9386, S(ny, nuz) = 0.9415, 
0.8888 S(,, Nus) = 0.9183. 


S(nu,nu,) 


We get S (nu, nuz) > S(nu,nu,) > S(ny, nu) > S(nu, nus) > S(nu, Mug). Thus, the optimal decision 
is u3, and the most suitable generic version of Claritin is Sudafed (Pseudoephedrine). We have used 
software MATLAB (version 7, MathWorks, Natick, MA, USA) for calculations in the application. The 
flow chart of the algorithm is general for any number of objects with respect to certain parameters. 
The flow chart of our proposed method is given in Figure 1. The method is presented as an algorithm 
in Algorithm 1. 
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Read the number of elements in universal set Y 
and number of elements in parameter set M. 


Read neutrosophic soft relation P 
and neutrosophic set C on M. 


———— 




















To) = zeros(n, 1) 

I=, = ones(n, 1) 

(C) , 

Feo = ones(n, 1) k=k+1 
Tpcy = ones(n, 1) 

B(o) = zeros(n, 1) 
FRc) = zeros(n, 1) 

False 





"| True 





P(C) ® P(C) = zeros(n, 3) 








t=1+4+1 








4 


nu = (1,0,0) 














4 


S(nu,nu;) = zeros(n, 1) 











i=i+1 











¥ 








D = max(S) 








fprintf(^ it is a neutrosophic set on universal set") 














Y 





fprintf(^ you can choice the element u.j") 


Figure 1. Flow chart for selection of most suitable objects. 
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Algorithm 1: Algorithm for selection of the most suitable objects 





1. Begin 
Input the number of elements in universal set Y = {u1, u2, . . ., Un }- 
Input the number of elements in parameter set M = {e1,€2,...,€m}- 
Input a neutrosophic soft relation P from Y to M. 
Input an NS C on M. 
if size(P) A [n, 3 « m] 
fprintf(\ size of neutrosophic soft relation from universal set to parameter 
set is not correct, it should be of order %dx%d; ',n,3 x m) 
error(\ Dimemsion of neutrosophic soft relation on vertex set is not correct. ") 
9. end 
10. ifsize(C) Æ [m,3] 
11. fprintf(X size of NS on parameter set is not correct, 
it should be of order %dx3; ’,m) 
12. error('Dimemsion of NS on parameter set is not correct.’) 


SD gv e po H9 


ge 


13. end 

14. Tac) = zeros(n, 1); 
15. Io = ones(n,1); 

16. Fac) = ones(n,1); 

17. Tic) = ones(n, 1); 
18. Ig = zeros(n, 1); 
19. Foc) = zeros(n,1); 


20. if size(P) == [n,3 « m] 


21. if size(C) == [m,3] 

22. if P >= 0 && P <=1 

23. if C >=0&&C<=1 

24. fori=1:n 

25. fork=1:m 

26. j=3*k-2; 

27. Tac) (1) = max(Tgis (i, 1), min(P(i, j), C(k,1))); 
28. Icy (1) = min(Iic (i, 1), max(P(i, j + 1), C(k,2))); 
29. Fact) ES min(Fgc- Yt i ax( i ,j*2) C(k, 3)); 
30. Tpcy (i, 1) = min(Tpycy (i, 1), max(P(i, j + 2), C(k,1))); 
31. Tao) 1) = max(Ig(c y im in((1 — P(i, n oM 
32. Fpcy (61) — max( (C) (i, 1), min(P(i, j), C(, 3))); 

33. end 

34. end 

35. P(C) = (Tstcy Boy o) 

36. P(C) = (Tto, Iso, Fete) 

37. if P(C) == P(C) 

38. fprintf(\ it is a neutrosophic set on universal set. /) 

39. else 

40. fprintf(\it is an NSRS on universal set. ^) 

41. P(C) o B(C) = zeros(n,3); 
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42. for i=1:n 
43. Tac) (i) 4 Tac) (i) Tac) (i) 4 Tac) (i) 
-= Tae) (È). * Tae) (1); 
44. Tao (4) e Irc (i) =i o) * Ipc (i); 
45. F5(C)(i) 4 Fpcy (i) = Fac) i). * Fg (i); 
46. end 
47. n, = (1,0,0); 
48. S(ny,ny;) = zeros(n,1); 
49. for i=1:n 
Tn, t Thy, + In, . In, F Fn, d En, 
50. S(ny,ny;) = : - : ; 
V Tí, + T + FR, + [TR + Ta, + Fh, 
51. end 
52. S(ny, Nu;) 
53. Dzmax(S); 
54. 120; 
55. m=zeros(n,1); 
56. D2=zeros(n,1); 
57; for j=1:n 
58. if SG,1)==D 
59. 1=1+1; 
60. D2(j,1)-5(,1); 
61. m(j-j; 
62. end 
63. end 
64. forj=1:n 
65. if m(j) =0 
66. fprintf(* you can choice the element tq ’,j) 
67. end 
68. end 
69. end 
70. end 
71. end 
72. end 
73. end 
74. End 


5. Conclusions and Future Directions 


Rough set theory can be considered as an extension of classical set theory. Rough set theory 
is a very useful mathematical model to handle vagueness. NS theory, RS theory and SS theory are 
three useful distinguished approaches to deal with vagueness. NS and RS models are used to handle 
uncertainty, and combining these two models with another remarkable model of SSs gives more 
precise results for decision-making problems. In this paper, we have first presented the notion of 
SRNSs. Furthermore, we have introduced NSRSs and investigated some properties of NSRSs in detail. 
NSRS can be utilized as a mathematical tool to deal with imprecise and unspecified 
information. In addition, a decision-making method based on NSRSs has been proposed. This research 
work can be extended to (1) rough bipolar neutrosophic soft sets; (2) bipolar neutrosophic soft rough 
sets; (3) interval-valued bipolar neutrosophic rough sets; and (4) neutrosophic soft rough graphs. 


The notion of 
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Abstract: Neutrosophic sets (NSs) handle uncertain information while fuzzy sets (FSs) and 
intuitionistic fuzzy sets (IFs) fail to handle indeterminate information. Soft set theory, neutrosophic 
set theory, and rough set theory are different mathematical models for handling uncertainties and 
they are mutually related. The neutrosophic soft rough set (NSRS) model is a hybrid model by 
combining neutrosophic soft sets with rough sets. We apply neutrosophic soft rough sets to graphs. 
In this research paper, we introduce the idea of neutrosophic soft rough graphs (NSRGs) and describe 
different methods of their construction. We consider the application of NSRG in decision-making 
problems. In particular, we develop efficient algorithms to solve decision-making problems. 


Keywords: neutrosophic soft rough sets; neutrosophic soft rough graphs; decision-making; algorithm 





1. Introduction 


Smarandache [1] initiated the concept of neutrosophic set (NS). Smarandache’s NS is characterized 
by three parts: truth, indeterminacy, and falsity. Truth, indeterminacy and falsity membership 
values behave independently and deal with problems having uncertain, indeterminant and imprecise 
data. Wang et al. [2] gave a new concept of single valued neutrosophic sets (SVNSs) and defined 
the set theoretic operators on an instance of NS called SVNS. Peng et al. [3] discussed the 
operations of simplified neutrosophic numbers and introduced an outranking idea of simplified 
neutrosophic numbers. 

Molodtsov [4] introduced the notion of soft set (SS) as a novel mathematical approach for handling 
uncertainties. Molodtsov’s SSs gave us a new technique for dealing with uncertainty from the 
viewpoint of parameters. Maji et al. [5-7] introduced neutrosophic soft sets (NSSs), intuitionistic 
fuzzy soft sets and fuzzy soft sets (FSSs). In [8], Sahin and Kucuk presented NSS in the form of 
neutrosophic relations. 

Theory of rough set (RS) was proposed by Pawlak [9] in 1982. Rough set theory is used to study 
the intelligence systems containing incomplete, uncertain or inexact information. The lower and upper 
approximation operators of RSs are used for managing hidden information in a system. Feng et al. [10] 
took a significant step to introduce parametrization tools in RSs. Meng et al. [11] provide further 
discussion of the combination of SSs, RSs and FSs. The existing results of RSs and other extended 
RSs such as rough fuzzy sets, generalized rough fuzzy sets, soft fuzzy rough sets and intuitionistic 
fuzzy rough sets based decision-making models have their advantages and limitations [12,13]. 
In a different way, rough set approximations have been constructed into the intuitionistic fuzzy 
environment and are known as intuitionistic fuzzy rough sets and rough intuitionistic fuzzy sets [14,15]. 
Zhang et al. [16,17] presented the notions of soft rough sets, soft rough intuitionistic fuzzy sets, 
intuitionistic fuzzy soft rough sets, its application in decision-making, and also introduced generalized 
intuitionistic fuzzy soft rough sets. Broumi et al. [18,19] developed a hybrid structure by combining 
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RSs and NSs, called RNSs, they also presented interval valued neutrosophic soft rough sets by 
combining interval valued neutrosophic soft sets and RSs. Yang et al. [20] proposed single valued 
neutrosophic rough sets (SVNRSs) by combining SVNSs and RSs and defined SVNRSs on two universes 
and established an algorithm for a decision-making problem based on SVNRSs on two universes. 
Akram and Nawaz [21] have introduced the concept of soft graphs and some operation on soft 
graphs. Certain concepts of fuzzy soft graphs and intuitionistic fuzzy soft graphs are discussed 
in [22224]. Akram and Shahzadi [25] have introduced neutrosophic soft graphs. Zafar and Akram [26] 
introduced a rough fuzzy digraph and several basic notions concerning rough fuzzy digraphs. In this 
research paper, a neutrosophic soft rough set is a generalization of a neutrosophic rough set, and we 
introduce the idea of neutrosophic soft rough graphs (NSRGs) that are made by combining NSRSs 
with graphs and describe different methods of their construction. We consider the application of NSRG 
in decision-making problems and resolve the problem. In particular, we develop efficient algorithms 
to solve decision-making problems. 

For other notations, terminologies and applications not mentioned in the paper, the readers are 
referred to [27-35]. 


2. Neutrosophic Soft Rough Information 


In this section, we will introduce the notions of neutrosophic soft rough relation (NSRR), 
and NSRGs. 


Definition 1. Let Y be an initial universal set, P a universal set of parameters and M c P. For an arbitrary 

neutrosophic soft relation Q over Y x M, (Y, MI Q) is called neutrosophic soft approximation space (NSAS). 
For any NS A € N (MD, we define the upper neutrosophic soft rough approximation (UNSRA) and the 

lower neutrosophic soft rough approximation (LNSRA) operators of A with respect to (Y, M, Q) denoted by 


Q(A) and Q(A), respectively as follows: 





(A) = {(u, Tya) Q0, Io Ay 00, Foray Q0) |u e Yj, 
(A) = {(u, Tac ay Q0), Igora) Q0, Foca) (4) [ue Yj, 


lO el 





where 


Tga) = V (Toa) (ue) ^ Ta(e)), Iya) (#) = y (Igra) (ue) v IA(e)), 


eeM eeM 

Foray) = A Fawley FAO); Taau) = A (Folie) v Tale)), 
eeM eeM 

Igy(u) = V ((1 — Iga) (u e)) ^ Ile), Focay(u) = V (Touay (wu, e) ^ Fa(e)). 
eeM eeM 


The pair (Q(A), Q(A)) is called NSRS of A w.r.t (Y,M, Q), Q and Q are referred to as the LNSRA and 
the UNSRA operators, respectively. 


Example 1. Suppose that Y = {w1, W2, ws, wa} is the set of careers under consideration, and Mr. X wants to 
select the best suitable career. Ml = {e1,e2,e3} is a set of decision parameters. Mr. X describes the "most suitable 
career" by defining a neutrosophic soft set (Q, M) on Y that is a neutrosophic relation from Y to M as shown in 
Table 1. 


Table 1. Neutrosophic soft relation Q. 





Q Wy 12 w3 wa 
e (0.3,0.4, 0.5) (0.4,0.2, 0.3) (0.1,0.5, 0.4) (0.2, 0.3, 0.4) 


ey — (0.,0.50.))  (03,04,06) — (0.4,04,03) — (0.5,0.3,0.8) 
es (03,04,04) (0.4,0.6,0.7) — (03,05,04) — (0.5,04,0.6) 
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Now, Mr. X gives the most favorable decision object A, which is an NS on M defined as follows: A = 
1(e1, 0.5, 0.2, 0.4), (e2, 0.2, 0.3, 0.1), (es, 0.2, 0.4, 0.6)}. By Definition 1, we have 











Tra) (1) = 03, Tp ay (01) ^ 0.4, Foray (01) = 04, 
Toa (wo) = 0.4, Tya (w2) = 0.2, Poa (w2) = 0.4, 
Tga (w3)=0.2, Ipa) (w3) = 0.4, Foray (ws) = 0.3, 














Similarly, 
To(A (w1) = 0.4, lo(A (w1) = 0.4, Fo(A (w1) = 0.3, 
To (w2) = 0.5, lo(A (w2) = 0.4, Foca (w2) = 0.4, 
Te (w3) = 0.4, lo(A (w3) = 0.4, Fo(A (w3) = 0.3, 
Toy (wa) = 0.5, Igra) (wa) = 0.4, Foraj (wa) = 0.5. 


Thus, we obtain 


= 
ll 


{(w}, 0.3, 0.4, 0.4), (12, 0.4, 0.2, 0.4), (w3, 0.2, 0.4, 0.3), (w4, 0.2, 0.3, 0.4)}, 
{(w , 0.4, 0.4, 0.3), (12, 0.5, 0.4, 0.4), (w3, 0.4, 0.4, 0.3), (wa, 0.5, 0.4, 0.5)}. 


lo a 
= 
ll 


Hence, (Q(A), Q(A)) is an NSRS of A. 


The conventional neutrosophic soft set is a mapping from a parameter to the neutrosophic 
subset of the universe and letting (Q, M) be neutrosophic soft set. Now, we present the constructive 
definition of neutrosophic soft rough relation by using a neutrosphic soft relation S from M x M = M 
toN(YxY= Y), where Y is a universal set and M be a set of parameters. 


Definition 2. A neutrosophic soft rough relation (S(B), S(B)) on Y is an NSRS, S : M > N(Y) is a 
neutrosophic soft relation on Y defined by 


S(ejej) = {ujuj | 3u; € Q(ei), uj © Q(ej)), ujuj € Y, such that 
Ts(ujujejeg) < min(To(ui ei), To(uj,ej)] 
Ig(ujujeje) < max{IQ(uj, ej), Ip(uj,ej)) 
Fs (uj Mr ej) < max(Fo(ui ei), Fo(uj, ej)]. 
Forany Be N(M),B = {(ee;,Tp(cie;), In(eiej), Fn(eiej)) ujuj € M), 
Tg(eie) < min(TA(ei), TA(ej)), 
Ipg(eie < maxilA(ei), IA(ej)), 
Fp(eje) < max{Fa(e;), FA(ej)]- 


The UNSA and the LNSA of B w.r.t (Y, MI, S) are defined as follows: 
S(B )= tu i uj, T. (B) (itj), Tsg y uiui); Fig y (ti uj)) | ujuje€ Y) 


S(B) = ((ujuj, Te(gy(u;uj), Isqgy(u;uj), Fsqg)(ujuj)) | ujuj € Ý}, 
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where 
Tgp) (ity) = VV (rs(uiuj,eiej) ^ Ta (eie;)), 
ejeje Nt 
Ig(gy (uiu) = N (Is(uiu;,eiej) v Ip(eiej)), 
e;eje Mt 
Fggy(uju) = N (Fs(uiuj,ejej) v Fa(e;ej)); 
ejeje M. 
Tsp) (uit) = A (Fs(uiuj,eiej) v Tp(eie;)), 
e;eje Mt 
Isg (iuj) = M ((1— Is(uiujeiej)) ^ Ig(eiej)), 
e;eje M 
Fs(gy(uiuj) = V (Ts(uguj, ej ej) ^ Fa(eiej)). 
ejeje Mt 


The pair (S(B), S(B)) is called NSRR and S,S : N (Ml) — N (Y) are called the LNSRA and the UNSRA 
operators, respectively. 


Remark 1. Consider an NS B on Mand an NS A on M, according to the definition of NSRR, we get 


Tey (uti uj) < min{ Tg 4) (ui), a ye 

Tsp) (ujuj) < max(Is 4) (uj), Ig A 

Fs(gy(uiuj) < max{Fz( 4) (ui).Fs Ay tj )}- 
Similarly, for LNSRA operator S(B), 

Ts py (uiu) « min{Ts:4)(ui), i yu), 

Is(gy(uiu;) < max(Is A) (wi), Is 2 

Fg(gy(ujuj) <  max(Fe(Ay(ui)-Fe( Ay (uj). 


Example 2. Let Y = {u;, u2, u3} be a universal set and M = {e1,e2,e3} a set of parameters. A neutrosophic 
soft set (Q, M) on Y can be defined in tabular form in Table 2 as follows: 


Table 2. Neutrosophic soft set (O, MI). 


Q u1 u2 u3 
eq (0.4,0.5,0.6) (0.7,0.3,0.2)  (0.6,0.3,0.4) 


e> (0.5,0.3,0.6) (03,04,03)  (0.7,02,0.3) 
e3 (0.7,0.2,0.3) (0.6,0.5,0.4) (0.7, 0.2, 0.4) 








Let E = (u3u2, u213, Uzu2, uzu2} € Ý and L = {e1e3, e2€1, e3e2} C M. 
Then, a soft relation S on E (from L to E) can be defined in Table 3 as follows: 
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Table 3. Neutrosophic soft relation S. 


S uu? 1215 1212 uzu? 
eye3 (0.4,0.4,0.5) (0.6,0.3,0.4) (0.5,0.4,0.2) (0.5,0.4,0.3) 


eg (0.3,0.3,0.4) (0.3,0.2,0.3) (02,03,03) (0.7,0.2,0.2) 
ezez (0.3,0.3,0.2) (0.5,0.3,0.2) (02,04,04)  (0.3,0.4,0.4) 





Let A = ((e4,0.2,0.4, 0.6), (e2, 0.4, 0.5, 0.2), (e3, 0.1, 0.2, 0.4)} be an NS on M, then 
S(A) = ((u1,0.4,0.2,0.4), (u2, 0.3, 0.4, 0.3), (u3, 0.4, 0.2, 0.3)}, 
S(A) = {(u1,0.3,0.5, 0.4), (u2, 0.2, 0.5, 0.6), (u3, 0.4, 0.5, 0.6)}. 
Let B = {(e1e3,0.1,0.3, 0.5), (e2€1, 0.2, 0.4, 0.3), (e3e2, 0.1, 0.2, 0.3)) be an NS on L, then 
S(B) = {(u1u2,0.2,0.3, 0.3), (u2u3, 0.2, 0.3, 0.3), (u2u2, 0.2, 0.4, 0.3), (13112, 0.2, 0.4, 0.3)}, 
S(B) = ((u112,0.2,0.4, 0.4), (u2u3, 0.2, 0.4, 0.5), (u2u2, 0.3, 0.4, 0.5), (1312, 0.2, 0.4, 0.5)}. 
Hence, S(B) = (S(B), S(B)) is NSRR. 


Definition 3. A neutrosophic soft rough graph (NSRG) on a non-empty V is an 4-ordered tuple 

(V,M, Q(A), S(B)) such that 

(i) Misa set of parameters, 

(ii) Q is an arbitrary neutrosophic soft relation over V x M, 

(ii) S is an arbitrary neutrosophic soft relation over Y x M, 

(vi) Q(A) = (QA, QA) is an NSRS of A, 

(v) S(B) — (SB,SB) isan NSRRon V c V x V, 

(iv) G = (Q(A), S(B)) is a neutrosophic soft rough graph, where G = (QA, SB) and G = (QA, SB) are lower 
neutrosophic approximate graph (LNAG) and upper neutrosophic approximate graph (UNAG), respectively 
of neutrosophic soft rough graph (NSRG) G = (Q(A), S(B)). 


Example 3. Let V = {01, 02,03, V4, V5, Ve} be a vertex set and M = {e1,e2,e3} a set of parameters. A neutrosophic 
soft relation over V x Ml can be defined in tabular form in Table 4 as follows: 


Table 4. Neutrosophic soft relation Q. 


Q 01 02 03 U4 05 06 
e} (0.4,0.5,0.6) (0.7,0.3,0.5) 1 (0.6,0.2,0.3) (0.4,0.4,0.2) (0.5,0.5,0.6) (0.4,0.5,0.6) 


e> (0.5,04,02) (0.6,0.4,0.5) (07,03,0.4) (0.5,03,02) (04,05,04)  (0.6,0.5,0.4) 
es (0.5,0.4,0.1) (0.6,0.3,0.2) (0.5,0.4,0.3) (0.6,02,0.3) (0.5,04,04) — (0.7,0.3,0.5) 








Let A = {(e1,0.5,0.4, 0.6), (e2, 0.7, 0.4, 0.5), (e3, 0.6, 0.2, 0.5)} be an NS on M, then 


S(A) = ((v1,0.5,0.4,0.5), (v2, 0.6, 0.3, 0.5), (v3, 0.7,0.4, 0.5), (v4, 0.6, 0.2, 0.5), (vs, 0.5, 
0.4, 0.5), (v6, 0.6,0.3,0.5)), 

S(A) = {(01,0.6,0.4,0.5), (v2,0.5,0.4, 0.6), (v5, 0.5,0.4, 0.6), (v4, 0.5, 0.4, 0.5), (vs, 0.6, 
0.4, 0.5), (v6, 0.6, 0.4, 0.5)]. 


Let E = {V0101, V102, 0201, V203, V4U5, 0304, U502, 506} C V and L = {e1e3, e261, €3e2} € M. 
Then, a neutrosophic soft relation S on E (from L to E) can be defined in Tables 5 and 6 as follows: 


Table 5. Neutrosophic soft relation S. 


S 7101 7102 7201 0203 
eyen (0.4,0.4,0.2) (0.4,0.4,0.5)  (0.4,0.4,0.5)  (0.6,0.3,0.4) 


e (0.5,0.4,0.1) (04,0.,02) (0.4,0.3,0.2)  (0.5,0.3,02) 
eye. (0.4,0.4,0.1) (0.4,0.2,0.2) (0.4,0.2,0.2) (0.5, 0.3, 0.3) 
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Table 6. Neutrosophic soft relation S. 


S 0304 0405 0502 U5U6 
eyen (0.4,0.2,0.2)  (0.4,0.4,0.2)  (0.4,0.3,0.4)  (0.3,0.2,0.3) 


ezez  (0.6,0.2,0.4) (0.3,0.2,0.1) (04,0.3,02) (0.4,0.3,0.4) 
ejez3 (0.4,0.2,0.3) (0.4,0.3,0.1) (0.5,0.3,0.2) (0.5, 0.3, 0.5) 





Let B. =  ((e1e2,0.4,0.4, 0.5; ), (£263, 0.5, 0.4, 0.5), (e1e3, 0.5, 0.2,0.5)} be an NS on L, then 
SB = {(v404,0.5,0.4, 0.5), (0102, 0.4, 0.2, 0.5), (V201, 0.4, 0.2, 0.5), (7273, 0.5, 0.3, 0.5), 
(0374, 0.5, 0.2, 0.5), (0405, 0.4, 0.3, 0.5), (0575, 0.5, 0.3, 0.5), (7576, 0.5, 0.3, 0.5) }, 
SB = {(v101,0.4,0.4,0.5) (0102, 0.5, 0.4, 0.4), (0201, 0.5, 0.4, 0.4), (055, 0.4, 0.4, 0.5), 
(0374, 0.4, 0.4, 0.5), (0405, 0.4, 0.4, 0.4), (0575, 0.4, 0.4, 0.5), (7576, 0.4, 0.4, 0.5) }. 
Hence, S(B) = (SB,SB) is NSRR on V. 


Thus, G — (QA, SB) and G = (QA, SB) are LNAG and UNAG, respectively, are shown in Figure 1. 












(01,0.5,0.4,0.8) — (va, 0.6, 0.8, 0,5) Q (v1, 0.6, 0.4, 0.5) (v2, 0.8, 0.4, 0.6) 
(0.4, 0.2, 0.5) (0.5, 0.4, 0.4) 2 










(s'0'r'o'v'o) 


(v4, 0.6,0.2,0.5) 


(s'0'vo ae 


(0.5, 0.3, 0.5) 


(s0*v0'90*90) 


0. 
(04,04, 05) 
(ug, 0.5, 0.4, 0.6) 






(ve, 0.6, 0.8, 0.5) (vs, 0.7, 0.4, 0.8) (ve, 0.6, 0.4, 0.5) 


G = (QA, SB) G= (QA SB) 


Figure 1. Neutrosophic soft rough graph G — (G,G) 
Hence, G = (G, G) is NSRG. 


Definition 4. Let G = (V, MI, Q, S) bea neutrosophic soft rough graph on a non-empty set V. The order of G 
can be denoted by O(G), defined by 


O(G) + O(G), where 
Y QA(0), 0(G) = Y, QA(v). 


veV veV 


O(G) 
O(G) 


The size of neutrosophic soft rough graph G, denoted by S(G), defined by 


A 
Q 
i 


(SG+SG), where 
` SB(uv), S(G) = 2 SB(uv). 


uveE uveE 


m 
eo 
i 


Example 4. Let G be a neutrosophic soft rough graph as shown in Figure 1. Then, 


O(G) = (3.5,2.0,3.0), O(G) = (3.3,2.4,3.2), 
O(G) = O(G)+ O(G) = (6.8,44,6.2), and 
S(G) = (3.2,1.8,3.0) S(G) = (2.5,2.4, 2.8) 
S(G) = S(G) + S(G) = (5.7,4.2,5.8). 


101 


Axioms 2018, 7, 14 


Definition 5. Let G1 = (G1, G1) and Gz = (Gp, G2) be two neutrosophic soft rough graphs on V. The union 
of G, and Gy is a neutrosophic soft rough graph G = Gy U G2 = (Gy U G», G1 u G2), where G) U G, = 
(QA1 v QA», SB, U SB?) and G1 o G5 = (QA1 U QA5, SB, u SB») are neutrosophic graphs, such that 


(i) Yve QA; but v ¢ QA». 





ToA,ugA,) =Tga, (0), Toaivgoa (7) = Toa, (0), 
loA,UgA;U) 7 IgA, (0), loA,ugA' (0) = Ioa, (0), 


Toa, 
Fo 4,004.9) 7 Fga, (0), Foaiuga (9) = Foa, (0). 


(ii) Vod¢ QA, but v e QA». 


ToA,UgA, U) 7 Toga, Q), To4ivga (9) = Toa, (v), 
(v), IloA,ugas (v) = Iga, (0), 


= 
Ta, ugA, 0) Tg, 
) -Fga, (2), Foaiuga (7) = Foa, (0). 


Foa, UQA? (v 


(i) Yve QA1 ^ QAo 





— 


v) = max(To4, (v), ToA,(v)], 
IoA,UgA, (0) = min(Ig, (v), Iga, (v), Ioa,uga'(v) = min{Iga, (v), IgA; (0)], 
FoA.ugA, (2) = min(Fo. (0), Fo4, (0) }, Foa,ugas (v) = min(Fga, (v), FoA;(v)]. 


Toa vga, (0) = max(Ts, (v), Toa, (%)}, ToA.UQA; 





~ 





(iv) Vvu € SB4 but vu € SB;. 


Tsg jsp, (0U) —Tsg, (vu), Tsg usg, (VU) = Tsp, (vu), 
Tsp, jsp, (0!) —Igg, (vu), IsB,UsB, (vu) = Isg, (vu), 


Fog USB, (04) =Fep, (vu), Fsg sp, (ou) = Fsg, (vu). 


(v) Vvu ¢ SB, but vu € SB; 
Tsg jsp, (0U) — Ts, (vu), Tsg usg, (VU) = Tsp, (vu), 


Isg, gp, (04) —Igg, (vu), Ig, sp, (Vu) = Isg, (vu), 


Fsg usp, (04) —Fsg, (vu), Fsp, usp, (vu) = Fsg, (vu). 


(vi) You € SB1 ^ SB? 
Tsg gg, (04) = max(Tsg, (vu), Tsp, (ou)], Tsg usg, (ou) = max(TsBi (vu), Tsp, (ou)], 


Isg jsp, (0) = min{Igp, (vu), Isp, (ou)}, Isg usg, (OU) = min{ Isg, (vu), Isg, (vu)}, 


Fsg gp, (0) = min{Fep, (vu), Fsg, (vu)}, Fsg sp, (vu) = min{Fsp, (vu), Fsg, (vu). 


Example 5. Let V = {v1, v2, v3, v4] be a set of universes, and M = (e1,e2,e3) a set of parameters. Then, 
a neutrosophic soft relation over V x M can be written as in Table 7. 


Table 7. Neutrosophic soft relation Q. 





Q v v2 03 vg 

(0.5,0.4,0.3) (07,06,05) (0.7,0.6,0.4) (0.5,0.7,0.4) 
4 (03,05,06) (04,05,0.) (0.3,0.6,0.5) (0.4, 0.8, 0.2) 
5 (07,05,08) (02,03,0) (0.7,0.3,0.5) (0.6,0.4,0.3) 





mom 
a 
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Let Ay = ((&1,0.5,0.7,0.8), (e2,0.7,0.5,0.3), (e3, 0.4, 0.5,0.3)}, and A» = ((e1,0.6,0.3, 0.5), 
(£2, 0.5, 0.8, 0.2), (e, 0.5, 0.7,0.2)) are two neutrosophic sets on M, Then, Q(A1) = (Q(A1), Q(A1)) and 


Q(A2) = (Q(A2), Q(A2)) are NSRSs, where 


Q(Aı) = ((v,,0.5,0.6,0.5), (v2, 0.5,0.5, 0.7) (v5, 0.5, 0.5, 0.7), (740.4, 0.5, 0.5)], 
Q(A1) = ((v,0.5,0.5,0.6), (v2, 0.5, 0.5, 0.3), (v3, 0.5, 0.5, 0.5), (v40.5, 0.5, 0.3), 
Q(A2) = 1(v1,0.6,0.5,0.5), (v2, 0.5, 0.7, 0.5), (v3, 0.5, 0.7, 0.5), (v4, 0.5, 0.6, 0.5) }, 
Q(A2) = {(v1,0.5,0.4,0.5), (75, 0.6, 0.6, 0.2), (v3, 0.6, 0.6, 0.5), (74, 0.5, 0.7,0.2)]. 
Let E = (v1v5,v104, 0202, V203, 0303, 0304} C V x V, and L = {e1e2, €123, €2€3} C M. Then, 


a neutrosophic soft relation on E can be written as in Table 8. 
Table 8. Neutrosophic soft relation S. 


S 7102 0104 0202 0203 0303 0304 
eje2 (0.3,0.4,0.1) (0.4,0.4,0.2)  (0.4,0.5,0.1) (0.3,0.5,0.4) (0.3,0.4,0.4) (0.4, 0.5, 0.2) 


ej (0.2,0.3,0.3) (0.4,0.3,0.2) (0.2,0.3,0.5) (04,0.3,03) (0.5,0.3,0.3) (0.5, 0.4, 0.3) 
ezez  (0.2,0.3,0.5) (0.3,0.3,0.3) (0.2,0.3,0.1) (0.4,0.3,0.1) (0.3,0.3,0.5) (0.3, 0.4, 0.3) 





~ 


Let By = ((e162,0.5,0.4, 0.5), (e1e3, 0.3, 0.4, 0.5), (e2e3,0.4,0.4,0.3)}, and B5 = {(e1e2,0.5,0.3,0.2), 
(e1e3, 0.4, 0.3, 0.3), (£25, 0.4, 0.6, 0.2) ) are two neutrosophic sets on L, Then, S(B1) = (S(B1), S(B1)) and 


S(B5) = (S(B5), S(Bz)) are NSRRs, where 


= 


S(Bi) = {(v102,0.3,0.4,0.3), (V104, 0.3, 0.4, 0.4), (0202, 0.4, 0.4, 0.4), (v203, 0.3, 0.4, 0.4), 
(7373, 0.3, 0.4, 0.5), (7374, 0.3, 0.4, 0.5) }, 

S(Bj) = {(v102,0.3,0.4,0.5), (0104, 0.4, 0.4, 0.3), (0202, 0.4, 0.4, 0.3), (0203, 0.4, 0.4, 0.3), 
(0303, 0.3, 0.4, 0.5), (0304, 0.4, 0.4, 0.3)}; 

S(Bo) = {(v102,0.4,0.6,0.2), (0104, 0.4, 0.6, 0.3), (0202, 0.4, 0.6, 0.2), (0203, 0.4, 0.6, 0.3), 
(7373, 0.4, 0.6, 0.3), (v3v4, 0.4, 0.6, 0.3) }, 

S(B2) = {(v102,0.3,0.3, 0.2), (V104, 0.4, 0.3, 0.2), (0202, 0.4, 0.3, 0.2), (v203, 0.4, 0.3, 0.2), 








(0303, 0.4, 0.3, 0.3), (0304, 0.4, 0.4, 0.2). 


Thus, Gy = (G,,G1) and G2 = (G5,G3) are NSRGs, where Gy = (Q(A1,S(B3), G1 = 
(Q(A1), S(B1)) as shown in Figure 2. 


(0.4,0.4,0.4) (v4, 0.5, 0.5, 0.6) 
(v1, 0.5, 0.6, 0.5) 










(0.8,0.4, 0.3) 






(0.3, 0.4, 0.5) 


(oroo) 








(0.4, 0.4, 0.3) 

[ (us, 0.8, 0.5, 0.5) 
E 

(0.3,0.4, 0.8) © 


0‘S'0 ‘go 92) 


o (0.4,0.4,0.3) 


(e 


Figure 2. Neutrosophic soft rough graph G4 = (64, G1) 


Gy = (Q(A2), S(B2)), G2 = (Q(A2), S(B2)) as shown in Figure 3. 
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(0.4, 0.6, 0.3) 
(v1,0.6,0.5,0.5) 





(us, 0.5, 0.7, 0.5) 


(0.4,0.6,0.2) 
(0.4, 0.6, 0.3) 


(v2, 0.5, 0.7, 0.5) (v4, 0.5, 0.6, 0.5) 


(0.4, 0.3, 0.2) 
(v2, 0.6, 0.6, 0.2) 







(va, 0.5, 0.7, 0.2) (0.4, 0.8, 0.2) 









4 (v1, 0.5, 0.4, 0.5) 


e 

- 

o 

DI 

N $, 
0.4,0.3,0.8) 











(0.4,0.6,0.2) (vs, 0.6, 0.6, 0.5) 
G5 Go 
Figure 3. Neutrosophic soft rough graph G2 = (Gy, G2) 
The union of G1 = (G4, G1) and G2 = (G5, G2) is NSRG G = G1 u G2 = (G4 u G5, G1 u G2) as shown 
in Figure 4. 
(0.4, 0.8, 0.3) 
(ws, 0.5, 0.4, 0.5) 
(v2, 0.5, 0,8, 0.5) 
(v1, 0.6, 0.5, 0.5) 
(0.4, 0.4, 0.2) 





(0.4, 0.4, 0.2) 


(0.3, 0.3, 0.2) 
(roso ‘go “Er 


(0.4, 0.4, 0.3) 


(0.4, 0.4, 0.8) 
(va, 0.5,0.5,0.5) — (us, 0.5, 0.5, 0.5) 


(go'vo'vo) 
(oteo To) 
(zo s 0'v0*v2) 


G, UG, 


Gy UG» 


Figure 4. Neutrosophic soft rough graph G1 u G2 = (G4 Y Go, G1 Y G3) 


Definition 6. Let G1 = (G4, G1) and Gz = (G5, G2) be two NSRGs on V. The intersection of Gy and Gy is a 
neutrosophic soft rough graph G = Gy ^ G2 = (Gy ^ Gz, G1 ^ G2), where Gy ^ Gp = (QA1 ^ QA2, SB ^ 
SB?) and G1 ^ G2 = (QA1 ^n QA», SB1 ^ SB?) are neutrosophic graphs, respectively, such that 





(i) Yve QA, but v ¢ QA. 
Toa eg; 9) 7 Tg, (0), Toa. QA (0) = Toa, (0), 
loA,^gA, U) 7 IgA, (0, Ionga (0) = Ioa; (v), 
Fgainga (0) =Fga, (2), Foainga (9) = Foa, (9). 
(ii) Yo ¢ QA but v e QA». 
Toa ea) =Toa, (9), Toainga (0) = Toa, (v), 
Iganga) 7 IgA, (0), Ioas gas (7) = Ioas(v), 
FoAingA, V) 7 Fga, (0); Foainga (9) = Foa, (7). 
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(i) Yo € QA1 ^ QA? 











T64,n04,(%) = min(Tg4 (v), Toa, (v), ToA,5 QA; (v) = min{Toa, (v), Toa, (0) }, 
Iganga, (P) = max(Io, (v), I54,(0)), Iganga (0) = max{Iga, (2), IgA; (v)], 
FoA,^gA, (2) = max(F, (v), Fo, (v)! FoAiS gas (v) = max{Faa, (v), Foa, (v))- 


(iv) Vvu € SB, but vu € SB». 


Tsg (vu), TsB, esp, (VU) = Tsp, (vu), 
Tgp, gp, (04) —Igg, (04), Ip, p, (vu) = Isp, (vu), 


Fog gp, (04) —Fgg, (vu), Fsg sp, (ou) = Fsg, (vu). 


Tsg ASB (04) 


(v) Vvu ¢ SB, but vu € SB; 


Typ, Asp, (00) —Tzsp, (vu), Tsp, esp, (vu) = Tsg, (vu), 
Tsp, ssp, (0u) —Igg, (vu), Isp, esp, (vu) = Isp,(vu), 


Fsg, sgg, (04) =Fsg, (vtt), Fs, sp, (vu) = Fsp, (vu). 
(vi) Vou € SB1 ^ SB; 


Typ, ssp, (04) = min{Tgp, (vu), Tgp, (vu)}, Tsp, esp, (VU) = min(Ts B1 (vu), Tsp, (vu)}, 
Isp, gp, (0t) = max{ Isg, (vu), Isg, (vu)}, Isg asg, (vu) = max(Isg, (vu), Isp, (vu)}, 


Fsg sg, (0) = max{ Fsg, (vu), Fgg, (vu), FsB e sp, (ou) - max(Fsg, (vu), Fsg, (vu)]. 


Definition 7. Let Gy = (G4, G1) and Gy = (G5, G2) be two neutrosophic soft rough graphs on V. The join 
of Gi and Gp is a neutrosophic soft rough graph G = G4 + G3 = (Gy + Go, G1 + G2), where G4 + Gy = 
(QAi + QAo, SB + SBo) and G4 + G2 = (QA1 + QA», SB; + SB?) are neutrosophic graph, respectively, 
such that 





(i) Voc QA, but v é QA». 


To «QA, (9) 7 Toa (9), To QA; (9) = Toa, (v), 
lo4,49A; 0) 7 IgA, (0), loa, - QA; (0) = Ioa, (v), 
—Fga, (0), Foa +04: (7) = Foa, (0). 








Fo, cQ; U) 
(ii) Vv ¢ QA, but v e QA;. 


T. 


0414049 (2) 7 TgA, (0), Toa; QA (0) = Toa, (0), 


Ioa «QA, U) 7 Iga, (0) 1Q.414+QA2(?) = Iga;(0), 








Foa, +04, (0) 7 Fga, (0); FoAí- QA) (0) = Foa, (0). 


(i) Yv e QA1 ^ QA? 





~ 


v) = max{Toa; (v), Tga,(v)}, 
v) = min(IgA (v), Ip4,(v)], 


Toa, +04,0) = max(Ts,. (v), Toa, (0)), TQA1+QAo 
L 





— 


gA, GA, U) = min(I5,.(v Milo A, )b IoAi-QA; 
Fo 4 gA, (7) = min(Fg, (v), ane )} Fait QA; (0) = min(Fo, (v), FoA; (v)]- 
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(iv) Vvu € SB4 but vu € SB;. 


Typ, , 


Isg, 


Fsg,- 





(v) 


Tsg, , 


Isg, 4 


+ SB (vu) 
+ SB (vu) 


-gp, (OU) 


Vou € SB, but vu € SB; 


-gp, (OU) 


-sp, (74) = 





Fsg,- 


(vi) Vou € SB, ^ SB» 





-sp, (4) Em 


Tag, 


I 


gp, (01), Isp; 


(vu), Tsp, sp, (Vu) = Tsg, (vu), 


-sp, (vu) = Isp, (vu), 





Fsg, (vu), FsBy4 


-sp, (Vu) = Fsg, (vu). 


Tgp, (vu), Tsp, -sp, (vu) = Tsg, (vu), 


I 


sp, (01), Isg; 


Fog, (vu), Fsg, 


Tsg, , 
Isg 45B, (0) = min{ Isg, (vu), I5p,(vu)], 
Fog, +58, (0) = min{Fzp (vu), Fsy (vu) }, 


-sp, (VU) = Isg, (vu), 


+ SBy (vu) = Fsg, (vu). 





-gp, (04) = max(Tsy (ou), Tgp, (vu)), Tsp,.-sp, (Uu) = max{TsB, (vu), Tsp, (vu)], 


Isp, +SB) (VU) = min(Isg, (vu), Isg, (vu)}, 


F 5B, sg, (vu) — min{Fsp, (vu), Fsp, (vu)}. 





(vii) Vvu € E, where E is the set of edges joining vertices of QA1 and QA2. 


Tgp, gp, (01) = min(To4 (v), T4 (u)), Tsp, sp, (vu) = min{Tga, (v), Tga,(u)}, 
Isg |; gg, (0) =max{l5,, (2), Ipa, (W)}, Igp, sp, (vu) = max{Iga, (v), lg; (u)}, 
Fsg ,gp, (01) = max(Fg, (v), Foa, (u)), Fsp sp, (vu) = max(Foa, (v), Foa, ()]- 





Definition 8. The Cartesian product of Gy and G isa G = G1 x G2 = (G4 x Gp, G1 x G2), where Gy x Gy = 
(QA, x QA», SB; x SBy) and Gy x G2 = (QA; x QA», SB, x SB2) are neutrosophic digraph, such that 


(i) 





V (01,02) € QA1 x QA2. 


TioA «GA (71 72) = min(To, (01), Tga, (M1) }, TioA «ga; (71,2) = min{Tga, (01), Tga,(%1)}, 


lA «ga; (71,72) = max{ Iga (01), iga, 01) IgA ga?) (01, 72) = max(Iga, (01), IgA; (01)}, 


F gaga) Ur» v2) =max{Fo,, (v1), Fg4, (1) }- FioA x QAg) (OL, v2) = max{Faa, (v1), Foa, (v1)]- 


(i) Vvy02 € SB2,v E€ QA 


1 


SB, x SB; 


Ho 


(SB1x SB 


SB, x SB; 


mR 


(SB1 x SB; 


SB1x SB; 





ar n 


SBix SB 


v, 
0,01 


01 


, 


0,01 


((2,01)( 
((2,01)( 
((2, 01) 
((2,01)( 
((2,01)( 
((2,01)( 





0,01 v2 


" 


1 
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(iii) Vo 102 € SBi,v € QA». 














T(sp, «sp; (v1, v) (v2, v)) = min(Tsg, (0102), Toa, (v)), 

T(sp, «SB; ((v1,0)(02,0)) = min{ Tgp, (0102), Tga, (2) } 

LSB, «8B, ((v1, v)(v2, v) =max{Igz, (7172), I54, (v)], 

Iis, sp;) (21, 9)(v2,v)) = max(Isg, (0102), IgA; (v)]), 

F sp «SB; ((v1, v)(v2, v) = max{ Fzg (0102), Fg4, (v)], 

FSB, x SB; ((v ,U)(v5, v) = max(Fsp, (v1v2), FoA;(v)]. 
Definition 9. The cross product of Gy and Gz is a neutrosophic soft rough graph G = G1 © G2 = (G, © 
Gy, G1 © G2), where G1 © Gp = (QA © QA», SBi © SB?) and G1 © G2 = (QA; © QA2, SB1 © SB») are 


neutrosophic graphs, respectively, such that 


(i) V (v1, 02) € QA, x QA». 


Tta egA;) (PL, v2) = min(To, (v1), Tga, C3) T(Q4,@QA2) (v1, 72) = min(ToA, (v1), Toa, (v1)), 


lioASgA (01 v2) = max{lo5 4, (v1), Iga, (01) ItQAGQA:) (v1, 72) = max{IgA, (v1), IQA, (01) }, 


FQA,@04,) Ur 02) =max{Fo,, (01), Fo,4, (1) }. F(QA,@Q4A2) (PL, 75) = max{Faa, (v1), Foa, (01)}- 


(ii) Vo uy € SB4,U2u» € SB». 





T (p.p, ) ((v1, v2) (u1, u2)) = min(Tsg, (0141), Tsp, (v12)], 
T(sB,@sB,) (v1, 02) (01, u2)) = min(Tsg, (7111), Tsg, (v112)], 
ls, o8B; ((v1, v2) (u1, u2) = max( Igg, (0111), Igp, (01u2)], 
I(sB,@SB,) (M1, 72) (1, u2)) = max{ Isg, (v111), Isp, (v112)], 
FSB, sn; ((v1, v2) (u ,u2) = max{ Fsg, (v111), Fsp, (v112)), 
F(sB,@SBy ((v1, v2) (u ,u2)) = max{ Fsg, (v111), Fsg, (v1u2)}. 








Definition 10. The rejection of Gy and Go is a neutrosophic soft rough graph G = G1|G2 = (G1|Gz, G1|G2), 





where G1|G5 = (SA1|SA», SB1|SB2) and G1|G2 = (SA1|S4A2, SB 
(i) V (v1, v2) E QA, x QA». 





Taa) (71, 02) = min{ Toa, (01), Toa, (92)); Troal 
IgA [gA;) Pr 92) = maxtIg4, (01), I54, (02)); Ioaea) 





F(GA|QA2) (v1,72) = max(Fo, (v1), Fo a, (02)}, F(QAy|QAz 


(ii) Vvu ¢ SB), ve QA}. 


[SB5) are neutrosophic graphs such that 


(01,02) = min{Tga, (v1), Toa, (v2)), 
(01,02) = max{Iga,(%1), 194; (02)}, 
(01, 02) = max(Foa, (v1), Foa, (v2) }- 











Tsp, |5B2 ((v, 02) (v, uz) = min{Tg4, (v), Tga, (v2), Toa, (u2)], 
T(sp,iog;) ((0,02)(0, u2)) = min{ Toa, (v), Toa, (v2), Toa, (u2)}, 
Usp, SB, ((v, v2)(v, u2) = max(I5. (v), Ipa, (02), Iga, (U2) }- 
(Isp, |sBp) ((o v2) (v, u2)) = max{ 104; (v), IgA; (v2), IgA; (u2)}, 
(Fsg, [p,) (2, v2) (v, u2)) = max{ F54, (v), Foa, (v2), Foa, (ua) }, 
(Fsp,|sB,) (0, v2) (v, u2)) = max(FoA, (v), Foa, (v2), Foa, (u2)]- 
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(iii) Vo uy é SBy, VE QA, 


3 
3 


= = min( To Ay 


vı), Toa, (1), To A; (0) }, 





T(5B,|SB, 


( 
( 


= 
M 
Q 


l(sp,|sp; =max{Iga, 


71), Ioa, (11), Iga, (0)), 





Foa, (11), FoA,(v)), 








= 
M 
Q 


QAi (u1), Tga, (%)}, 





( 
= min{ Tg, (v1 
( 


= 
M 
Q 


= 
M 
Q 
MA AS LA A IA ONS 


), 
) 
v1), 
LT 
) 
) F 











U1 Toa, (41), Da, (v), 





u1, U 








- max(Fs AU „Fa 


T(sp, SB, u1, U2 71), Toa, (u 


An), Foa, ©) 





lsg, SB; = max(Io4A, Iga, (u1 


), IQ4, (02), IgA; (u2)}, 





F(sB,sBs = max(Fga, (v1), Fa, (u 





), 
?1), 
v1) 





Tss, SB2 m min(T5 





TSB, |58; 


) IgA, (02), IgA, (U2) }, 





)) = 
) 
) 
) 
) 
) 











Fsg, SB u1, U2 


Example 6. Let G1 = (G4, G1) and Gz = 
= (QA1, SB) and Gy 


and Gz = (QA», SB») are neutrosophic graphs as shown in Figure 3. The Cartesian product of G1 = 





and G5 = (G5, G3) is NSRG G = G1 x Gp = (Gy x Gy, G1 x Go) as shown in Figure 5. 
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Figure 5. Cont. 
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), Toa, (v2), Toa, (u2)), 


), Foa, (v2), Foa, (u2)), 
11), Toa, (02), Toa 02)); 


u1), Fo, (02), Foa, (u2)}, 


(Gy, Gz) be two neutrosophic soft rough graphs on V, where 
= (QA1,5By) are neutrosophic graphs as shown in Figure 2 and Gy = (QA», SB») 


(Gi, Gi) 
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(0.4, 0.5, 0.6) 
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((v1, v2), 0.5, 0.6, 0.6) (v1, vs), 0.5, 0.6, 0.6) 
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(b) 


Figure 5. Cartesian product of two neutrosophic soft rough graphs G1 x G2 


Definition 11. The symmetric difference of Gy and Gp is a neutrosophic soft rough graph G = G1 ® G2 = 
(G1 6 Go, G1 6 G2), where G1 © Gy = (QA1 QA», SBy © SB?) and G1 6 G2 = (QA1 6 QA», SBy 6 SB2) 
are neutrosophic graphs, respectively, such that 


(i) V (04,02) e QA; x QA». 





TioAegA) Uv 02) = min{ Tga, (1), Toa, 02) L TtoAieQA: (v1, 73) = min{Tga, (v1), TQA; (v2)}, 
lA egA;) (P17 02) = max{l5,, (v1), I54,(02)); T(QA,@QA2) (01,02) = max{IgA, (v1), IgA; (v2), 
FioA9gA;) 1, 72) = max{ Foy, (v1), Foa, (2)! FtoA,egA;) (71, 72) = max{ Foa, (v1), FoA;(v2))- 


(ii) V0105 € SB», VE QA}. 











TsB,@5B, ((v, 01) (v, v2) =min{T5 4, (v), Tgp, (12) }, 
TsB,@sB,) (o, 01)(v, v2)) = min(TQA, (v), Tsg, (0102) }, 
Iges) ((2,21)(2, 02)) = max(Ig, (v), Isg, (v192)], 
Ksg asp) (2, v1) (v, v2)) =max{Iga,(?), Isg, (0102)}, 
Frsg,osp;) (0, v1) (v, v2)) =max{Fo,, (v), Fsg, (0102)}, 
Fisp,osp;) (2, v1)(v, v2)) = max(FoA, (v), Fsg, (v102)]- 
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(iii) Vo 102 € SBi,v € QA». 


SB1GSB; 


SBy@SBo 


- cd 0H 


SB15B; 


ur 


(SB1®SB2 


( 

( 
(5B1®5B2 ((v1,v 

( 

( 

( 














"ni 


SB15B; 
(iv) Vv yu, € SB, v2u2 € SBo. 


T(Sp,esb, 


T(sB,osB; 


l(sB,esB, 


F (SB, 985; 


( 

( 
lisp,osp, ((v1, v2 

( 

( 

( 











F(sB,@SBp 


(v)  Vviu4 € SB,, vuz € SB». 





T(5B,@5B> (v1, 02) (u1, U2) = min(Tg, (v1), Toa, (1); Typ, (v22)], 

T(sp,esp;) ((v1, v2) (1,u2)) = min(ToA, (v1), To A; (11), Tsg, (v2u2)), 

T(spy@SBp) (v1, 02) (11,2)) = max(Ig,, (v1), Tga, (11), Isg, (v212)], 

T(sp,@sBp) (01, v2) (11, u2)) =max{Iga, (v1), Ig, (t1), Isp, (v212)), 

Fs esp) (01, 02) (01, u2)) = max(Fg,, (v1), Fo, (u1), Fsg, (02u2)], 
((v1,v2)( ) 





A (0, ga, ) 
= max{Fga, (v1), Foa, (11), Fsg, (v2u2)}. 


F(sB,@SBp 





Fi 7. Let Gy = (G4, G1) and G2 = (Gs, G2) be two neutrosophic soft rough graphs on V, where 
= (QA, SB1) and G1 = (QA1,SB;) are neutrosophic graphs as shown in Figure 6 and Gy = (QA, SB2) 
= G2 = (QA5, SB») are neutrosophic graphs as shown in Figure 7. 








(0.3, 0.4,0.3) (0.1,0.4,0.2) 








a - 
(5,0.3,0.2,,0.8) (c, 0.5, 0.4, 0.3) (b, 0.4, 0.5, 0.3) (c, 0.6, 0.2, 0.1) 


= (QAi, SB) Gi = (QA, SB) 


Figure 6. Neutrosophic soft rough graph G4 = (64, G1) 
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A 
o? 
pe Sj 
e S S ES 
pe» ` 

A" 

Pa (0.1, 0.8, 0.2) (0.5, 0.3, 0.1) 
° * 

(a, 0.5, 0.3, 0.0) (¢,0.4, 0.3, 0.2) (a, 1.0, 0.2, 0,9) (e, 0.6, 0.3, 0.3) 

G, = (QA», 3B») & = (QA, 3B) 


Figure 7. Neutrosophic soft rough graph G2 = (G5, G2) 


The symmetric difference of G, and Gz is G = G4 G3 = (G4 ® Gy, G1 6 G2), where G) G5 = 
(QA1 © QA», SB1 © SB;) and Gi ® G2 = (QA1 6 QA2, SB, © SB») are neutrosophic graphs as shown 
in Figure 8. 






















































(ac, 0.1, 0.8, 0.2)(aa,0.4,0.3,0.1) (ab, 0.4, 0.3, 0.3) (ac, 0.1,0.3,0.2) (aa,0.4,0.6,0.9) (ab, 0.4, 0.6, 0.3) 
L4 
T (0.1,0.3,0.2) 9) (0.4,0.8,0.8) (0.4,0.6,0.8) (0.4,0.6,0.9) ad 
$2 NE € $2) 
id = o v» = 
S i S 
£z E E 
! o 
B 2 E 
o zs ln o 
E ale S2 ale 
- 8 3 3 
E 9$ S EI 
9.5 S af e 
5 3 6 i 
2 $ Gla 
2 F gi 4g EE 
2 D e E 
$ a E D 
o o! o 2 
E & 2 &| 
L (0.1,0.4, 0.8) (0.4,0.4,0.8) D (0.8,0,8,0.1) (0.4, 0.8, 0.2) 
Ge,0.1,0.9,0.8) — (ca,0.5,0.4,0.3) (cb, 0.4, 0.4, 0.3) (ce,0.6,0.8,0.8) (ca, 0.6,0.2,0.9) (cb, 0.4, 0.6, 0.3) 
G9 G, G6 G 


Figure 8. Neutrosophic soft rough graph G1 6 G2 = (G4 6 G2, G1 6 G2) 


Definition 12. The lexicographic product of G1 and G» is a neutrosophic soft rough graph G = G1 G2 = (G14 © 
G24, Gt © GF), where Gy, © Go, = (QA1 © QA», SB1 © SB?) and Gf © GF = (QA1 © QA», SB, © SB)) are 
neutrosophic graphs, respectively, such that 


(i) V (v1, v2) € QA, x QA». 


TiGA QA; (1, 72) = min(Tg4 (v1), Tga, (02) } TtoAí 6945) (71, 72) = min{ Toa; (v1), Tga,(v2)}, 
lIioA,ogA;) (01, 02) = max{ Ip 4, (71), Ipa, (2)}, ItoA oa) (v1, 72) = max{IQa, (v1), Iga, (72)7; 
F Ga,OOAy) (01, 02) = max{ Fpa, (21), Foa, (v2)), FtoA gaz) (01, 92) = max(Foa, (v1), Foa, (02)}- 


(ii) V0105 € SB», VE QA}. 





TSB,05B, ((2,01)(, v2)) = min(Tg, (v), Tgp, (v102)], 
T(sp,csp,) (v, v1)(v,v2)) =min{Tga, (v), Tsg, (0102)}, 
lisp,cSB, ((v,v1)(v, v2)) = max{ p4, (v), Igp, (v172)], 
lisgyosp;) ((v, v1)(v,v2)) = max(IgA, (v), Isg, (v172)], 
Frsp,oSB, ((v,v1)(v,v2)) = max{F5,, (v), Fsg, (v102)), 
Fisp,osp;) (o, v1)(v, v2)) = max(Foa, (v), Fsg, (v102)]- 
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(iii) Vo11u1 & SB4,U1u» € SB». 


T (Spo, 
T(sB, OSB 
K 


l(sB,oSB; 


( 
( 
SB1OSB; ( 
( 
( 
( 





F(sp,osb; 








)) = min(Tgs, (2111), Tsp, (0112)], 
)) =min{Tsp, (0111), Tsp, (v112)), 
)) = max(Is p, (7113), Isg „(01u2)}, 
)) = max{ Isg; (2111), Isg, (v1u2)}, 
)) = max(Fsg, (011), Fsg, (012) }, 
)) = max(Fsg, (111), Fsg, (v1u2)}. 


Definition 13. The strong product of G1 and G» is a neutrosophic soft rough graph G = G1 ® G2 = (G1, ® 


G2, Gt ® G3), where Giy & Gox 


are neutrosophic graphs, respectively, such that 


(i) (01,02) e QA1x QA». 
TiGAGGA;) (01,02) = 
liga eaa; (0i 92) 
FGA QA) (01,02) = 
(ii) VYviv € SB), ve QA,. 
T(sp,GsB, 
T(sp,esps 
l(Sp, Gp; 
lisp,esBs 
F sp, 
F(sB,@SBp 





(ii) Yvo € SBy, v € QA. 


T(5B,@5B> 
T(sB,@SBp 
138,958, 
lisp,esB, 
FSB, @5B> 


F(SB,@SB> 











min(Ts, (v1), Tga, (22) }, TtoA gj) (01, 72) = 
= max(Ig4, (01), Ig4,(%2)}, ItgAggA;) (71, 72) = 
max(Fg, (01), Fo4, (v2) Feo gg) (01, 92) = 


((v, v1 
((v, v1 
((v, v1 
((o,v1)( 
((v,v1)( 
((2,01)( 


0,01 





= (QAi @ QA», SB ® SB2) and Gt @ GF = (QA1G QAz, SB; Q SB?) 


min(Toa, (01), Taa, (v2), 
max(IgA, (v1), IQA, (v2) }, 
max(Foa, (v1), Foa, (02)}- 





v), Fsg, (0102 
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(iv) Vo uy € SB1,v1u5 € SB». 


T 5,958, 
T(sB,@SB> 
k 


l(sB,GsB, 


( 
( 
SB1G)SB; ( 
( 
( 
( 





F(sp,esb; 


Definition 14. The composition of G4 and Gz is a neutrosophic soft rough graph G = 
(G14[G2..], Gr [G2 ]), where G1, [G2«] = 


(QA: 


are neutrosophic graphs, respectively, such that 


(i) V(v1, v2) € QA, x QA». 


Tay xQA;) (01, 72) = 

IgA xg) (01, 02) 

Fig xgA;) (01,92) = max( 

(ii) Vvov? € SB), ve QA. 

T SB, x SB 
Tsp, x SB 
lS, x 5B, 
Tsp, x SB; 
FSB, xb 
F SB x SB; 





(iii) Yvo € SBy, v € QA». 


TSB, «sp, 
T(sp, xsB; 
TSB, x85, 
l(sBix SBy 
FSB, x SBy 


FSB, x SB; 


min{ Toa, Q1); Tga, (02)), TtQA x QA) (71, 72) = 
= max(Ig4, (01), iga, 02)» ItgA x oA?) (71, 02) = 
Fg, (1), Fo, (02) b F(oA x QAg) (01, 02) = 


((v, v1 
((v, v1 
((v, v1) 
((2,21)( 
((2, 01) 
((2,01)( 


0,01 





0,01 














)) = min(Tgs, (2111), Tsp, (0112)], 

)) =min{Tsp, (111), Tsg, (01u2)], 

)) = max(Is p, (7113), Isg „(01u2)}, 

)) = max{ Isg; (2111), Isg, (v1u2)}, 

)) = max(Fsg, (011), Fsg, (012), 

)) =max{Fsp, (0113), Fsg, (01u2)]. 
mh G = Gio) = 
QAp], SBy[SBo])] and GT[G5] = (QA; [QA2], SB1[S 2]) 


min(Toa, (01), Taa, (v2), 
max(IgA, (v1), IQA, (v2) }, 
max(Foa, (v1), Foa, (02)}- 





v), Fsg, (0102 
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(iv) Vv uy € SBy, v1 Z u? € QAd. 











TB, xSBy) (v1, 1) (u1, u2)) =min{Tsp, (0111), Tsp, (v12)], 
TSB, xsB,) (01, v1) (t1, u2)) = min{ Tsp, (v111), TsB,(viu2)}, 
Tsp, gp, (01, 01) (U1, u2)) = max{Igp, (0141), Ig, (0142), 
Ksg xsB;) (01, v1) (1, u2)) = max{ Isp, (v111), Isp, (v112)), 
Fisg, xs, (01, 01) (1, u2)) = max(Fgg, (01141), Fsg, (0102)), 
F(sp, x sp;) ((U1, 01) (01, #2) = max(Fsg, (0111), Fsp,(v12)]. 


Definition 15. Let G = (G,G) be a neutrosophic soft rough graph. The complement of G, denoted by 


G=(G Ó) is a neutrosophic soft rough graph, where G = (QA, SB) and C= (QA, SB) are neutrosophic 
graphs such that 


Gi) Wve QA. 


Tga) = Tao) 1940) = Fay Foal?) = Fgatoy 





Tga(?) = Toa) lgA(v) = Iga) FoA(v) = Foai): 





(ii) Vu,ue QA. 











Tsg(vu) = min(Ts, (v), Tg4GQ0) Tag(vu), 
Igg(vu) = max{I5, (0), I5,(4)} Igg(vu), 
Fe, (vu) = max(Fg,(v), Fo, (u)} — Fsg(vu), 
Tsp(vu) = min{Tga(v), ToA(u)) — Tsp (vw), 
Isp (vu) = max(Iga(v), IgA(u)) — Igg(vu), 
Fsg(vu) = max(Foa(v), Foa(u)} — Fsg(vu). 


Example 8. Consider an NSRGs G as shown in Figure 9. 


(v, 0.5,0.3,0.1) (u,0.4,0.1,0.2) (v, 0.2, 0.8, 0.5) (u, 0.5, 0.8, 0.1) 
(0.2, 0.8, 0.1) (0.1, 0.8, 0.5) 















,0.3,0.1,0.1 
(2,0.2,0.3,0.3) (u, 0.8, ) (050.8,0.8,0.2) (w, 0.8, 0.0,0.1) 


G=(QA,SB) G=(QA,SB) 


Figure 9. Neutrosophic soft rough graph G = (G, G) 


The complement of G is G = (G, ay is obtained by using the Definition 15, where G = (QA, SB) and 
= (QA, SB) are neutrosophic graphs as shown in Figure 10. 
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(0.2, 0.0,0.1) 
eo 
zn v 
E So 2 
a S LA 
e 
E e o 
e 
(0.2, 0.3, 0.3) (0.8,0.1,0.1) (0.3, 0.8, 0.2) (0.8, 0.0, 0.1) 
(w, 0.2, 0.8, 0.3) (w,0.8, 0:1 0.1) (w, 0.8, 0.8, 0.2) (w, 0.8, 0:0; 0.1) 
G = (QA, SB) G = (QA, SB) 


Figure 10. Neutrosophic soft rough graph Ć = (G, Ó) 


Definition 16. A graph G is called self complement, if G = G, i.e., 
(i) Vve QA. 





Toa (0) = Tat T940) = Iga Foal) = Foa) 
Tga(?) = Toa(o), IgA) = Igoa) Fga(?) = Foa): 





(ii) Yv, ue QA. 


p(t) 
u 


g(vu) 


Fe (vu), 
Fsp(vu). 


vu 
vu 


w 
— 
S 
= 
= 
i^ ATA 


Definition 17. A neutrosophic soft rough graph G is called strong neutrosophic soft rough graph if Vuv € SB, 


Tsg(vu) = min{ Tga (v), T4 (u)), Igg(vu) = max(Ig4(v), I4 (u))), Fgg(vu) = max(Fg,(0), Fg4()), 
Tsp(vu) = min(ToA(v), ToA(u)), Isg(vu) = max(IoA(v), IoA(u)), Fsg(vu) = max(Foa(v), Foa(u)}. 


Example 9. Consider a graph G such that V = {u, v, w} and E = (uv, vw, wu}, as shown in Figure 11. Let 
QA be a neutrosophic soft rough set of V and let SB be a neutrosophic soft rough set of E defined in the Tables 9 
and 10, respectively. 


Table 9. Neutrosophic soft rough set on V. 





V QA QA 


u (08,05,02) (07,05,02) 
v (09,05,01) (0.705,02) 
w  (07,05,01) (07,0.,02) 





Table 10. Neutrosophic soft rough set on E. 


E SB SB 


wv (0.805,02)  (0.7,0.5,0.2) 
vw (0.7,0.5,0.1)  (0.7,0.5,02) 
wu (0.7,0.5,0.2) (07,0.5,02) 
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v(0.9,0.5,0.1) 1(0.8,0.5,0.2) v(0.7,0.5,0.2) 1(07,0.5,02) 
A (0.8, 0.5, 0.2) "0 (0.7,0.5, 0.2) 
3 S 
$ d 
2 3 
w(0.7,0.5,0.2) w(0.7,0.5,0.2) 
G = (QA, 8B) G = (QA, SB) 


Figure 11. Strong neutrosophic soft rough graph G — (QA, SB) 


Hence, G — (QA, SB) is a strong neutrosophic soft rough graph. 


Definition 18. A neutrosophic soft rough graph G is called a complete neutrosophic soft rough graph if 
Voue QA, 


Tsg(vu) = min(Tg,(v), T4 (u)), Igg(vu) = max(Ic,(v), I4 (u)], Fgg(vu) = max(Fg, (v), Fg 4(1)), 
), Foa 


u 
Tsg(vu) = min(ToA(v), Toa (u)}, Isg(vu) = max{ Ioa (0), Iga (u)}, Fsg(vu) = max{ Foa (v (u)}. 


Remark 2. Every complete neutrosophic soft rough graph is a strong neutrosophic soft rough graph. However, 
the converse is not true. 


Definition 19. A neutrosophic soft rough graph G is isolated, if Vx, y e QA. 
Tsp(vu) = 0, Igg(vu) = 0, Fsg(vu) = 0, Tag(vu) = 0, Igg(vu) = 0, Fgg(vu) = 0. 
Theorem 1. The rejection of two neutrosophic soft rough graphs is a neutrosophic soft rough graph. 


Proof. Let G1 = (G4, G1) and G2 = (G5, G2) be two NSRGs. Let G = G1|G2 = (G4|G5, G1|G2) be the 
rejection of G4 and Gz, where G4|G; = (QA1|QA5, SB1|SB;) and G1|G2 = (QA1|QAs5, SB1|SB2). We 
claim that G = G,|G is a neutrosophic soft rough graph. It is enough to show that SB,|SBz and 
SBi|SB; are neutrosophic relations on QA1|QA» and QA1lQA;, respectively. First, we show that 
SB1|SB» is a neutrosophic relation on QA,|QAp. 

If v € QA, 0102 ¢ SB», then HE 





T(sB,|SBz) (0, v1)(o,v2)) = (Toa, (©) ^ (Toa (v2) ^ Toa, (72))) 
= (Toa, (v) ^ Tga,(%2)) ^ (Toa, (0) ^ Toa, (v2)) 
- T(Qay|Qa2) (001) ^ T(Qay|Qar) (2, 92) 
Ttsp,|sp;) (v, v1)(,v5)) = T(QAy|QA2) (V; 01) A T(QA1|Q42) (V 2) 


Similarly, l(sg,|sp,) (v, v1)(v, v2)) 
Fsg, isga) ((Y, v1) (v, v2)) 


l(oA|QA;) Xe v1) v 1(QAy|QA2) (v, 02) 
F(QAy|Q42) (001) v F(oAi A5) (v 92)- 


If viv € SBy, v E€ QA», then 


Tisei |se) ((01,0)(v5,v)) = ((Toa, (v1) ^ Toa (02)) ^ Ta, (9) 
= ((Toa (v1) ^ Toa: (0)) ^ (Tea, (v2) ^ Toa ())) 
- TtoA|QA) (01/2) ^ TioA,QA;) (02 9) 

Tsg |se) ((01,0)(v2,v)) = Tigalan) (P12) ^ Tegalan) (72; 9) 
Similarly, I(sg,\sB, 


) 
) 


bcr 
aR 
S 
S 
S 
d 
Lj 
= 
S 
D 
d 
L 
= 
ll 
= 


(QAiQA2) (21,2) v T(QAy|QAp) (02; v) 





Fispisp;)((v1,9)(v2,0)) =  FtoAjgA) (010) v FroAo45) (22,0): 
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If 0172 ¢ SBy, u1, u2 ¢ SB», then 


T(sB,|SBy) (01, 41) (02,2) = ((Tga (v1) ^ Tea, (%2)) ^ (Tega, (i1) ^ Taa,(u2))) 
= (Tga,(1) ^ Toa, (1) ^ (Toa, (72) ^ Toa; (u2)) 


= T(gAjQA; (V111) ^ Toaig) (92 u2) 


T(sp,|sp,)((01, 1) (v2, u2)) 
Similarly, Itsp,|sp;)( (v1, 13) (02, u2)) 
F(sB,|SBy) (1, 1) (02, u2)) 


T(QAy|QA>) (v1,u1) ^ T(QAy|QA>) (u1, U2) 


T(QAy|QAp) (M141) v IQA, lga) ("17 42) 


FioAygA) (0111) v FioA;ga;) (1, u2). 


Thus, SB,|SB is a neutrosophic relation on QA;|QA2. Similarly, we can show that SB,|SBo is a 
neutrosophic relation on QA;|Q A». Hence, G is a neutrosophic soft rough graph. 














Theorem 2. The Cartesian product of two NSRGs is a neutrosophic soft rough graph. 


Proof. Let G1 = (G4, G1) and G2 = (Gy, G2) be two NSRGs. Let G = G1 x G2 = (G4 x Gy, Gy x G2) 
be the Cartesian product of G1 and G5, where G4 x G) = (QA1 x QA5, SB1 x SB2) and Gix G2 = 
(QA, x QA, SB, x SB). We claim that G = G1 x Gz isa neutrosophic soft rough graph. It is enough 
to show that SB, x SB? and SB, x SB» are neutrosophic relations on QA, x QA» and QA, x QA», 
respectively. We have to show that SB, x SB» is a neutrosophic relation on QA, x QA». 

If v € QA, v1u1 € SB», then E B 


T(sg spy) ((o,v1)(o,11)) = Tiga) (v) ^ Tisg;) (141) 
< Tiga) ^ (Toa (v1) ^ T(QA2)(1)) 


— 


Tiga) (9) ^ Tegan (01) ^ (Toa (9) ^ Tegan (1)) 
(QAix QA) (2 ?1) ^ Toa x Qan) (0 1) 


ll 
PS 


T(sB, x SBy) ((V, v1) (v, u1)) 
Similarly, LSB x SBy) ((v, 01) (v, u1)) 
) 


F(SBy x sB) (0, v1) (v, u1) 


T(QAy% QA) (091) ^ Tiga x QA) (2, 11) 
ligA x QA) (2 01) v (QA, x QA) (v, uy) 


N IN IN 


ap 


(Q41 x QA) (0701) V F(QAy x QAy) (011). 


If viu € SBy, z e QA», then 


^ 


Ttsp, x sp) (01, z) (01, Z)) Tsg) (0111) ^ Tegan) (2 


(T(QAy)(o) (QA) (41) ^ Toa) (2) 


IN 


=  T(QAyx Qo) (21/2) ^ TioA x QAg) (tt 2) 

T(sByxSBy)((V1-2)(41,z)) < Ty (QA1 x QA) )(v1,2) ^ T(oA QA?) 01,2) 
Similarly, I(gp, sg; ((v1,2)(u1,2)) SW QayxQay) (012) v I(gaj«QA;) (t1 Z) 

FSB, x SB) ((01,2)00,2)) < Feoay«gag (0 Z) v F(gA Ay) (ti Z)- 


Therefore, 5B, x SB? is a neutrosophic relation on QA; x QA». Similarly, SB, x SB; isa 
neutrosophic relation on QA; x QA». Hence, G is a neutrosophic rough graph. 














Theorem 3. The cross product of two neutrosophic soft rough graphs is a neutrosophic soft rough graph. 


Proof. Let G; = (G1, G1) and G? = (G5, G3) be two NSRGs. Let G = G1 © G2 = (G4 GO G5, G1 © G3) 
be the cross product of G; and Gz, where G4 © Gy = (QA; © QA2, SB; © SB?) and G1 © G2 = (QA, © 
QA5, SB, © SB;). We claim that G = G1 @G isa neutrosophic soft rough graph. It is enough to show 
that SB, © SB? and SB, © SB» are neutrosophic relations on QA; © QA? and QA1©QA2, respectively. 
First, we show that SB; © SB» is a neutrosophic relation on QA 9 QA». 
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If v111 € SB4, v4u5 € SBo, then 


Ttsp,osp,) ((01,01)(u1,u2)) = Ttg, (0111) ^ T(gg, y (0112) 

(Tiga (091) ^ Tray) (1) ^ (Tegan) (01) ^ Tio; (u2)) 
(Tiga) (01) ^ Troan) (¥1)) ^ (TeQayy 1) ^ Tegan) (2) 
TtoAíoQA; (01:01) ^ T(oA oA) (U1 2) 


IN 


T(sp,osB;) (1, v1) (11, u2)) 
Similarly, Isg sg, ) ((01, 01) (u1, u2)) 


F(sB,@SBy) (01, 01) (1, u2)) 


T(oAí9QA; (1/71) ^ TioA 69 A;) (0, u2) 


liga yogA) (91,71) v I(oA,egA;) (9; #2) 
) 


N IN IN 


F(oAveQA;) 01:01) v FoQay@Qan) (2, 42). 


Thus, 5B, © SB» is a neutrosophic relation on QA; © QA». Similarly, we can show that SB, © SB? 
is a neutrosophic relation on QA, © QA». Hence, G is a neutrosophic soft rough graph. 














3. Application 


In this section, we apply the concept of NSRSs to a decision-making problem. In recent times, 
the object recognition problem has gained considerable importance. The object recognition problem 
can be considered as a decision-making problem, in which final identification of objects is founded on 
a given set of information. A detailed description of the algorithm for the selection of most suitable 
objects based on an available set of alternatives is given, and purposed decision-making method 
can be used to calculate lower and upper approximation operators to progress deep concerns of the 
problem. The presented algorithms can be applied to avoid lengthy calculations when dealing with 
large number of objects. This method can be applied in various domains for multi-criteria selection 
of objects. 


Selection of Most Suitable Generic Version of Brand Name Medicine 


In the pharmaceutical industry, different pharmaceutical companies develop, produce and 
discover pharmaceutical medicine (drugs) for use as medication. These pharmaceutical companies 
deals with “brand name medicine” and “generic medicine”. Brand name medicine and generic 
medicine are bioequivalent, and have a generic medicine rate and element of absorption. Brand name 
medicine and generic medicine have the same active ingredients, but the inactive ingredients may 
differ. The most important difference is cost. Generic medicine is less expensive as compared to 
brand name comparators. Usually, generic drug manufacturers face competition to produce cost less 
products. The product may possibly be slightly dissimilar in color, shape, or markings. The major 
difference is cost. We consider a brand name drug “u = Loratadine" used for seasonal allergies 
medication. Consider 


V = {uy = Triamcinolone, u? = Cetirizine/ Pseudoephedrine, 
u3 = Pseudoephedrine, u4 = loratadine/pseudoephedrine, 


us = Fluticasone} 


is a set of generic versions of “Loratadine”. We want to select the most suitable generic version of 
Loratadine on the basis of parameters e; = Highly soluble, e2 = Highly permeable, e = Rapidly 
dissolving. M = {e1,e2,e3} be a set of paraments. Let Q be a neutrosophic soft relation from V to 
parameter set M, and describe truth-membership, indeterminacy-membership and false-membership 
degrees of generic version medicine corresponding to the parameters as shown in Table 11. 
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Table 11. Neutrosophic soft set (Q, M). 


Q u1 u2 u3 ug us 
ey (0.4,0.5,0.6) (0.5,0.3,0.6) (0.7,0.2,0.3) (0.5,0.7,0.5) (0.6,0.5,0.4) 


e> (0.7,0.3,0.2) (03,04,03) (0.6,0.5,0.4) (0.8,0.4,0.6) (0.7, 0.8, 0.5) 
e3 (0.6,0.3,0.4) (0.7,0.2,0.3) (0.7,0.2,0.4) (0.8,0.7,0.6) (0.7,0.3,0.5) 





Suppose A = ((e1, 0.2, 0.4, 0.5), (e2, 0.5, 0.6, 0.4), (e3, 0.7, 0.5, 0.4) } is the most favorable object that 
is an NS on the parameter set M under consideration. Then, (Q(A), Q(A)) is an NSRS in NSAS 
(V, M, Q), where 


((u1,0.6,0.5,0.4), (u2,0.7, 0.4, 0.4), (u3, 0.7, 0.4, 0.4), (u4, 0.7, 0.6, 0.5), (us, 0.7, 0.5, 0.5)], 
(A) = ((u1,0.5,0.6,0.4), (us, 0.5,0.6, 0.5), (u3,0.3,0.3, 0.5), (u4,0.5,0.6, 0.5), (us, 0.4, 0.5, 0.5). 


ho o 
3 
ll 


Let E = (uv, uy 13, Ugly, U2U3, U5U3, U2U4, U2U5} € V and L = {e1e3, 0561,32) € M. 
Then, a neutrosophic soft relation 5 on E (from L to E) can be defined as follows in Table 12: 


Table 12. Neutrosophic soft relation S. 





S uu? u1u3 ugu uu3 u5u3 u2u, u2Uus 
ejes (0.3,0.4,0.2) (0.4,0.4,0.5) (0.4,0.4,0.5) (0.6,0.3,0.4) (04,02,02) (04,04,02)  (0.4,03,0.4) 


ere, (0.5,0.4,0.1) (0.4,0.3,0.2) (04,03,02) (0.3,0.3,0.2) (0.6,0.2,0.4) (03,02,01) (0.3,03,02) 
eyes (0.4,0.4,0.1) (0.4,0.2,0.2) (0.4,02,02) (0.5,03,0.3) (04,02,03) (04,03,01) (0.5, 0.3, 0.2) 





Let B = ((e365, 0.2, 0.4, 0.5), (e2€3, 0.5, 0.4, 0.4), (e1e3, 0.5, 0.2, 0.5)} be an NS on L that describes some 
relationship between the parameters under consideration; then, SB = (SB, SB) is an NSRR, where 


wl 


B = {(uyuz,0.5,0.4, 0.4), (u1u3, 0.4, 0.2, 0.4), (u414, 0.4, 0.2, 0.4), (u213, 0.5, 0.3, 0.4), 
(usua, 0.5, 0.2, 0.4), (u2u4, 0.4, 0.3, 0.4), (unus, 0.5, 0.3, 0.4)}, 

{(u1u2, 0.2, 0.4, 0.4) (u313, 0.5, 0.4, 0.4), (u411, 0.5, 0.4, 0.4), (uus, 0.4, 0.4, 0.5), 
(usus, 0.2, 0.4, 0.4), (u214, 0.2, 0.4, 0.4), (215, 0.4, 0.4, 0.5)}. 


IN 
w 
ll 


Thus, G = (G, G) is an NSRG as shown in Figure 12. 


lur 0.5, 0.6, 0.4) 





(0.4, 0.2,0.4) 

















(14 ,0.6, 0.5, 0.4) 


us, 0.7,0.4, 0.4) 





(*ro*5r0'co) 


(0.4, 0.2, 0.4) 
(0.5, 0.2, 0.4) 





Figure 12. Neutrosophic soft rough graph G — (G, G) 


In [3], the sum of two neutrosophic numbers is defined. 
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Definition 20. [3] Let C and D be two single valued neutrosophic numbers, and the sum of two single valued 
neutrosophic number is defined as follows: 


CGD =< Tc + Tp - Tc x Tp, Ic x Ip, Fc x Fp ». (1) 


Algorithm 1: Algorithm for selection of most suitable objects 


1. Input the number of elements in vertex set V = (u1,u5,..., Un}. 
2. Input the number of elements in parameter set M = {e1,€2,..-,€m}- 
3. Input a neutrosophic soft relation Q from V to M. 
4. Inputa neutrosophic set A on M. 
5. Compute neutrosophic soft rough vertex set QA — (QA, Q(A)). 
6. Inputthe number of elements in edge set E — (uus, Uy up, wee, Ugly}. 
7. Input the number of elements in parameter set M = {e1e1, €12, . . €161}. 
8. Inputa neutrosophic soft relation S from Ý to M. 
9. Inputa neutrosophic set B on M. 

10. Compute neutrosophic soft rough edge set SB = (SB, S(B)). 

11. Compute neutrosophic set a = (Ty (tj), In (ui), Fa(ui)), where 


Tr (i) Ta ay (Ui) + Toa) (ui) — Toca) (i) x Toca) (ui), 
Ty(uj) = To Ay (ui) x Toa) (i), 
Eu) = A) (ui) x Foça) (ui). 


a 


12. Compute neutrosophic set B = (Tg(u;u;), Ig(u;u;), Fg(uiuj)), where 


Tp(ujuj) = Typ) (ui uj) + Tg(gy(uiuj) — Ts(gy(ujuj) x Tsp) (uiu), 
Ig(uiuj) = Tcp) Cuiuj) x Tsp) (uiui), 
Fg(ujuj = Fs(gy (iuj) X Fsçp) (uiu). 


13. Calculate the score values of each object u;, and the score function is defined as follows: 


~ j) + Ta(u j)- Fy(u j) 
Su)= 5, 3- m uj) — Fg(ujuj)) 


ujujcE udi: 








14. The decision is S; if S; = max Š; Si. 
15. Ifi has more than one value, then any one of S; may be chosen. 


The sum of UNSRS QA and the LNSRS QA and sum of LNSRR SB and the UNSRR SB are NSs 
QA G QA and SB @ SB, respectively defined by 


«=QAGQA = {(m,0.8,0.3,0.16), (u2, 0.85, 0.24, 0.2), (u3, 0.79, 0.2, 0.2), (u4, 0.85, 0.36, 0.25), 
(us, 0.82, 0.25, 0.25) }, 
p= SB@SB = {(u1u2, 0.6, 0.16, 0.16), (u1u3, 0.7, 0.8, 0.16), (u411, 0.7, 0.8, 0.16), (u2u3, 0.7, 


0.12, 0.2), (us, 0.6, 0.08, 0.16), (u214, 0.52, 0.12, 0.16), (uzus, 0.7, 0.12, 0.2)}. 
The score function S(u,) defines for each generic version medicine u; € V, 
Ty (uj) + In(uj) — Fe (uj) 


S(u) 2, 3 — (Tg(u; a + no. uj) — Fg(u;uj)) 


ujujeE 








(2) 
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and uy with the larger score value uy = max S(u;) is the most suitable generic version medicine. 
1 


By calculations, we have 
Š(u1) = 0.88, $(u5) = 0.69, S(u3) = 0.26 S(u4) = 0.57, and S(us) = 0.33. (3) 


Here, u4 is the optimal decision, and the most suitable generic version of “Loratadine” is 
“Triamcinolone”. We have used software MATLAB (version 7, MathWorks, Natick, MA, USA) for 
calculating the required results in the application. The algorithm is given in Algorithm 1. The algorithm 
of the program is general for any number of objects with respect to certain parameters. 


4. Conclusions 


Rough set theory can be considered as an extension of classical set theory. Rough set theory 
is a very useful mathematical model to handle vagueness. NS theory, RS theory and SS theory are 
three useful distinguished approaches to deal with vagueness. NS and RS models are used to handle 
uncertainty, and combining these two models with another remarkable model of SSs gives more precise 
results for decision-making problems. In this paper, we have presented the notion of NSRGs and 
investigated some properties of NSRGs in detail. The notion of NSRGs can be utilized as a mathematical 
tool to deal with imprecise and unspecified information. In addition, a decision-making method based 
on NSRGs is proposed. This research work can be extended to (1) Rough bipolar neutrosophic 
soft sets; (2) Bipolar neutrosophic soft rough sets, (3) Interval-valued bipolar neutrosophic rough sets, 
and (4) Soft rough neutrosophic graphs. 
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Abstract: In practical situations, we often have to handle programming problems involving 
indeterminate information. Building on the concepts of indeterminacy I and neutrosophic number 
(NN) (z = p + qI for p, q € R), this paper introduces some basic operations of NNs and concepts of 
NN nonlinear functions and inequalities. These functions and/or inequalities contain indeterminacy 
I and naturally lead to a formulation of NN nonlinear programming (NN-NP). These techniques 
include NN nonlinear optimization models for unconstrained and constrained problems and their 
general solution methods. Additionally, numerical examples are provided to show the effectiveness 
of the proposed NN-NP methods. It is obvious that the NN-NP problems usually yield NN 
optimal solutions, but not always. The possible optimal ranges of the decision variables and NN 
Objective function are indicated when the indeterminacy I is considered for possible interval ranges 
in real situations. 


Keywords: neutrosophic number; neutrosophic number function; neutrosophic number nonlinear 
programming; neutrosophic number optimal solution 





1. Introduction 


Traditional mathematical programming usually handles optimization problems involving 
deterministic objective functions and/or constrained functions. However, uncertainty also exists 
in real problems. Hence, many researchers have proposed uncertain optimization methods, such as 
approaches using fuzzy and stochastic logics, interval numbers, or uncertain variables [1-6]. 
Uncertain programming has been widely applied in engineering, management, and design problems. 
In existing uncertain programming methods, however, the objective functions or constrained functions 
are usually transformed into a deterministic or crisp programming problem to yield the optimal feasible 
crisp solution of the decision variables and the optimal crisp value of the objective function. Hence, 
existing uncertain linear or nonlinear programming methods are not really meaningful indeterminate 
methods because they only obtain optimal crisp solutions rather than indeterminate solutions necessary 
for real situations. However, indeterminate programming problems may also yield an indeterminate 
optimal solution for the decision variables and the indeterminate optimal value of the objective function 
suitable for real problems with indeterminate environments. Hence, it is necessary to understand how 
to handle indeterminate programming problems with indeterminate solutions. 

Since there exists indeterminacy in the real world, Smarandache [7-9] first introduced a concept 
of indeterminacy—which is denoted by I, the imaginary value—and then he presented a neutrosophic 
number (NN) z = p + ql for p, q € R (Ris all real numbers) by combining the determinate part p with the 
indeterminate part ql. It is obvious that this is a useful mathematical concept for describing incomplete 
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and indeterminate information. After their introduction, NNs were applied to decision-making [10,11] 
and fault diagnosis [12,13] under indeterminate environments. 

In 2015, Smarandache [14] introduced a neutrosophic function (i.e., interval function or thick 
function), neutrosophic precalculus, and neutrosophic calculus to handle more indeterminate problems. 
He defined a neutrosophic thick function g: IR — G(R) (G(R) is the set of all interval functions) as the 
form of an interval function g(x) = [g1 (x), 22(x)]. After that, Ye et al. [15] introduced the neutrosophic 
functions in expressions for the joint roughness coefficient and the shear strength in the mechanics of 
rocks. Further, Ye [16] and Chen et al. [17,18] presented expressions and analyses of the joint roughness 
coefficient using NNs. Ye [19] proposed the use of neutrosophic linear equations and their solution 
methods in traffic flow problems with NN information. 

Recently, NNs have been extended to linguistic expressions. For instance, Ye [20] proposed 
neutrosophic linguistic numbers and their aggregation operators for multiple attribute group 
decision-making. Further, Ye [21] presented hesitant neutrosophic linguistic numbers—based on 
both the neutrosophic linguistic numbers and the concept of hesitant fuzzy logic—calculated their 
expected value and similarity measure, and applied them to multiple attribute decision-making. 
Additionally, Fang and Ye [22] introduced linguistic NNs based on both the neutrosophic linguistic 
number and the neutrosophic set concept, and some aggregation operators of linguistic NNs for 
multiple attribute group decision-making. 

In practical problems, the information obtained by decision makers or experts may be 
imprecise, uncertain, and indeterminate because of a lack of data, time pressures, measurement 
errors, or the decision makers' limited attention and knowledge. In these cases, we often have 
to solve programming problems involving indeterminate information (indeterminacy I). However, 
the neutrosophic functions introduced in [14,15] do not contain information about the indeterminacy 
I and also cannot express functions involving indeterminacy I. Thus, it is important to define NN 
functions containing indeterminacy I based on the concept of NNs, in order to handle programming 
problems under indeterminate environments. Jiang and Ye [23] and Ye [24] proposed NN linear 
and nonlinear programming models and their preliminary solution methods, but they only handled 
some simple/specified NN optimization problems and did not propose effective solution methods for 
complex NN optimization problems. To overcome this insufficiency, this paper first introduces some 
operations of NNs and concepts of NN linear and nonlinear functions and inequalities, which contain 
indeterminacy I. Then, various NN nonlinear programming (NN-NP) models and their general solution 
methods are proposed in order to obtain NN/indeterminate optimal solutions. 

The rest of this paper is structured as follows. On the basis of some basic concept of NNs, 
Section 2 introduces some basic operations of NNs and concepts of NN linear and nonlinear functions 
and inequalities with indeterminacy I. Section 3 presents NN-NP problems, including NN nonlinear 
optimization models with unconstrained and constrained problems. In Section 4, general solution 
methods are introduced for various NN-NP problems, and then numerical examples are provided to 
illustrate the effectiveness of the proposed NN-NP methods. Section 5 contains some conclusions and 
future research. 


2. Neutrosophic Numbers and Neutrosophic Number Functions 


Smarandache [7-9] first introduced an NN, denoted by z = p + qI for p, q € R, consisting of a 
determinate part p and an indeterminate part qI, where I is the indeterminacy. Clearly, it can express 
determinate information and indeterminate information as in real world situations. For example, 
consider the NN z = 5 + 3I for I € [0, 0.3], which is equivalent to z € [5, 5.9]. This indicates that 
the determinate part of z is 5, the indeterminate part is 3I, and the interval of possible values for the 
number z is [5, 5.9]. If I € [0.1, 0.2] is considered as a possible interval range of indeterminacy I, then the 
possible value of z is within the interval [5.3, 5.6]. For another example, the fraction 7/15 is within 
the interval [0.46, 0.47], which is represented as the neutrosophic number z = 0.46 + 0.011 for I € [0, 1]. 
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The NN z indicates that the determinate value is 0.46, the indeterminate value is 0.01, and the possible 
value is within the interval [0.46, 0.47]. 

It is obvious that an NN z = p + qI may be considered as the possible interval range (changeable 
interval number) z = [p + q-inf{I}, p + q-sup{I}] for p, q € Rand I € [inf{I}, sup{J}]. For convenience, z is 
denoted by z = [p + gll, p + qI“] for z € Z (Z is the set of all NNs) and I € [IL, I] for short. In special 
cases, z can be expressed as the determinate part z = p if qI = 0 for the best case, and, also, z can be 
expressed as the indeterminate part z = ql if p = 0 for the worst case. 

Let two NNs be z; = py + qx and z3 = p» + qol for z1, z; € Z, then their basic operational laws for 
I € [I., IU] are defined as follows [23,24]: 










































































(1) z1 +22 = pi pat (41+ 492)! = [py + p2 + gal’ qal, pi + p2 + qiIU + gal); 
Q) 21-22 = pr— pa t (41 — 42)! = [p1 — p2 + gal” — gal”, pi — po + qt — gal"); 
zxz? = pıp2 + (uq + pop)1 quo? 
min( (Fit m) (po + gal"), (pi + gal”) (pa + gal), 
(3) _ (pi + mI) (pa + gal"), (p1 ql") (po + q1") 
max| (P1 D (pa + 421"), (pi + qi I) (pa + q1”), 
(pi + qi IU) (pa + q1-), (py + q3IU) (pa + got") 
zo peg _ [etal tal] 
Z2 Pacd2l ^^ [p2+921},p2+4210] 
(4) min( 2*2, pq pital! py ut) 
= padqalU* potql’ py-qo1U ^ ptp)’ | 7 
max( irr pital’ pig PU 
P2 q21U^ po--qo1-" p5--qo1U^ py qn1- 














For a function containing indeterminacy I, we can define an NN function (indeterminate function) 
in n variables (unknowns) as F(x, I): Z" > Z for x = [x1, xo, ... , Xn]! € Z” and I [IE, IU], which is 
either an NN linear or an NN nonlinear function. For example, Fi(x,I) = xı — Ix, +1+2I for 
x = [x, xo]T € Z? and I € [F, IU] is an NN linear function, and F2(x) XT + xi 21x, — Ix; + 3I for 
x = [xj, x2]! € Z2 and I € [IL, IU] is an NN nonlinear function. 

For an NN function in n variables (unknowns) g(x, I): Z" — Z, we can define an NN inequality 
g(x, I) € (>) 0 for x = [x1, x2, ..., Xn]! € Z” and I € [I^, IU], where g(x, I) is either an NN linear 
function or an NN nonlinear function. For example, g; (x, I) = 2x, — Ix; +4+3I < 0 and g2(x, I) = 
2x? — x +2451 € 0 for x = [x1, x2]? € Z2 and I € [I^, IU] are NN linear and NN nonlinear inequalities 
in two variables, respectively. 

Generally, the values of x, F(x, I), and g(x, I) are NNs (usually but not always). In this study, 
we mainly research on NN-NP problems and their general solution methods. 











3. Neutrosophic Number Nonlinear Programming Problems 


An NN-NP problem is similar to a traditional nonlinear programming problem, which is 
composed of an objective function, general constraints, and decision variables. The difference is 
that an NN-NP problem includes at least one NN nonlinear function, which could be the objective 
function, or some or all of the constraints. In the real world, many real problems are inherently 
nonlinear and indeterminate. Hence, various NN optimization models need to be established to 
handle different NN-NP problems. 

In general, NN-NP problems in n decision variables can be expressed by the following NN 
mathematical models: 


(1) Unconstrained NN optimization model: 
min F(x, I), x € Z", (1) 


where x = [x1, xo, ... , Xn]? € Z^, F(x, I): Z" — Z, and I € (IE, [4]. 
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(2 Constrained NN optimization model: 


min F(x, I) 
s.t. (x, I) <0,1=1,2,...,m 
hix, 1) 20,j21,2,...,l 
PEZ, 


Q) 


where g1(x, I), 22(x, D), ... , mo D, h(x, D, ho(x, D, ... (x, D: Z” 2 Z, and I € [1,14]. 


In special cases, if the NN-NP problem only contains the restrictions h;(x, I) = 0 without inequality 
constraints, g;(x, I) € 0, then the NN-NP problem is called the NN-NP problem with equality 
constraints. If the NN-NP problem only contains the restrictions g;(x, I) < 0, without constraints 
h;(x, I) = 0, then the NN-NP problem is called the NN-NP problem with inequality constraints. Finally, 
if the NN-NP problem does not contain either restrictions, h(x, I) =O or g;(x, I) € 0, then the constrained 
NN-NP problem is reduced to the unconstrained NN-NP problem. 

The NN optimal solution for the decision variables is feasible in an NN-NP problem if it satisfies 
all of the constraints. Usually, the optimal solution for the decision variables and the value of the NN 
objective function are NNs, but not always). When the indeterminacy I is considered as a possible 
interval range (possible interval number), the optimal solution of all feasible intervals forms the feasible 
region or feasible set for x and I € [IŁ, IU]. In this case, the value of the NN objective function is an 
optimal possible interval (NN) for F(x, I). 

In the following section, we shall introduce general solution methods for NN-NP problems, 
including unconstrained NN and constrained NN nonlinear optimizations, based on methods of 
traditional nonlinear programming problems. 


4. General Solution Methods for NN-NP Problems 


4.1. One-Dimension Unconstrained NN Nonlinear Optimization 


The simplest NN nonlinear optimization only has a nonlinear NN objective function with one 
variable and no constraints. Let us consider a single variable NN nonlinear objective function F(x, I) 
forxeZandIe LE, 14}. Then, for a differentiable NN nonlinear objective function F(x, I), a local 
optimal solution x’ satisfies the following two conditions: 


(1) Necessary condition: The derivative is dF (č, D)/dx = 0 for I € [IŻ IU]; 

(2) Sufficient condition: If the second derivative is d?F(x*, I)/dx? < 0 for I € [IŁ, IU], then x' is an 
optimal solution for the maximum F (č, I); if the second derivative is d?F(x", I)/dx? > 0, then x" is 
an optimal solution for the minimum F (x^, I). 


Example 1. An NN nonlinear objective function with one variable is F(x, I) = 21x? + 5I for x € Z and 
Te [I., IU]. Based on the optimal conditions, we can obtain: 


dF(x,I) 
dx 





= 4Ix = 0 > x* —0, 


d? F(x, I) 
dx? 
Assume that we consider a specific possible range of I € [I}, I] according to real situations or actual 
requirements, then we can discuss its optimal possible value. If I € [1, 2] is considered as a possible interval 
range, then d^F(x', D/dx? > 0, and x" = 0 is the optimal solution for the minimum F(x", I). Thus, the minimum 
value of the NN objective function is F(x", I) = [5, 10], which, in this case, is a possible interval range, but not 
always. Specifically if I = 1 (crisp value), then F(x", I) = 5. 


l0 = AI. 
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4.2. Multi-Dimension Unconstrained NN Nonlinear Optimization 


Assume that a multiple variable NN function F(x, I) for x = [x1, x2, ... , x"? € Z" and I € [I^ 1U] 
is considered as an unconstrained differentiable NN nonlinear objective function in n variables. Then, 
we can obtain the partial derivatives: 


ƏF(x,I) ƏF(x, I) ƏF(x, 1] _ 














VF(x,I)— TO Xxx. 
(x1) Oxy ' Ox? O Ox, 
Further, the partial second derivatives, structured as the Hessian matrix H(x, I), are: 
r OF(xI) 9F(xI) 9^ F(x,l) 
ax? 7 Qxi0x2 °°"! Ox10x, 
F(x, I) 9^F(xI) 2^ F(x,l) 
H(yI)- | 99^ ag 107 Badr 
F(x, I) 9^F(xI) 9^ F(x,I) | 
L Ox,0xi'/ OxQ0x2 777 Axe t 





Then, the Hessian matrix H(x, I) is structured as its subsets H;(x, I) (i = 1, 2, ... , n), where H;(x, I) 
indicate the subset created by taking the first i rows and columns of H(x, I). You calculate the 
determinant of each of the n subsets at x’: 


OF(xI) EI) 

















9? F(x*,I) 3x2 dx 0x2 
* — QUON dat * = FER 
m, 1) =|- a aD =| ren ert, V 

1 9x20xi ax 


from the sign patterns of the determinates of H,(x’, D(i21,2,...,m)forIc LE, W], as follows: 


(1) IfH,(x", 1) > 0, then H(x*, I) is positive definite at x; 

(2) I£Hj(x',I) <0 and the remaining H;(x*, I) alternate in sign, then H (x, I) is negative definite at x; 

(3) If some of the values which are supposed to be nonzero turn out to be zero, then H (x, I) can be 
positive semi-definite or negative semi-definite. 


A local optimal value of x" in neutrosophic nonlinear objective function F(x", I) for I € [IŁ, IU] can 
be determined by the following categories: 


(1) x is a local maximum if VF(x', I) = 0 and H(x , I) is negative definite; 

(2) x isa local minimum if VF(x', I) = 0 and H(x’, I) is positive definite; 

(3) x is a saddle point if VFE(X, I) = 0 and H (x, I) is neither positive semi-definite nor 
negative semi-definite. 


Example 2. Consider an unconstrained NN nonlinear objective function with two variables x1 and x» is 
F(x, I) = x? + x$ — AD — 21x; +5 for x € Z? and I € [I}, IU]. According to optimal conditions, we first 
obtain the following derivative and the optimal solution: 


9F(x,I) " 
5 2x, — 4I š x 2I 
vro | afin |=| 2: x 0x H | s | 
“Oxy 2 2 


x2 

















Then, the NN Hessian matrix is given as follows: 


H(x*,I) = 








OF(xI  GF(x) 
ox] Ox10x _ 2 0 
PEFD PED | 

9x50x1 2x] 
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2 0 
0 2 
solution is x’ = [2L, I]T and the minimum value of the NN objective function is F(x’, I) = 5(1 — P?) in this 
optimization problem. 

If the indeterminacy I € [0, 1] is considered as a possible interval range, then the optimal solution of 
x is x7 =[0,2] and xy" = [0, 1] and the minimum value of the NN objective function is F(x", D = [0, 5]. 
Specifically, when I = 1 is a determinate value, then x; =2, x7 - 1, and F(x’, I) = 0. In this case, the NN 
nonlinear optimization is reduced to the traditional nonlinear optimization, which is a special case of the NN 
nonlinear optimization. 


Thus, |Hy(x*,I)| = 2 > 0 and |H(x*,1)| = = 4 > 0. Hence, the NN optimal 





4.3. NN-NP Problem Having Equality Constraints 


Consider an NN-NP problem having NN equality constraints: 


min F(x, I) 
s.t. h(x, I) =0,j=1,2,...,1 (3) 
xe 


where / (x, I), ho(x, I), ... , u(x, I): Z" 2 Zand I € [I., IU]. 
Here we consider Lagrange multipliers for the NN-NP problem. The Lagrangian function that 
we minimize is then given by: 


l 
L(x, LA) = F(x, I) + Y Aàjhj(x,1),A € Z'x € Z", (4) 
j=1 


where Àj (j 21,2, ...,l) is a Lagrange multiplier and I € UL, 1U]. It is obvious that this method 
transforms the constrained optimization into unconstrained optimization. Then, the necessary 
condition for this case to have a minimum is that: 


aL (x, LA) zm 1—1,.2./...5f, 
Ox; 

dL (x, I, À) a 
3A =0,j= 1,2,...,1 


By solving n + | equations above, we can obtain the optimum solution x = [x1", x2, ... , Xn]! and 
the optimum multiplier values A (91,2, 1): 


Example 3. Let us consider an NN-NP problem having an NN equality constraint: 


minF (x, I) = 41x, + 5x2 











s.t. h(x, I) = 2x1 + 3x2 — 6I 20, x € Z?. 


Then, we can construct the Lagrangian function: 








L(x, L, À) = 4Ixy + 5x + A(2x1 +3x2 — 61), A € Z, x € Z2. 
The necessary condition for the optimal solution yields the following: 


aL (x, I, A) 
9x1 


aL (x, I, A) 
0x2 


dL (x, I, À) 
9A 

















81x1 4-24 — 0, = 10x2 + 3A = 0, and = 2x1 +3x2 — 61 = 0. 
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By solving these equations, we obtain the results xy = —A/(4D, x2 = —3A/10, and A = —12É?/( + 1.81). 
Hence, the NN optimal solution is obtained by the results of x1' = 31/1 + 1.81) and x" = 187 (5 + 91). If the 
indeterminacy I € [1, 2] is considered as a possible interval range, then the optimal solution is x1' = [0.6522, 
4.2857] and x9" = [0.7826, 5.1429]. Specifically, if I = 1 (crisp value), then the optimal solution is xy" = 1.0714 
and x5" = 1.2857, which are reduced to the crisp optimal solution in classical optimization problems. 


4.4. General Constrained NN-NP Problems 


Now, we consider a general constrained NN-NP problem: 
min F(x, I) 
s.t. g(x, I) <0,k=1,2,...,m (5) 
hj(x, 1) 20,2 12, ... zi 
xez" 


where g1 (x, I), g2(x, D), ... , &m(x, D, In (x, D, ho(x, D, ... h(x, D: Z” — Z for I € Iu, 14). Then, we can 
consider the NN Lagrangian function for the NN-NP problem: 


m 1 
L(x, 1,p,A) = F(x, I) + L Meg (x, I) + Y, Ajhj(x, 1), HEZ™ AE Zl xez". (6) 
k=l j=l 


The usual NN Karush-Kuhn-Tucker (KKT) necessary conditions yield: 
m l 
VF(x, I) + Y, {Vg} +} {Vh} 20 (7) 
k=1 j=l 


combined with the original constraints, complementary slackness for the inequality constraints, 
and uy > Ofork=1,2,...,m. 


Example 4. Let us consider an NN-NP problem with one NN inequality constraint: 
minF(x, I) = Ix] + 2x2 


s.t.g(x,I) = I — x1 — x2 < 0, x E z^. 


Then, the NN Lagrangian function is constructed as: 








L(x, L, y) = Ix? + 2x3 + w(I— x1 — xo, p € Z x € Z. 
The usual NN KKT necessary conditions yield: 


aL (x, I, u) 
9x1 


dL (x, I, u) 
0X2 











21x — u — 0, 4x2 — u = 0, and u(I — x1 — x2) = 0. 

By solving these equations, we can obtain the results of xy = u/QI), x2 = u/A, and u = AP/Q + I) (uy =0 
yields an infeasible solution for 1 > 0). Hence, the NN optimal solution is obtained by the results of xy" = 21/2 + I) 
and x? = É/Q + D). 

If the indeterminacy I € [1, 2] is considered as a possible interval range corresponding to some specific 
actual requirement, then the optimal solution is x; =[0.5, 1.3333] and x;' = [0.25, 1.3333]. As another case, 
if the indeterminacy I € [2, 3] is considered as a possible interval range corresponding to some specific actual 
requirement, then the optimal solution is xy" = [0.8, 1.5] and xy" = [0.8, 2.25]. Specifically, if I = 2 (a crisp 
value), then the optimal solution is xy' = 1 and x2" = 1, which is reduced to the crisp optimal solution of the 
crisp/classical optimization problem. 
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Compared with existing uncertain optimization methods [1-6], the proposed NN-NP methods 
can obtain ranges of optimal solutions (usually NN solutions but not always) rather than the crisp 
optimal solutions of previous uncertain optimization methods [1-6], which are not really meaningful 
in indeterminate programming of indeterminate solutions in real situations [23,24]. The existing 
uncertain optimization solutions are the special cases of the proposed NN-NP optimization solutions. 
Furthermore, the existing uncertain optimization methods in [1-6] cannot express and solve the NN-NP 
problems from this study. Obviously, the optimal solutions in the NN-NP problems are intervals 
corresponding to different specific ranges of the indeterminacy I € UE, IU] and show the flexibility 
and rationality under indeterminate/NN environments, which is the main advantage of the proposed 
NN-NP methods. 


5. Conclusions 


On the basis of the concepts of indeterminacy I and NNs, this paper introduced some basic 
operations of NNs and concepts of both NN linear and nonlinear functions and inequalities, 
which involve indeterminacy I. Then, we proposed NN-NP problems with unconstrained and 
constrained NN nonlinear optimizations and their general solution methods for various optimization 
models. Numerical examples were provided to illustrate the effectiveness of the proposed NN-NP 
methods. The main advantages are that: (1) some existing optimization methods like the Lagrange 
multiplier method and the KKT condition can be employed for NN-NP problems, (2) the indeterminate 
(NN) programming problems can show indeterminate (NN) optimal solutions which can indicate 
possible optimal ranges of the decision variables and NN objective function when indeterminacy 
I € [I., IU] is considered as a possible interval range for real situations and actual requirements, 
and (3) NN-NP is the generalization of traditional nonlinear programming problems and is more 
flexible and more suitable than the existing unconcerned nonlinear programming methods under 
indeterminate environments. The proposed NN-NP methods provide a new effective way for avoiding 
crisp solutions of existing unconcerned programming methods under indeterminate environments. 

It is obvious that the NN-NP methods proposed in this paper not only are the generalization 
of existing certain or uncertain nonlinear programming methods but also can deal with determinate 
and/or indeterminate mathematical programming problems. In the future, we shall apply these 
NN-NP methods to engineering fields, such as engineering design and engineering management. 
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Abstract: A neutrosophic number (a + bI) is a significant mathematical tool to deal with indeterminate 
and incomplete information which exists generally in real-world problems, where a and bI denote the 
determinate component and indeterminate component, respectively. We define score functions and 
accuracy functions for ranking neutrosophic numbers. We then define a cosine function to determine 
the unknown weight of the criteria. We define the neutrosophic number harmonic mean operators 
and prove their basic properties. Then, we develop two novel multi-criteria group decision-making 
(MCGDM) strategies using the proposed aggregation operators. We solve a numerical example to 
demonstrate the feasibility, applicability, and effectiveness of the two proposed strategies. Sensitivity 
analysis with the variation of "I" on neutrosophic numbers is performed to demonstrate how the 
preference ranking order of alternatives is sensitive to the change of "I". The efficiency of the 
developed strategies is ascertained by comparing the results obtained from the proposed strategies 
with the results obtained from the existing strategies in the literature. 


Keywords: neutrosophic number; neutrosophic number harmonic mean operator (NNHMO); 
neutrosophic number weighted harmonic mean operator (NNWHMO); cosine function; score 
function; multi-criteria group decision-making 





1. Introduction 


Multi-criteria decision-making (MCDM), and multi-criteria group decision-making (MCGDM) 
are significant branches of decision theories which have been commonly applied in many scientific 
fields. They have been developed in many directions, such as crisp environments [1,2], and uncertain 
environments, namely fuzzy environments [3-13], intuitionistic fuzzy environments [14—24], 
and neutrosophic set environments [25-45]. Smarandache [46,47] introduced another direction of 
uncertainty by defining neutrosophic numbers (NN), which represent indeterminate and incomplete 
information in a new way. A NN consists of a determinate component and an indeterminate component. 
Thus, the NNs are more applicable to deal with indeterminate and incomplete information in real 
world problems. The NN is expressed as the function N = p + qI in which p is the determinate 
component and ql is the indeterminate component. If N = qI, i.e., the indeterminate part reaches the 
maximum label, the worst situation occurs. If N = p, i.e., the indeterminate part does not appear, the 
best situation occurs. Thus, the application of NNs is more appropriate to deal with the indeterminate 
and incomplete information in real-world decision-making situations. 
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Information aggregation is an essential practice of accumulating relevant information from various 
sources. It is used to present aggregation between the min and max operators. The harmonic mean is 
usually used as a mathematical tool to accumulate the central tendency of information [48]. 

The harmonic mean (HM) is widely used in statistics to calculate the central tendency of a set of 
data. Park et al. [49] proposed multi-attribute group decision-making (MAGDM) strategy based on 
HM operators under uncertain linguistic environments. Wei [50] proposed a MAGDM strategy based 
on fuzzy-induced, ordered, weighted HM. In a fuzzy environment, Xu [48] studied a fuzzy-weighted 
HM operator, fuzzy ordered weighted HM operator, and a fuzzy hybrid HM operator, and employed 
them for MADM problems. Ye [51] proposed a multi-attribute decision-making (MADM) strategy 
based on harmonic averaging projection for a simplified neutrosophic sets (SNS) environment. 

In a NN environment, Ye [52] proposed a MAGDM using de-neutrosophication strategy and 
a possibility degree ranking strategy for neutrosophic numbers. Liu and Liu [53] proposed a NN 
generalized weighted power averaging operator for MAGDM. Zheng et al. [54] proposed a MAGDM 
strategy based on a NN generalized hybrid weighted averaging operator. Pramanik et al. [55] 
studied a teacher selection strategy based on projection and bidirectional projection measures in 
a NN environment. 

Only four [52-55] MCGDM strategies using NNs have been reported in the literature. Motivated 
from the works of Ye [52], Liu and Liu [53], Zheng et al. [54], and Pramanik et al. [55], we consider the 
proposed strategies to handle MCGDM problems in a NN environment. 

The strategies [52-55] cannot deal with the situation when larger values other than arithmetic 
mean, geometric mean, and harmonic mean are necessary for experimental purposes. To fill the 
research gap, we propose two MCGDM strategies. 

In this paper, we develop two new MCGDM strategies based on a NN harmonic mean operator 
(NNHMO) and a NN weighted harmonic mean operator (NNWHMO) to solve MCGDM problems. 
We define a cosine function to determine unknown weights of the criteria. To develop the proposed 
strategies, we define score and accuracy functions for ranking NNs for the first time in the literature. 

The rest of the paper is structured as follows: Section 2 presents some preliminaries of NNs and 
score and accuracy functions of NNs. Section 3 devotes NN harmonic mean operator (NNHMO) 
and NN weighted harmonic mean operator (NNWHMO). Section 4 defines the cosine function to 
determine unknown criteria weights. Section 5 presents two novel decision-making strategies based 
on NNHMO and NNWHMO. In Section 6, a numerical example is presented to illustrate the proposed 
MCGDM strategies and the results show the feasibility of the proposed MCGDM strategies. Section 7 
compares the obtained results derived from the proposed strategies and the existing strategies in NN 
environment. Finally, Section 8 concludes the paper with some remarks and future scope of research. 


2. Preliminaries 


In this section, definition of harmonic and weighted harmonic mean of positive real numbers, 
concepts of NNs, operations on NNs, score and accuracy functions of NNs are outlined. 


2.1. Harmonic Mean and Weighted Harmonic Mean 


Harmonic mean is a traditional average, which is generally used to determine central tendency of 
data. The harmonic mean is commonly considered as a fusion method of numerical data. 











Definition 1. [48]: The harmonic mean H of the positive real numbers x1, x», ... , Xn is defined as: 
Hos E j212,..,n. 

i=1 1 
Definition 2. [49]: The weighted harmonic mean H of the positive real numbers x1, xo, ... , Xn is defined as 
WH = so = Is ji=1,2,... n. 
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n 
Here, }, w; — 1. 
i=1 


2.2. NNs 


A NN [46,47] consists of a determinate component x and an indeterminate component yl, 
and is mathematically expressed as z = x + yI for x, y € R, where I is indeterminacy interval and 
R is the set of real numbers. A NN z can be specified as a possible interval number, denoted by 
z=[x+ yÉ, x+ yl] for z € Z (Z is set of all NNs) and I € [IŁ, IU]. The interval I € [I4, IU] is considered 
as an indeterminate interval. 


e «© If yl = 0, then zis degenerated to the determinate component z = x 
e Ifx-0,thenz is degenerated to the indeterminate component z = yI 
e f= then zis degenerated to a real number. 


Let two NNs be z1 = x1 + yz and z2 = xo + yal for z1, z2 € Z, and I € [I-, [4]. Some basic operational 
rules for zı and z»? are presented as follows: 


(1) Pz-I 

Q) L0-0 

(3 I/I 2 Undefined 

4) zi*zj2xi* x» (y1 yo) = [1 + x2 + (y1 tym + x2 + (y1 + y2)I}] 

(5 zi—z22xi— xo + (y1 — y2)I = [x — xo + (y1 — y2), xı — xo + (y1 — yl] 

(6) z1 X z2 = x1X2 + Qaya + xoyi)L vio. = xixo + (x1y2 + xoyi + y1y2)I 

(7) à xatyil _ xı 4 ¥2y1—%1y2 
z2 — Xayal — x2 ' xo(xo4y2) 

(8) 1 140.1 1 =i 
Z1 xul xi xy (x41 


9) z -xptQun yl 
(10) Az, = Axı + Ayal 











I; x2 #0, x2 y2 

















jim #9, x1 yı 





Theorem 1. If z is a neutrosophic number then, ga =27, zu 0 


Proof. Let z = x + yl. Then, 














1 ET 
i =j i y : 
(z) E T x(x 4 y) sA 0, x y 
1 1.3 (x+y) I 
(z) T/x ' V/x(1/x- dos 45) a Ce y 
=x*-yl=z 














Definition 3. For any NN z = x + yI = [x + yI, x + yI" ], (x and y not both zeroes), its score and accuracy 
functions are defined, respectively, as follows: 














— jxty(u — IP) 
Sc(z) = “ofa ye (1) 
Ac(z) =1 exp( lee yau n (2) 


Theorem 2. Both score function Sc(z) and accuracy function Ac(z) are bounded. 
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Proof. 
x, y E€ Randle [0, 1] 



































u E 
char -= <1 0< Sg 
S yeu SOS ur S 
uU 3 " HN xL 
0< E | <2 03 PS19082) <1 
Since 0 € Sc(z) < 1, score function is bounded. 
Again: 


0 < ep(-Ix4- y" —Pps1 
1 < —exp( |x Hy(IU I|) <0 
0 <1-exp( |x + y(IU IL|) <1 
Since 0 < Ac(z) < 1, accuracy function is bounded. 


























Definition 4. Let two NNS be z1 = x1 + yy = [x + yl, xy + yilll, and Zp = x + yol = [xo + yall, X2 + yj" ], 
then the following comparative relations hold: 


e ÍfS(zj) > S(z;), then zı > zz 

e  [fS(zj) = S(z2) and A(z1) < A(5), then zı < zo 

e  [fS(zj) = S(z2) and A(z1) = A(z2), then zı = z2. 

Example 1. Let three NNs be zi = 10 + 2I, z) = 12 and za = 12 + 51 and I € [0, 0.2]. Then, 
S(z1) = 0.5099, S(z5) = 0.5, S(z4) = 0.5577, A(z1) = 0.999969, A(z5) = 0.999994, A(z3) = 0.999997. 
We see that, S(z1) > S(z2) = S(za), and A(z3) > S(z2). 


Using Definition 2, we conclude that, z > z3 > z2. 


3. Harmonic Mean Operators for NNs 


In this section, we define harmonic mean operator and weighted harmonic mean operator for 
neutrosophic numbers. 


3.1. NN-Harmonic Mean Operator (NNHMO) 


Definition 5. Let z; = xj + yil (i = 1, 2, ... , n) bea collection of NNs. Then the NNHMO is defined as follows: 


NNHMO(, zo,::: Zn) =n (x 27 -1 (3) 


i=1 


Theorem 3. Let z; = x; + yil (i = 1, 2, ..., n) be a collection of NNs. The aggregated value of the 
NNHMO(z, z5,::- , Zn) operator is also a NN. 


Proof. 
n 
NNHMO(21, z5,:::, Zn) = «(E jy) a 








i=1 


n n E" 
«(E 1 H > E r) = Xi # 0, Xi # —Vi 


n 

















-nE xig) Hou Hoa n y 

n t= A —VW; 
"E "EIE. x -Yi i » Ln » xi 1 xg) 
i H "i A “i ee xi Gri) i E 











This shows that NNHMO is also a NN. 
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3.2. NN-Weighted Harmonic Mean Operator (:NNWHMO) 


Definition 6. Let z; = x; + yil (i = 1, 2, ... , n) bea collection of NNs and w; (i = 1,2, ... , n) is the weight of 


n 
z; (i21,2,..., n) and Y; wj = 1. Then the NN-weighted harmonic mean (NNWHMO) is defined as follows: 
i=1 


-1 


NNWHMO(21, Z2,- -- Zn) = z 2) Q2 #0 (4) 


iz i 


Theorem 4. Let z; = x; + yil (i = 1, 2, ..., n) be a collection of NNs. The aggregated value of the 
NNWHMO(21, Z2,- ,Zn) operator is also a NN. 


Proof. 


NNWHMO(z1, Zo," * Zn) = ( 


- 
3) zi x0 
Z i JL AS ap —Vi =1, 

-(Ew(& s) Lx £0, x —Vi 


n 


n x 
= (vr E x un stu!) - xi #0, xj £ —yi 


Ws 





n 
Yi 
—w; 
ERE IE 
£ 1 gj 4 1 Yi 
Wi: x: Wij: Wij: Fwi- 
i i i à "a . m ao à xoti) 


This shows that NNWHMO is also a NN. 














Y n 
y Wi: 2 Dx ws Li wil xus P = 


i= 














Example 2. Let two NNs be z; = 3 + 2I and z; = 2 + I and I € [0, 0.2]. Then: 








WE. TM E-. d a e S 
NNHMO(z, z2) 2( = =) "(sz ' zu) 24 + 0.6351. 


Example 3. Let two NNs be z1 = 3 + 2I and zz = 2 + L I € [0, 0.2] and w: = 0.4, w» = 0.6, then: 








To. 1X. 1 , 1:3. 
NNWHMO (z4, z2) (v a wz) (04; yar | 0.67 rr 7) 2.308 + 1.3701. 
The NNHMO operator and the NNWHMO operator satisfy the following properties. 


P1. Idempotent law: If z; = z for i = 1, 2, ..., n then, NNHMO(z, z5,:::,z4) = z and 
NNWHMO (z1, z2,::* ,Zn) =Z. 


n 
Proof. For, z; =z, } wj — 1, 
i=1 





NNHMO(21, z5,::: Zn) = (È e) hs (E e) hs — zs 














: n : n 
NNWHMO(2Z1, z2,::* ,Zn) [» z) pepe ZO ( 2) (* w) [gp le 
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P2. Boundedness: Both the operators are bounded. 


Proof. Let Zmin = min(z, 22,:-* ,Zn), Zmax = Max(Z1, z2,*:: ,Zn) fori - 1,2, ... , n then, 
Zmin € NNHMO(z, Z2 /2n) < Zmax and Zmin € NNWHMO(z, Z2, Zn) < Zmax- 
Hence, both the operators are bounded. 














P3. Monotonicity: If z; < z* fori=1,2,... ,n then, NNHMO(21, 22,--- ,z;) € NNHMO (27, z3, --- , 27) 
and NNWHMO(21, z5,::: ,z;) < NNWHMO(zi, 25,::: , Za) 

















Proof. NNHMO(z, z5,::: ,z;) - NNHMO(z}, z3, ++ , Za) = ta a 1 icd im + € 0, since 
atat tw mta zx 
ztzz orl > 4. fori=1,2,...,n. 
. i “i 
Again, 
a, 1 1 
NNWHMO(z, z2,::: ,2n) - NNWHMO(z,, 23, +>, Zn) = wpcei.— x — yee 5 
mites E att E 





n 
since z; < zt ori > g; 0, for z; < z}; apes (r9 1,2, i5). 
i=1 


This proves the monotonicity of the functions NNHMO(z, zo,::,z,) and 
NNWHMO (z1, Z2, +- Zn). 














P4. Commutativity: If (zj, 25, +--+, Zp) be any permutation of (zı, zj,::, Zn) then, 


NNHMO(z, zo,:::,z;,) = NNHMO(z?, z$5,::, Za) and NNWHMO(z, 22,:++,2Zn) = 
NNWHMO(Z, 25, ::: , Z5). 


n 


n 
Proof. NNHMO(21, z5,::: ,z;) - NNHMO(z;, z5,*:: , Za) = «( E (27) -- «( 
i 
because, (z1, 25,::* , Zp) is any permutation of (z1, Z5,: :* , Zi). 
Hence, we have NNHMO(z, z5,::: ,z;) = NNHMO(z}, Z5,::* , Z5). 
Again: 


n =; n n 
NNWHMO(21, 25,:-- ,z;) - NNWHMO(22, 25,- , 22) = (E wlz) - (È wi e=) =0, 
1—. 1— 


because, (z, 25,::: , Zp) is any permutation of (z1, Z5,:** ,Zn). 
Hence, we have NNWHMO(21, z5,::: ,z;) = NNWHMO(z}, z5,::* , Z5). 














4. Cosine Function for Determining Unknown Criteria Weights 


When criteria weights are completely unknown to decision-makers, the entropy measure [56] can 
be used to calculate criteria weights. Biswas et al. [57] employed entropy measure for MADM problems 
to determine completely unknown attribute weights of single valued neutrosophic sets (SVNSs). 
Literature review reflects that, strategy to determine unknown weights in the NN environment is yet 
to appear. In this paper, we propose a cosine function to determine unknown criteria weights. 


Definition 7. The cosine function of a NN P = xj + yl = [xj + yiil^, Xij + yl", G1, 2, cee M 
j=1,2,...,n) is defined as follows: 








1 n T Yij 
COS;(P) = =} cos íl , (xij and yj; are not both zeroes) (5) 
J gi ] 
nij 2? VF + Wi 
The weight structure is defined as follows: 
COS;(P) n 
J . 
w; = ;j=1,2--,n&} wj=1 (6) 
! DE, COS;(P) a” 
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The cosine function COS;(P) satisfies the following properties: 
P3. COS;(P) > COS;(Q), if xij of P > xij of Q or yi; of P < yi; of Q or both. 








Proof. 
Y 

PL yj-0-cOS(P)-l1 
1 
Y 

P2. xj = 0 => COS((P) = } X [cos 7] = 0 
i=1 


[cos 0] = 1 


s IMs 


P3. For, xy of P > xij of Q 


Determinate part of P > Determinate part of Q 
COS;(Q) < COS;(P). 


by 


For, yj; of P < yy of Q 
Indeterminacy part of P < Indeterminacy part of Q 
COS;(Q) > COS;(P). 


E 


For, xj of P > xy of Q and yj of P < yj of Q 
(Real part of P » Real part of Q) & (Indeterminacy part of P « Indeterminacy part of Q) 
COS;(Q) > COS;(P). 





=> 
=> 











Example 4. Let two NNs be zj = 3 + 2I, and zp = 3 + 5I, then, COS(z1) = 0.9066, COS(z2) = 0.7817. 
Example 5. Let two NNs be zı = 3 + I, and z2 =7 + I, then, COS(z41) = 0.9693, COS(z2) = 0.9938. 


Example 6. Let two NNs be zı = 10 + 21, and zy = 2 + 101, then, COS(z1) = 0.9882, COS(z2) = 0.7178. 


5. Multi-Criteria Group Decision-Making Strategies Based on NNHMO and NNWHMO 


Two MCGDM strategies using the NNHMO and NNWHMO respectively are developed in this 
section. Suppose that A = [A1, A2, ... , Am} is a set of alternatives, C = (C1, Co, ... , Cn} is a set of 
criteria and DM = (DM, DM5, ... , DM,} is a set of decision-makers. Decision-makers' assessment for 
each alternative A; will be based on each criterion C;. All the assessment values are expressed by NNs. 
Steps of decision making strategies based on proposed NNHMO and NNWHMO to solve MCGDM 
problems are presented below. 


5.1. MCGDM Strategy 1 (Based on NNHMO) 
Strategy 1 is presented (see Figure 1) using the following six steps: 
Step 1. Determine the relation between alternatives and criteria. 


Each decision-maker forms a NN decision matrix. The relation between the alternative A; 
(i2 1,2,... , m) and the criterion C; (j = 1, 2, ... , n) is presented in Equation (7). 


Či £s e. e 
Ay Gucynul (x24121) (Xn FY tn!) 

DM,[A|C] = 42 | (xncymnD,y — (XmymDy coo Gant) (7) 
Am (Xmit+Ymi1), (Xm2+Ym21);, (Xmn+Ymn1), 
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Note 1: Here, (xij + yijl Xy represents the NN rating value of the alternative A; with respect to the 
criterion Cj for the decision-maker DM. 


Step 2. Using Equation (3), determine the aggregation values (DM,8*" (A;)), (i=1,2,...,n) for all 
decision matrices. 


Step 3. To fuse all the aggregation values (DM (A;)), corresponding to alternatives A;, we define 
the averaging function as follows: 


k k 
DM*ST CA) = Y wi (DMP (Ay Y up 1 091,2, mt 1, 2, ...,k) (8) 
t=1 t=1 


Here, w; (t = 1,2, ... , k) is the weight of the decision-maker DM}. 
Step 4. Determine the preference ranking order. 


Using Equation (1), determine the score values Sc(z;) (accuracy degrees Ac(z;), if necessary) 
(i = 1, 2, ..., m) of all alternatives A;. All the score values are arranged in descending order. 
The alternative corresponding to the highest score value (accuracy values) reflects the best choice. 


Step 5. Select the best alternative from the preference ranking order. 


Step 6. End. 













Determine the relation 
between alternatives and —— 
criteria 


Figure 1. Steps of MCGDM Strategy 1 based on NNHMO. 





5.2. MCGDM Strategy 2 (Based on NNWHMO) 

Strategy 2 is presented (see Figure 2) using the following seven steps: 
Step 1. This step is similar to the first step of Strategy 1. 
Step 2. Determine the criteria weights. 


Using Equation (6), determine the criteria weights from decision matrices (DM;[A|C]), 
(21,2, ...,K). 


Step 3. Determine the weighted aggregation values (DM; 5? (A;)). 


Using Equation (4), determine the weighted aggregation values (DM? 5? (4;)), (i= 1,2,... ,n) 
for all decision matrices. 
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Step 4. Determine the averaging values. 


To fuse all the weighted aggregation values (DM; (A;)), corresponding to alternatives Aj, 


we define the averaging function as follows: 
k 
DM88"(A;) = Y wi(DM; 5 (Aj)))(i = 1, 2, ...,; t= 1, 2, ...,k) (9) 
t=1 


Here, w; (t = 1,2,... , k) is the weight of the decision maker DM}. 
Step 5. Determine the ranking order. 


Using Equation (1), determine the score values S(z;) (accuracy degrees A(z;), if necessary) 
(i — 1, 2, ... , m) of all alternatives A;. All the score values are arranged in descending order. The 
alternative corresponding to the highest score value (accuracy values) reflects the best choice. 


Step 6. Select the best alternative from the preference ranking order. 


Step 7. End. 









Determine the relation between 


alternatives and criteria 





Select the best | 
alternative 


Figure 2. Steps of MCGDM strategy based on NNWHMO. 





6. Simulation Results 


We solve a numerical example studied by Zheng et al. [54]. An investment company desires 
to invest a sum of money in the best investment fund. There are four possible selection options to 
invest the money. Feasible selection options are namely, A1: Car company (CARC); A»: Food company 
(FOODC); A3: Computer company (COMC); A4: Arms company (ARMC). Decision-making must 
be based on the three criteria namely, risk analysis (C), growth analysis (C2), environmental impact 
analysis (C3). The four possible selection options/alternatives are to be selected under the criteria by 
the NN assessments provided by the three decision-makers DM1, DM5, and DM3. 
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6.1. Solution Using MCGDM Strategy 1 


Step 1. Determine the relation between alternatives and criteria. 


All assessment values are provided by the following three NN based decision matrices (shown in 
Equations (10)-(12). 


Cy Cp C3 
Ay | 4+1 5 34I 
DM,[L|C] = Az 6 6 5 (10) 


Aa 8 5-41 6 
Aa 7 6 441 





ĉ& 3 G 
Ay 5 4 4 
DM,|LIC]= A | 541 6 6 (11) 
As 4 5 54I 
A, \ 6+1 6 5 
CD Q G 
Ai 4 54I 4 
DM3|L|C] = A2 6 7 5«I (12) 


A | 441 5 6 
Ag 8 6 441 


Note 2: Here, DM, [L|C], DM2[L|C] and DMs3[L|C] are the decision matrices for the decision makers 
DM1, DM» and DM; respectively. 


Step 2. Determine the weighted aggregation values (DMS ( Ai)). 


Using Equation (3), we calculate the aggregation values (DM$S? (A) as follows: 


DMS" (A1) = 3.829 + 0.7851; DM? (A5) = 5.625; DM$S? (A3) = 4.285 + 0.2141; DM? (A4) = 5.362 + 0.514I; 








DM3% (A1) = 4285; DM$S? (A5) = 5.206 + 0.4151; DM3% (A3) = 4.196 + 0.5321; DM (A4) = 5.234 + 0.6181; 


DMS$ (A1) = 4.019 + 0.6051; DM? (Az) = 5.817 + 0.4331; DM3** (A3) = 4.876 + 0.3871; DM3°°" (A4) = 6.023 + 0.2571. 


Step 3. Determine the averaging values. 


Using Equation (8), we calculate the averaging values (Considering equal importance of all the 
decision makers) to fuse all the aggregation values corresponding to the alternative A;. 


DM®88" (A3) = 4.044 + 0.4631; DM"88" (A5) = 5.549 + 0.2821; DM"88"(A3) = 4.452 + 0.3781; DM%88"(Aq) = 5.539 + 0.4631. 


Step 4. Using Equation (1), we calculate the score values Sc(A;) (i = 1, 2, 3, 4). Sensitivity analysis and 
ranking order of alternatives are shown in Table 1 for different values of I. 


Table 1. Sensitivity analysis and ranking order with variation of "I" on NNs for strategy 1. 





I Sc(A;) Ranking Order 
I= [0,0] S(A1) = 0.4988, S(A5) = 0.4993, S(A3) = 0.4982, S(A4) = 0.4983 Az > Ay > Ag > A3 
I€[0,02] | S(A1) = 0.5081, S(A2) = 0.5144, S(A3) = 0.5067, S(A4) = 0.5056 Az > Ay > A3 > Ag 
I€[0,04] | S(A1) = 0.5182, S(A2) = 0.5195, S(A3) = 0.5151, S(A4) = 0.5249 Az > Ay > Ag > A3 
I€[0,0.6] | S(A1) = 0.5289, S(A2) = 0.5346, S(A3) = 0.5236, S(A4) = 0.5233 Az > Ay > A3 > Ag 
I€[0,08] | S(A1) = 0.5396, S(A2) = 0.5497, S(A3) = 0.5320, S(A4) = 0.5316 Az > Ay > A3 > Ag 
1€ [0, 1] S(A1) = 0.5503, S(A5) = 0.5547, S(A3) = 0.5405, S(A4) = 0.5399 Az > Ay > A3 > Ag 
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Step 5. Food company (FOODC) is the best alternative for investment. 
Step 6. End. 


Note 3: In Figure 3, we represent ranking order of alternatives with variation of "I" based on 
strategy 1. Figure reflects that various values of I, ranking order of alternatives are different. However, 
the best choice is the same. 































0.56 

0.54 u1-10,0] 

0.52 mI-[0, 0.2] 

0.5 4 E I= [0, 0.4] 

048 - m I-[0, 0.6] 

046 - m I - [0, 0.8] 
CARC FOODC COMC ARMC 








Figure 3. Ranking order with variation of "I" based on strategy 1. 
6.2. Solution Using MCGDM Strategy 2 


Step 1. Determine the relation between alternatives and criteria. 
This step is similar to the first step of strategy 1. 
Step 2. Determine the criteria weights. 
Using Equations (5) and (6), criteria weights are calculated as follows: 
[w1 = 0.3265, w2 = 0.3430, w3 = 0.3305] for DM1, 
[w1 = 0.3332, w2 = 0.3334, w3 = 0.3334] for DM», 
[w1 = 0.3333, w2 = 0.3335, w3 = 0.3332] for DM3. 
Step 3. Determine the weighted aggregation values (DM; 5? (A;)). 


Using Equation (4), we calculate the aggregation values (DMjS*' (A;)) as follows: 


DM} (A) = 3.861 + 0.7741; DM? (A2) = 6.006; DMJ? (A3) = 4.307 + 0.2341; DM? (A4) = 5.399 + 0.541I; 








DM888"(A1) = 4.288; DMS" (A5) = 5.219 + 0.4291; DM (Aa) = 4.206 + 0.5411; DM$SS (A4) = 5.251 + 0.6291; 
2 2 2 2 


DMSS* (A1) = 4.024 + 0.6161; DM (A2) = 5.824 + 0.4451; DM? (As) = 4.889 + 0.3931; DMS**' (A4) = 6.029 + 0.2651. 


Step 4. Determine the averaging values. 


Using Equation (9), we calculate the averaging (Considering equal importance of all the decision 
makers to fuse all the aggregation values corresponding to the alternative Aj. 


DM*88' ( A4) = 4.057 + 0.4631; DM"88' (A5) = 5.568 + 0.2911; DM*88"(A3) = 4.467 + 0.3891; DM"88' ( A4) = 5.559 + 0.4781. 


Step 5. Determine the ranking order. 
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Using Equation (1), we calculate the score values Sc(A;) (i = 1, 2, 3, 4). Since scores values are 
different, accuracy values are not required. Sensitivity analysis and ranking order of alternatives are 
shown in Table 2 for different values of I. 


Table 2. Sensitivity analysis and ranking order with variation of "I" on NNs for strategy 2. 


I Sc(Aj) Ranking Order 


I-0 S(A1) = 0.4968, S(Az) = 0.4993, S(A3) = 0.4981, S(A4) = 0.4982 Ag > Ag > A3 > Ay 
I€ [0, 0.2] S(A1) = 0.5081, S(Az) = 0.5095, S(A3) = 0.5068, S(A4) = 0.5067 Az > Ay > Ag > A3 
I€ [0, 0.4] S(A1) = 0.5195, S(A5) = 0.5198, S(A3) = 0.5155, S(A4) = 0.5153 Az > Ay > A3 > Ag 
I€ [0, 0.6] S(A1) = 0.5308, S(A2) = 0.5350, S(A3) = 0.5241, S(A4) = 0.5239 A2 > Ay > A3 > Ag 
I€ [0, 0.8] S(A1) = 0.5421, S(A5) = 0.5502, S(A3) = 0.5328, S(A4) = 0.5324 A > Ay > As > Ag 

I € [0,1] S(A1) = 0.5535, S(A5) = 0.5654, S(A3) = 0.5415, S(A4) = 0.5410 Az > Ay > As > Ag 





Step 6. Food company (FOODC) is the best alternative for investment. 
Step 7. End. 


Note 4: In Figure 4, we represent ranking order of alternatives with variation of “I” based on 
strategy 2. Figure 4 reflects that various values of I, ranking order of alternatives are different. However, 
the best choice is the same. 
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Figure 4. Ranking order with variation of "I" on NNs for Strategy 2. 


7. Comparison Analysis and Contributions of the Proposed Approach 


7.1. Comparison Analysis 


In this subsection, a comparison analysis is conducted between the proposed MCGDM strategies 
and the other existing strategies in the literature in NN environment. Table 1 reflects that A» is the best 
alternative for I = 0 and I Z 0 i.e., for all cases considered. Table 2 reflects that A; is the best alternative 
for any values of I. Ranking order differs for different values of I. 

The ranking results obtained from the existing strategies [52-54] are furnished in Table 3. 
The ranking orders of Ye [52] and Zheng et al. [54] are similar for all values of I considered. When I 
lies in [0, 0], [0, 0.2], [0, 0.4], A» is the best alternative for [52-54] and the proposed strategies. When 
I lies in [0, 0.6], [0, 0.8], [0, 1], A4 is the best alternative for [52,54], whereas A» is the best alternative 
for [53], and the proposed strategies. 
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Table 3. Comparison of ranking preference order with variation of "I" on NNs for different strategies. 





I Ye [52] Zheng et al. [54] Liu and Liu [53] ^ Proposed Strategy 1 Proposed Strategy 2 
[0, 0] Ap>Ag>Az3>Az, Ap>Ag>Ag> Az, Ap>Ag>Ay>A3 Arp>A,>Ag>Az3  ApwÁA4RAeA 
[00.2] Ayg>Ag>Az3> A, Ap>Ag>Az3> Ay A> A> Az > Ag Ay > A, > A3 > Ag Ag > Ay > Ag > Ag 
[00.4] Ayg>Ag>Az3>A, Ap>Ag>Az3> Ay Ap>A3>Ag> Ay A > Ay > Ag > A3 Ag > Ay As > Ag 
[00.6] Ag>Ap>A3>A, Ag>Ap>Az3> Az Ap>A3>Ag> Ay Ay > A, > A3 > Ag Ag > Ay As > Ag 
[0,0.8] Ag>Ap>A3>A, Ag>Ap>A3> Az Ap>A3>Ag> Ay Ay > A, > A3 > Ag Ag > Ay As > Ag 
[0, 1] A4 > A> A3> Az, Ag>Ap>Ag> Ay Ap>Ag>Ag>A, A> A> A3 > Ag Ag > Ay As > Ag 


In strategy [52], deneutrosophication process is analyzed. It does not recognize the importance of 
the aggregation information. MCGDM due to Liu and Liu [53] is based on NN generalized weighted 
power averaging operator. This strategy cannot deal the situation when larger value other than 
arithmetic mean, geometric mean, and harmonic mean is necessary for experimental purpose. 

The strategy proposed by Zheng et al. [54] cannot be used when few observations contribute 
disproportionate amount to the arithmetic mean. The proposed two MCGDM strategies are free from 
these shortcomings. 


7.2. Contributions of the Proposed Approach 


e NNHMO and NNWHMO in NN environment are firstly defined in the literature. We have also 
proved their basic properties. 

e We have proposed score and accuracy functions of NN numbers for ranking. If two score values 
are same, then accuracy function can be used for ranking purpose. 

e The proposed two strategies can also be used when observations/experiments contribute is 
disproportionate amount to the arithmetic mean. The harmonic mean is used when sample values 
contain fractions and/or extreme values (either too small or too big). 

e To calculate unknown weights structure of criteria in NN environment, we have proposed 
cosine function. 

e Steps and calculations of the proposed strategies are easy to use. 

e We have solved a numerical example to show the feasibility, applicability, and effectiveness of the 
proposed two strategies. 


8. Conclusions 


In the study, we have proposed NNHMO and NNWHMO. We have developed two strategies of 
ranking NNs based on proposed score and accuracy functions. We have proposed a cosine function 
to determine unknown weights of the criteria in a NN environment. We have developed two novel 
MCGDM strategies based on the proposed aggregation operators. We have solved a hypothetical case 
study and compared the obtained results with other existing strategies to demonstrate the effectiveness 
of the proposed MCGDM strategies. Sensitivity analysis for different values of I is also conducted to 
show the influence of I in preference ranking of the alternatives. The proposed MCGDM strategies can 
be applied in supply selection, pattern recognition, cluster analysis, medical diagnosis, etc. 
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1. Introduction 


Smarandache [1] proposed the concept of neutrosophic sets as an extension of fuzzy sets [2]. 
A neutrosophic set has three components, namely, truth membership, indeterminacy membership 
and falsity membership, in which each membership value is a real standard or non-standard subset 
of the nonstandard unit interval J0—,1 + [ ([3]), where 0^ = 0— e, 1+ = 1+ e, € is an infinitesimal 
number > 0. To apply neutrosophic set in real-life problems more conveniently, Smarandache [3] and 
Wang et al. [4] defined single-valued neutrosophic sets which takes the value from the subset of (0, 1]. 
Actually, the single valued neutrosophic set was introduced for the first time by Smarandache in 1998 
in [3]. Ye [5] considered multicriteria decision-making method using the correlation coefficient under 
single-valued neutrosophic environment. Ye [6] also presented improved correlation coefficients of 
single valued neutrosophic sets and interval neutrosophic sets for multiple attribute decision making. 

Rough set theory was proposed by Pawlak [7] in 1982. Rough set theory is useful to study 
the intelligence systems containing incomplete, uncertain or inexact information. The lower and 
upper approximation operators of rough sets are used for managing hidden information in a system. 
Therefore, many hybrid models have been built, such as soft rough sets, rough fuzzy sets, fuzzy 
rough sets, soft fuzzy rough sets, neutrosophic rough sets, andrough neutrosophic sets, for handling 
uncertainty and incomplete information effectively. Dubois and Prade [8] introduced the notions 
of rough fuzzy sets and fuzzy rough sets. Liu and Chen [9] have studied different decision-making 
methods. Broumiet al. [10] introduced the concept of rough neutrosophic sets. Yang et al. [11] 
proposed single valued neutrosophic rough sets by combining single valued neutrosophic sets 
and rough sets, and established an algorithm for decision-making problem based on single valued 
neutrosophic rough sets on two universes. Mordeson and Peng [12] presented operations on 
fuzzy graphs. Akram et al. [13-16] considered several new concepts of neutrosophic graphs with 
applications. Zafer and Akram [17] introduced a novel decision-making method based on rough 
fuzzy information. In this research study, we apply the concept of rough neutrosophic sets to graphs. 
We introduce rough neutrosophic digraphs and describe methods of their construction. Moreover, 


Axioms 2018, 7, 5; doi:10.3390/ axioms7010005 148 www.mdpi.com/journal/axioms 


Axioms 2018, 7,5 


we present the concept of self complementary rough neutrosophic digraphs. We also present an 
application of rough neutrosophic digraphs in decision-making. 

We have used standard definitions and terminologies in this paper. For other notations, 
terminologies and applications not mentioned in the paper, the readers are referred to [18-22]. 


2. Rough Neutrosophic Digraphs 
Definition 1. [4] Let Z be a nonempty universe. A neutrosophic set N on Z is defined as follows: 
N = (€ x: pn(x),on(x),An(x) > x € Z} 
where the functions u,c, À :Z— [0,1] represent the degree of membership, the degree of indeterminacy and the 


degree of falsity. 


Definition 2. [7] Let Z be a nonempty universe and R an equivalence relation on Z.A pair (Z, R) is called an 
approximation space. Let N* be a subset of Z and the lower and upper approximations of N* in the approximation 
space (Z, R) denoted by RN* and RN* are defined as follows: 


RN* = (x € Z|[x]a € N*}, 
RN* = {x € Z|[x]g € N*}, 


where [x]g denotes the equivalence class of R containing x. A pair (RN*, RN*) is called a rough set. 


Definition 3. [10] Let Z be a nonempty universe and R an equivalence relation on Z. Let N be a neutrosophic 
set(NS) on Z. The lower and upper approximations of N in the approximation space (Z, R) denoted by RN and 
RN are defined as follows: 


RN = {< x, urn) (x) OR) (3); Ani) (X) >: y € [xli x € Z}, 
RN = {< x ugn) RN) (3); Ag (X) >: v € [x] x € Zh, 








where, 


ureo) = A ny) PR (*) = V BN), 





yelx]r ye[x]n 
Tg(N)(X) = A only), Roay) V only, 

ye[xig yelx]r 
Arna) = V AwQ) Arm) = A An(y)- 

ye[x]n ye[x]r 


A pair (RN, RN) is called a rough neutrosophic set. 
We now define the concept of rough neutrosophic digraph. 


Definition 4. Let V* be a nonempty set and R an equivalence relation on V*. Let V be a NS on V*, defined as 
V = {< x,py(x),0y(x),Ay(x) >: x e V*). 


Then, the lower and upper approximations of V represented by RV and RV, respectively, are characterized 
as NSs in V* such that V x € V*, 


R(V) = {< x urov) 0, oro) 3); AR 
R(V) = {< x, HR (yy (3), Ry) (0 AR 


pes 
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where, 


urva) = A ev), uo) = V uv) 


yé[x]r yélx]r 
orv) = A oy) ool) = V ovly), 
yelx]r yé[xlr 
Ag) (x)= V Avy), ARw (x)= A Avy). 
yélxlr yé[xlr 
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Let E* C V* x V* and S an equivalence relation on E* such that 


(G3, x2), (Y1,Y2)) € S & Gag) (x, y2) € R. 
Let E be a neutrosophic set on E* C V* x V* defined as 
E = {< xy, ug(xy),vz (xy), Ag(xy) >: xy € V* x V*), 
such that 
He (xy) min{prv(x), Rv (y)}, 


< 
ce(xy) < min{orv(x),orv(y)}, 
Ag(xy) < max{Agy(x),Agy(y)} Vx,y € V*. 


Then, the lower and upper approximations of E represented by SE and SE, respectively, are defined 
as follows 


SE={< xy, Use (xy), Ose (xy), Ase (xy) >: wz € [xy]s,xy € V* x V*}, 
SE = {< xy, bgp (xy), egg (xy), Age (xy) >: wz € [xy]s, xy € V* x V*}, 


where, 


Ms(p(xy) = A wE(wz)  Hggy(xv)-— V melwz), 


wze[xy]s wze|[xy]s 
ese) = A ce(w2), og(xy)= V oe(wz), 
wze|[xy]s wze[xy]s 
Ascey(xy) = V Ag(wz)  Aggy(xv)— A  Az(wz). 
wz€|[xy]s wze[xy]s 


A pair SE = (SE, SE) is called a rough neutrosophic relation. 


Definition 5. A rough neutrosophic digraph on a nonempty set V* is a four-ordered tuple G = (R, RV,S,SE) 
such that 


(a) R is an equivalence relation on V*; 

(b) Sisan equivalence relation on E* C V* x V*; 

(c) RV — (RV, RV) isa rough neutrosophic set on V*; 

(d) SE — (SE,SE) is a rough neutrosophic relation on V* and 

(e) (RV,SE) is a neutrosophic digraph where G — (RV,SE) and G — (RV,SE) are lower and upper 
approximate neutrosophic digraphs of G such that 


Use (xy) € min{urv (x), unv(y)), 
Ose (xy) € min(egy (x), env(y)), 


Ase(xy) € max{Ary(x),Arv(y)}, 


and 
Hsp(xy) < min(pgy x), prv) 
Cgg(xy) < min{ogy(x),oRy(y)}, 
Agg(xy) <  max(Agy(x),Agy(y)) V x,y € V* 


Example 1. Let V* = {a,b,c} bea set and R an equivalence relation on V* 


101 
R=]0 1 0 
1- 0 1 
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Let V = ((a,0.2,0.3,0.6), (b,0.8,0.6, 0.5), (c, 0.9, 0.1, 0.4) } be a neutrosophic set on V*. The lower and 
upper approximations of V are given by, 


RV = ((a,0.2,0.1,0.6), (b, 0.8, 0.6,0.5), (c,0.2,0.1,0.6)}, 
RV = {(a,0.9,0.3,0.4), (b, 0.8, 0.6,0.5), (c, 0.9,0.3,0.4)]. 


Let E* = (aa, ab, ac, bb, ca, cb) C V* x V* and S an equivalence relation on E* defined as: 


101010 
DEM 
s= 101010 
000100 
101010 
010001 


Let E = ((aa, 0.2, 0.1, 0.4), (ab, 0.2, 0.1, 0.5), (ac, 0.1, 0.1, 0.5), (bb, 0.7, 0.5, 0.5), (ca, 0.1, 0.1, 0.3), 
(cb, 0.2, 0.1, 0.5) ) be a neutrosophic set on E* and SE — (SE, SE) a rough neutrosophic relation where SE and 
SE are given as 


SE —((aa,0.1,0.1,0.5), (ab, 0.2, 0.1, 0.5), (ac, 0.1, 0.1, 0.5), (bb, 0.7,0.5, 0.5), 
(ca, 0.1, 0.1, 0.5), (cb, 0.2,0.1,0.5)), 

SE —((aa,0.2,0.1,0.3), (ab, 0.2, 0.1, 0.5), (ac, 0.2, 0.1, 0.3), (bb, 0.7,0.5, 0.5), 
(ca, 0.2, 0.1, 0.3), (cb, 0.2,0.1,0.5) }. 


Thus, G = (RV, SE) and G = (RV, SE) are neutrosophic digraphs as shown in Figure 1. 


(0.1, 0.1, 0.5) (0.2, 0.1, 0.3) 








0.2, 0.1, 0.6) a(0.9, 0.3, 0.4) 
Cs vi 
e h Z 
a S € 
1 Ex ae Uy 
SY SY 
S us 
S b(0.8, 0.6, 0.5) (0.2, 0.1, 0.6) S b(0.8, 0.6, 0.5) (0.9, 0.3, 0.4) 


G = (RV, SE) G = (RV, SE) 


Figure 1. Rough neutrosophic digraph G = (G,G). 


We now form new rough neutrosophic digraphs from old ones. 


Definition 6. Let G1 = (G4, G1) and G2 = (G5, G2) be two rough neutrosophic digraphs on a set V*. 
Then, the intersection of G1 and Gp is a rough neutrosophic digraph G = G1 ÑM G2 = (G1 N Gy, G1 N G2), 
where Gy N G) = (RV1 à RVo,SE1 N SE) and G1 N G2 = (RV n RV», SE N SE?) are neutrosophic 
digraphs, respectively, such that 
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(1) uRgy,ngv; (x) = mintuny, (x), HRV, (x)}, 
CRV gv, (X) = min{oRy, (x), env, (x) ], 
Anwngw (X) = max{Ary, (x), Arv (x)} Vx € RV ARV, 
HSE, NSE, (xy) = min{ se, (x), use, (y) } 
CsE,nsE; (xy) = min(esg, (x), ose, (y)} 
Asrnse, (xy) = max{Age, (x), Ase, (y)} V xy € SE1 N SES, 
(2) PERV, ARV, X) = min{}Ry, x), Itgy, (x) 
Cgy, ARV, (X0) = min(egy, (x), Ry, (x) j, 
Agy ARV, (*) = max{Agy, (x), Agy,(x)) V x ERV NRV, 
Hse nse (XV) = min{}gp, (x x), E )} 
Tsp nse, (XY) = min{¢gp, (x x), OSE, (y)} 
sr, nig, (XY) = max{Agp, (x ), Nee, (Y )) Vxy € SEY NSE. 


Example 2. Consider the two rough neutrosophic digraphs G; and Gz as shown in Figures 1 and 2. The 
intersection of G4 and Gz is G = G1 Ñ G2 = (G4 N Gz, G1 N G2) where G4 N Gy = (RV, N RV, SE, N SE?) 
and G1 N G2 = (RV4 à RV», SE, N SE?) are neutrosophic digraphs as shown in Figure 3. 








a(0.3, 0.1, 0.9) a(0.6, 0.5, 0.8) 





oy (0.3, 0.1, 0.9) c(0.1, 0.2, 0.9) 





G — (RV, SE) G = (RV, SE) 


Figure 2. Rough neutrosophic digraph G — (G, C). 


a(0.2, 0.1,0.9) a(0.6, 0.3, 0.8) 








0(0.3, 0.1, 0.9) c(0.1, 0.1, 0.9) 


(0.6, 0.5, 0.8) c(0.1, 0.2, 0.9) 


(0.2, 0.1, 0.8) (0.3, 0.1,0.9) 
Figure 3. Rough neutrosophic digraph G1 (à G2 = (G1 N Gp, G1 N G2). 
Theorem 1. The intersection of two rough neutrosophic digraphs is a rough neutrosophic digraph. 
Proof. Let Gy = (G4, G1) and G2 = (G5, G2) be two rough neutrosophic digraphs. Let G = G1 Ñ G2 = 


(G4 N Gy, G1 N G2) be the intersection of G; and Gz, where G4 N G) = (RV, N RV2, SEN, SE;) and 
G1 N G2 = (RVi n RV2, SE; N SE). To prove that G = G} M Gisa rough neutrosophic digraph, it is 
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enough to show that SE, N SE; a nd SE, SE; are neutrosophic relation on RV; N RV? and RV, n RV, 
respectively. First, we show that SE; N SE» is a neutrosophic relation on RV; N RV). 


HsEnsE (XY) = Hse, (XV) ^ Hse, (xy) 
< (rv, (x) ^ urv (y)) ^ (gv, (x) A HRV, (y)) 
= (prv, (x) ^ prv (x)) ^ (urv (Y) ^ ug; v) 
= PRVNRV»(X) ^ uino (Y) 

Hsense (xy) € min{yrvnrv (x), HRvinrv (Y) } 

OSE NSE, (Xy) = CsE, (xy) ^ dse, (xy) 
€ (env (X) ^ env (y)) ^ (Orv (X) ^ env, (y)) 
= (ory, (x) ^ env, (x)) ^ (rnv, (Y) A orv (y) 
= ORV RV, (x) ^ ORY;NRV2(Y) 

CsE,nsr, (xy) € min{oRV, RV, (x), "Rv gv; Q/)] 

AsE,nsE, (Xy) = Ase, (xy) ^ Ase, (xy) 
€ (Ary (x) V Arv (y)) ^ (Arv, (x) V Arv, (y)) 
= (Arv, (x) ^ Arv,(x)) V Ary (y) ^ Ary (y) 
= ARV NRV (X) V AnvynRvs (Y) 

Asr,nsE (xy) € max{Àrvinrv (x), Arvinrv (Y) }- 





Thus, from above it is clear that SE; N SE? is a neutrosophic relation on RV; N RV). 
Similarly, we can show that SE, NSE» isa neutrosophic relation on RV, n RV. Hence, G is a 
rough neutrosophic digraph. 














Definition 7. The Cartesian product of two neutrosophic digraphs Gi and Gp is a rough neutrosophic digraph 
G= G1 K Go = (Gi K Gy, Gy K G2), where G4 K G = (R4 K Ro, SE, x SE, and Gi x Go = (RV x 
RV», SE, x SE») such that 





min{ Rv, (x1), HRV, Q2) }, 

min{oRy, (x1), Hrv, (x2) }, 
max(Angv, (x1), prv (x2)} V (x1, x2) € RV x RV2, 
min{pRy, (x), pse, (x2, y2)}, 


(1) URVy« RV) (X1, x2) = 
)= 
)= 
x,y2) = 
x, y2) = min(emgyv, (x), dse, (x2,y2) }, 
x,y2) = 
) 
) 
) 


ORV, x RV; (X1, X2 
ARV, x RV, (X1, X2 
USE «SES (X, X2 2 


, 





( 
( 
( 
X 
OSE, «SE; (X, X2)( 
X 
X 
X 
X 


ÀSE «SE (X, X2) (X, V2 max(Anw (x), Ase (x2,U2)) V x € RVi, xoyo € SE, 
PSE, «SE (X1, z) ri, z) = min{ pe, (x) vi) HRV; (Z) }, 
ISE «SE (X1, Z) (yi, z) = min{OsE, (xi vi), Rv (2) }, 
AsExsE, (3,2) (yi, z) = max{Ase, (*1,Y1), Arv (z)} V xii € SEiz € RV2, 


(2) gygy, (0, X2) = min{ Hgy, 03), gy, (X2) }, 
= min{ogy, (x1), gy, (x2) } 


= max(Agy, (x1) Hey, (x2)). V (1,22) € RVI x RV2, 


ORV, «RV, \¥1 X2 





ARV, «RV; X1, X2 


(x1, x2) 
(x1, x2) 
(x1, x2) 
Hs, x SE, (% x2) ) 
)(x, y2) 
)(x, y2) 


(x, y2) = min{pRy, (x), Hyp, (X2, y2)), 
Csp gg, C x2) (X, ya = min{ogy, (x), Op, (X2, 2) 
Agr gp, UE ,X2)(x,y2) = max{Agy, (x), Age, (x2,92)] Vx € RV, xoy2 € SES, 
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PSE, se (X12) (yi z) = min{ pgp, Gn; yi), Hy; (2) 
OSE, «gg, (X12) (y1,z) = min{ ge (x1, ¥1), ORV, (2) }- 


Asp, «gg, (Xv Z) (yi, Z) = max{Agp (xi, V1); ^v, (z)) Vxivi € SE1,z € RV5, 


Example 3. Let V* = {a,b,c,d} bea set. Let Gy = (G4, G1) and G2 = (Gp, G2) be two rough neutrosophic 
digraphs on V*, as shown in Figures 4 and 5. The cartesian product of Gy and Gz is G = (G4 x Gy, G1 x G2), 
where G4 x G) = (RN, x RN», SE, x SE?) and G4 x G2 = (RN; x RN), SE, x SE?) are neutrosophic 
digraphs, as shown in Figures 6 and 7, respectively. 







































































e$ E 
[e] S ‘ 
oy a(0.2, 0.4, 0.6) 0(02,04,00) — y a(0.3, 0.8, 0.3) b(0.3, 0.8, 0.3) 
ij SY 
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he d(0.2, 0.5, 0.9) c(0.2,0.5,0.9) © d(0.5, 0.6, 0.8) c(0.5, 0.6, 0.8) 
3 Aan 
S : S NP 
Gı = (RN, SE) Gi = (RN, SE) 
Figure 4. Rough neutrosophic digraph G = (G1, G1). 
T 5 
S Ss 
ey a(0.5,0.4, 0.3) b(0.5, 0.4, 0.3) oy a(0.9, 0.6, 0.1) b(0.9, 0.6, 0.1) 
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S d(0.2, 0.1, 0.8) c(0.2,0.1,0.8) S d(0.5, 0.5, 0.6) (0.5, 0.5, 0.6) 
~ er 
S S "ER 
Gy = (RN2, SE») Gə = (RN, SE») 


Figure 5. Rough neutrosophic digraph G5 = (Gy, G2). 
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Figure 6. Neutrosophic digraph G1 x Gy = (RN; x RN5, SE, x SE). 
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Figure 7. Neutrosophic digraph G1 x Gp = (RN; x RN», SE, x SEp). 
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Theorem 2. The Cartesian product of two rough neutrosophic digraphs is a rough neutrosophic digraph. 


Proof. Let Gy = (G1, G1) and Gy = (G5, G2) be two rough neutrosophic digraphs. Let G = G1 x G2 = 
(G4 x G5, G1 x G2) be the Cartesian product of G; and Gz, where G4 x Gy = (RV; x RV2, SE, x SE?) 
and G1 x Gp = (RV x RV», SE, x SE2). To prove that G = G} x Goisa rough neutrosophic digraph, 
it is enough to show that SE; x SE; and SE, x SE» are neutrosophic relation on RV; x RV? and 
RV, x RV, respectively. First, we show that SE; x SE» is a neutrosophic relation on RV; x RV». 
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If x € RVi, x242 € SE», then 


HSE, x SEq (X, X2) (X, y2) = prv: (X) ^ Hse, (x2, y2) 
< prvi (X) ^ (Hrv (x2) ^ un (2) 
= (prv; (X) ^ tav, (x2)) ^ (HRY, (X) ^ Hrv (y2)) 
= HRVI KRV, (X, X2) ^ HRV xv; (X, y2) 
PSE, «SES (X, X2) (x,y2) S min{ HRV; gv, (X, x2), HRV; Rv, (52); 
OSE «SE; (X, X2) (x, y2) = env, (x) ^ OE, (x2, Y2) 
ory, (x) ^ (orv, (x2) ^ ORV (y2)) 
= (env, (x) ^ env, (x2)) ^ (env, (x) ^ orv, (y2) 
ORV; «RV; (X, X2) ^ ORV, «Rv; (X, Y2) 
OSE «SE; (X, X2) (x, y2) € min(eny «nv; (x, x2), TRV, «RV, (X, V2) }, 
As, SEy Co x2) 5 y2) = Arv; (x) V Asp, (2,2) 
€ Any, (x) V (Arv, 22) V Arv (y2)) 
= (Arv (x) V Arv (x2)) V (Arv, (x) V Arv, (y2)) 
= ARV, xv (X, x2) V ARV; «gv (X, Y2) 
AsExsE; (X, X2, x, y2) € max(Anv «Rv, (x, x2), ARV; «Rv; Go Y2) }- 


lA 


If xyy1 € SE1,z € RV, then 


PE, «se, o Z) (yi, z) = Hsr Goog) ^ Hrv (Z) 
€ (ugry (%1) ^ pv, (1)) ^ Hrv (Z) 
= (prv; (x1) ^ tav (z)) ^ Gv, (Y1) ^ un (2)) 
= PERV, %RV_(%1/Z) ^ HRV KRV riz) 

HSE, «SE, (X12) (Y1,Z) € min{ HRV xRV Q0, Z), HR Rv (Yi Z) }, 

OSE, SE (1/2) (yi, Z) = OSE, (%1,Y1) ^ ORV, (Z) 

(orv (x1) ^ env; (Y1)) ^ env; (z) 

(ory, (x1) A env; (Z)) ^ (evi (1) ^ ev; (z)) 
= ORV, KRV (3, Z) ^ ORV, KRV (yi, z) 

OSE «SE, (X1, z) (yy, z) € min{ ORV, «nv; (xv z), ORV, «RV (Y1,2) fy 

ASE, «sg (1/2) (yi Z) = Ase, (xvj) V Arv, (z) 
€ (Ary, (%1) V Arv (1)) V Any, (z) 
= (Any, Q3) V Arv, (z)) V (Arv, (y1) V Ary, (2)) 
= ARV, RV (X1, Z) V ARV, «RV; (yi Z) 

ASE, «se; (1, z) (yy, z) < max(Agv gv; (xv, z), ARV; «RV (yi, 2))- 


I^ 


Thus, from above, it is clear that SE, x SE? is a neutrosophic relation on RV; x RV». 
Similarly, we can show that SE; x SE is a neutrosophic relation on RV; x RV;». Hence, 
G = (G4 x Gy, G1 X G3) is a rough neutrosophic digraph. 














Definition 8. The composition of two rough neutrosophic digraphs G1 and Gp is a rough neutrosophic digraph 
G = G1 0G) = (G4 0 G5, G1 o G5), where G4 o Gy = (RV; o RVo, SE, o SE?) and Gi o Gp = (RV o 
RV», SE; o SE?) are neutrosophic digraphs, respectively, such that 





(1) prv orv (X1, x2) = min{HRy, (x1), nv, (x2) }, 
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i sash = min(eny, (x1), HRV; (x2) } 
Anv;onv, Qa, x2) = max{Ary, (x1), gv, (x2). V (x1,x2) € RV, x RV», 
HSE SE, (X, x2) (x, 2) = min{pRy, (x), pse, Q2, 92) }, 
OSE, oSEp (X, X2) (x, y2) = miniemy, (x), OSE, (x2, y2) }, 
A SE, 0SEp(X, X2) (x, y2) = max{ArRy, (x), Ase, (x2,y2)) V x € RVi, x242 € SEp, 
HsE,osE (%1, z) (yi, z) = min(usr (x1, yi), HRV (2) }, 
OSE, os, (X1, 2) (1, z) = min{ose, (xv y1), ORV, (Z)}, 
Asr,osE; (x1, Z) (yj, Z) = max{Ase, Gu, yi), Anw(2)) V x1y1 € SE1,z € RV, 
PSE, oSEp (X1, X2) (y1,y2) = min{pse, G0, y1); HRV (X2); HRV (Y2)}, 
CsE,osE (X1, X2) (1, y2) = min{ose, (xi y1), ORV, (32), orv, (v2) P, 
ASE, oSEp (X1, x2) (1, y2) = max(Asg, (xi 11), ARV, (2), ARV, (Y2)} 
V x1y1 € SE, x2,y2 € RVo,x2 # ya. 
(2)  HRv,oRv 5, x2) = min(pgy, 031), Hy, (x2) }, 
Rv, ogy; (X1, 32) = min{oRy, (31), My, (2)) 
Any, oRv 1,22) = max{Agy, G3), Ry, (¥2)} V (22) € RV, x RV, 
Hsg,os, (o X2) 5 y2) = min{pRy, (x), Msg, (x, V2) } 
OSE, ogg, Uc X2) (xX, V2 = min{oRy, x 1 Ose, (X2,92) fy 
Asp, ogg, (¥ X2) (x, y2) = max{Agy, (x), Age, (X2/y2)} V x € RVi, x2y2 € SE», 
Hsp, oSE, X Z) (yi z) = min(igg G0, yi) ry, 2) }, 
OSE, cg, Xi, 2) (i, z) = min(esg (xi yi), egy, (2)); 
Asp, SE, x1,Z)(y1,Z) = max(Asr, (xi, y1); ^y, (2)] V x1y1 € SE1,z € RVo, 
Psp, ogg, (X1 X2) (1, y2) = min{ pgp, G3, 1); gy, (X2); gy, (2)) 
OSE, ogg, 0, X2) (y, Y2) = min(egg, (x1, y1), Rv, 2), Ry, (Y2) }» 
sr, ogg, Ca; x2) (yi, y2) = max(Agg, (x1, Y1), Arv, (x2); ^g, (y2) t 


V xiy € SE, x2,» € RVo, xo F Y2 


Example 4. Let V* = {p,q,r} bea set. Let Gi = (G4,G1) and G2 = (G, G2) be two RND on V*, 


where G} = (RV1, SE1) and Gi 
Gy = (RV, SE?) are also ND, as shown in Figure 9. 


(RV, SE1) are ND, as shown in Figure 8. Gy = (RVo, SE?) and 


The composition of Gy and Gz is G = G1 o G2 = (Gy 0 G5, G1 0 G2) where G4 o Gy = (RV, o RVo, SE, o 
SE?) and Gy o Gp = (RV4 o RVo, SE; o SE?) are NDs, as shown in Figures 10 and 11. 
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Figure 8. Rough neutrosophic digraph G4 = (G4, G1). 
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Figure 9. Rough neutrosophic digraph G2 = (Gp, G2). 
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Figure 10. Neutrosophic digraph G4 o G = (RV4 o RV2, SE, o SEp). 
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Figure 11. Neutrosophic digraph G1 o G2 = (RV; o RV», SE; o SE»). 


Theorem 3. The Composition of two rough neutrosophic digraphs is a rough neutrosophic digraph. 


Proof. Let G1 = (G4, G1) and G2 = (Gy, G2) be two rough neutrosophic digraphs. Let G = G4 0 G2 = 
(G1 o Gy, G1 o G2) be the Composition of G1 and G2, where G4 o G) = (RV o RV2,SE; o SE?) and 
G1 o G2 = (RV4 o RV, SE; o SE?). To prove that G = Go Goisa rough neutrosophic digraph, it is 
enough to show that SE; o SE; and SE, o SE? are neutrosophic relations on RV; o RV» and RV; o RV, 
respectively. First, we show that SE; o SE? is a neutrosophic relation on RV o RV». 

If x € RVi, xoy2 € SE», then 








IsE,osE) (X, x2) (x, y2) = prv; (X) ^ use, 2,92) 
< prv, (x) ^ (Hrv, (x2) ^ HRV; (v2)) 
= (HRV, (x) ^ prv (2)) ^ (HRV; (x) ^ HRV, (y2)) 
= HRV oRV9(X,X2) ^ MRV oRV (X, V2) 

HSE1oSE (X, X2) (X, y2) < min(pmv;onv; (X, X2), HRV oRV (X, Y2) fy 

OSE oSE; (X, X2) (xX, y2) = ORV, (x) ^ OSE, (x2, y2) 
< orv (x) ^ (Orv (X2) ^ env, (y2)) 
= (env, (x) ^ env; (x2)) ^ (env; (x) ^ env, Q2) 
= ORV, oRV (X, X2) ^ ORV oRV (X, Y2) 

CsE,osr, (X, X2) (x, y2) € MiN{ORV, RV, (x, x2), TRV, ORV, (X, Y2) }, 

Ast, osE; (X, x2) (x,y2) = Ary, (x) V Ase, (x2, y2) 
< Any, (x) V (Arv (x2) V Arv, /2)) 
= (Ary, (x) V Anv; (x2)) V Ary (x) V Arv, (¥2)) 
= ARVoRV9 (o X2) V ÀRV oRV; (X, Y2) 

Asr,osE (X, X2, X, Y2) < max{ARy, oRV (X, x2), ARV oRv (X, Y2) }- 


If xyy1 € SE1,z € RV, then 


HsE,osE, 0, z) (yi z) = PSE, Goo Mi) ^ prv (2) 
< (Hrv, (x1) ^ ug, (Y1)) ^ prv (Z) 
= (HRV, Ga) ^ uv (2)) ^ (rv, (Y1) ^ prv (2)) 
= HRV; oRV (X1, Z) ^ HRV ORV (Y1, Z) 
HsE,cSE, C, z) (yi, z) < min{ HRV oRV (X1, Z), HRV ORV (Y1, Z) fy 
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CsE,oSE; (31, 2) (yj, z) = OSE, Gs yi) ^ ORV, (Z) 
< (env, (x1) ^ env, (Y1)) ^ env; (Z) 
= (env, G1) ^ env, (z)) ^ (ov, (Y1) ^ env; (z)) 
= ORV oRV (X1, Z) ^ PRV oRV yi, Z) 
CsE,oSE (X1, Z) (yyi,z) < MiN{ ORV, RV, (X1, Z), RV oRV (Y1: Z) f, 
ASE, SE (x1, 2) (yj, z) = Ase, (x1, y1) V ARV, (Z) 
€ (Any, (x1) V Any (y1)) V Arv, (2) 
= (Ary, (x1) V Arv, (z)) V Ary, (11) V Ary, (2)) 
= Anvjonv; (X1, Z) V ARV oRV (Y1, Z) 
Asr;osg (X1, Z) (yi, z) € Max{ÀRV orv (X1, Z), ARV oRV (Y1, z) }- 


If x1y1 € SE1, xo, yo € RV» such that x2 Z yo, 


HSE, oSEp(X1/ x2) (yi v2) = Hse: Cavi) ^ Hrv (92) ^ HRV, (Y2) 
< (prv (x1) ^ Hrv: (Y1)) ^ Hs (2) ^ HRV, (72) 
= (Hrv; (%1) ^ gv, (2)) ^ (Hrv; Q1) ^ HRV Q2)) 
= MRV oRV; (X1, X2) ^ HRV oRV: (1; V2) 

PSE, oSEp (X1, X2) (y1,y2) S min{ URV oRVs (1, X2), HRV oRV (ji, Y2) } 

OSE oSF (X1, X2) (i, V2) = es (X11) ^ ORV, (32) ^ env; (y2) 
€ (ory, (x1) ^ env, (Y1)) ^ env; (32) ^ env; (y2) 
= (env, (x1) ^ env, (x2)) ^ (ORV; (1)) ^ crv Q2) 
= ORV, oRV: (X1, X2) ^ ORV oRVo (V1, V2) 

OSE oS, C3, X2) (yj, y2) € min{oRV, oRV Qa, x2), ORV ona (y, V2)) 

AsE,osES (X1, X2) (yi Y2) = Ase, (x141) V Arv, (2) V Arv, r2) 
< Ary, (3) V Arv Q1)) V Arv (22) V Àrv Q2) 
= (Ary, G3) V Arv (32)) V (Arv: (y1)) V Arve (y2)) 
= Anwonv; (X1, X2) V ARV oRV (1, V2) 

As; osE, (X1, X2) (yi, y2) < max{ArRy, orv (X1, X2), ARV onva (Y1, Y2) }- 

Thus, from above, it is clear that SE; o SE» is a neutrosophic relation on RV; o RV». 


Similarly, we can show that SE, o SE, is a neutrosophic relation on RV; o RV). Hence, 
G = (G1 o G5, G1 o G2) is a rough neutrosophic digraph. 











Definition 9. Let G = (G,G) be a RND. The complement of G, denoted by G' = (G',G ) is a rough 
neutrosophic digraph, where G' = ((RV)', (SE)') and G = ((RV)', (SE)’) are neutrosophic digraph such that 





(1)  m(nvy(x) = unv(x), 
Orvy (X) = env (x), 
Aqgvy (x) = Anv(x) Vx € V* 
Hisey (x,y) = min{yRv(x), urv(y)} — use(xv) 
C(spy (x, y) = min(eony (x), orv (y)} — Ose (xy) 
A(sgy (x,y) = maxiAnv (x), Arv (y)} — Ase (xy) V x,y € V*. 
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(2)  Hgw(x) = nay (x), 
ORy (x = ggy(x), 
Ary (x = Ary (x), Vx € V* 
Iggy (xy) = min{pRy (x), tgy (y)} — Bese (xy) 








C(sgy (XY = min(egy(x),ogy(y)) — egg(xv) 
Aqggy (xy = max(Agy (x), Agy(y)] — Agg(xv) V x,y € V*. 








Example 5. Consider a rough neutrosophic digraph as shown in Figure 4. The lower and upper approximations 
of graph G are G = (RV,SE) and G = (RV, SE), respectively, where 


RV = {(a,0.2,0.4,0.6), (b,0.2,0.4, 0.6), (c,0.2,0.5,0.9), (d,0.2,0.5,0.9)}, 
RV = {(a,0.3,0.8, 0.3).(b, 0.3, 0.8, 0.3), (c, 0.5, 0.6, 0.8), (d, 0.5, 0.6, 0.8) }, 


SE = {(aa,0.2,0.3,0.3), (ab, 0.2, 0.3, 0.3), (ad, 0.1, 0.3, 0.8), (bc, 0.1, 0.3, 0.8), 
(bd, 0.1, 0.3, 0.8), (dc, 0.2, 0.4, 0.7), (dd, 0.2,0.4,0.7)}, 

SE = ((aa,0.2,0.4,0.3), (ab, 0.2,0.4, 0.3), (ad, 0.2,0.4, 0.7), (bc, 0.2,0.4, 0.7), 
(bd, 0.2,0.4,0.7), (dc, 0.2,0.4, 0.7), (dd, 0.2,0.4,0.7)}. 


The complement of G is G' = (6'G y. By calculations, we have 


(RV)! = ((a,0.2,0.4, 0.6), (b,0.2,0.4, 0.6), (c, 0.2, 0.5,0.9), (d,0.2,0.5,0.9)), 
(RV)! = {(a,0.3, 0.8, 0.3).(b, 0.3, 0.8, 0.3), (c, 0.5, 0.6, 0.8), (d, 0.5, 0.6, 0.8) }, 


(SE)! = {(aa,0,0.1,0.3), (ab, 0,0.1,0.3), (ac, 0.2,0.4,0.9), (ad, 0.1, 0.1,0.1), (ba, 0.2, 0.4, 0.6), (bb, 0.2, 0.4, 0.6), 
(bc, 0.1,0.1,0.1), (bd, 0.1, 0.1, 0.1), (ca, 0.2, 0.4, 0.9), (cb, 0.2, 0.4, 0.9), (cc, 0.2, 0.5, 0.9), (cd, 0.2, 0.5, 0.9), 
(da, 0.2, 0.4, 0.9), (db, 0.2, 0.4, 0.9), (dc, 0,0.1, 0.2), (dd, 0,0.1,0.2)}, 
(ba, 0.3, 0.8, 0.3), (bb, 0.3, 0.8,0.3), 
( 


(SE)! = ((aa,0.1,0.4,0), (ab, 0.1,0.4, 0), (ac, 0.3,0.6, 0.8), (ad, 0.1,0.2,0.1), 
cd, 0.5, 0.6, 0.8), 


»( 
(bc, 0.1,0.2, 0.1), (bd, 0.1, 0.2, 0.1), (ca, 0.3, 0.6, 0.8), (cb, 0.3, 0.6, 0.8), (cc, 0.5, 0.6,0.8), ( 
(da, 0.3, 0.6, 0.8), (db, 0.3, 0.6, 0.8), (dc, 0.3, 0.2, 0.1), (dd, 0.3,0.2, 0.1). 


Thus, G' = ((RV)', (SE)') and G’ = ((RV)', (SE)') are neutrosophic digraph, as shown in Figure 12. 


a(0.2, 0.4, 0.6) b(0.2, 0.4, 0.6) a(0.3, 0.8, 0.3) b(0.3, 0.8, 0.3) 
3 ^e 
d o 3 2 
E Pe o A PN 2 
i 7 > ^ 
x SZ o 
A 
c "fes 
S s A ? 
2» G 
z 49 A 












(0.4 
O 
04 0) 





e 
G P 
a(0.5, 0.6, 0.8) (0.5, 0.6, 0.8) 2 


G' = ((RN)' (SE) 


AM 


Figure 12. Rough neutrosophic digraph G' = (G’,G ). 


Definition 10. A rough neutrosophic digraph G = (G, G) is self complementary if G and G' are isomorphic, 
that is, G = G' andG&G. 
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Example 6. Let V* = {a,b,c} be a set and R an equivalence relation on V* defined as: 


1 
R= | 0 
1 


oro 
POR 


Let V = {(a,0.2, 0.4, 0.8), (b, 0.2, 0.4, 0.8), (c, 0.4, 0.6, 0.4) } be a neutrosophic set on V*. The lower and 
upper approximations of V are given as, 
RV = ((a,0.2,0.4, 0.8), (b,0.2,0.4, 0.8), (c, 0.2,0.4,0.8)}, 
RV = ((a,0.4,0.6,0.4), (b, 0.2, 0.4, 0.8), (c, 0.4, 0.6, 0.4)}. 

Let E* = {aa,ab,ac, ba} C V* x V* and S an equivalence relation on E* defined as 


il 
d 


Let E = ((aa,0.1,0.3,0.2), (ab, 0.1, 0.2, 0.4), (ac, 0.2, 0.2, 0.4), (ba, 0.1, 0.2, 0.4) } be a neutrosophic set 
on E* and SE — (SE, SE) a RNR where SE and SE are given as 
SE = ((aa,0.1, 0.2, 0.4), (ab, 0.1, 0.2, 0.4), (ac, 0.1, 0.2, 0.4), (ba, 0.1, 0.2, 0.4) }, 
SE = ((aa,0.2,0.3, 0.2), (ab, 0.1, 0.2, 0.4), (ac, 0.2, 0.3, 0.2), (ba, 0.1, 0.2, 0.4) }. 

Thus, G = (RV,SE) and G = (RV,SE) are neutrosophic digraphs, as shown in Figure 13. 
The complement of G is G' = (CG), where G' = G and G = Gare neutrosophic digraphs, as shown 
in Figure 13, and it can be easily shown that G and G' are isomorphic. Hence, G = (G,G) is a self 
complementary RND. 


wn 
Il 
— 
an 
oorno 
onom 


c(0.2, 0.4, 0.8) c(0.4, 0.6, 0.4) 








6(0.2, 0.4, 0.8) 


a is 
(0.2, 0.4, 0.8) S a(0.4, 0.6, 0.4) 


a(0.2, 0.4, 0.8) 


G-G G-G 


Figure 13. Self complementary RND G = (G, G). 


Theorem 4. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then, 

















1 
Y, sse(wz) —- 5; }, (uv(w)^pnv(2)) 
w,zEV* w,zEV* 
1 
X Cgp(wz) = = X (cRv (w) ^ env (z)) 
w,zeV* w,zeV* 
1 
3 Ase(wz) = = X (Anv (v) V Anv(z)) 
w,zeV* w,zEV* 
1 
2, bse (wz) = 2 Y, (Hav) ^ nay (2)) 
w,zEV* w,zceV* 
1 
X eg(wz)—z Y; (vgy(w)^egy(z)) 
w,zeV* w,zEV* 
1 
X Agg(wz) = X (Agy (w) V Agy (z)). 
w,zeV* w,zeV* 
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Proof. Let G — 


(G, G) be a self complementary rough neutrosophic digraph. Then, there exist two 


isomorphisms g: V* —> V* and g : V* —> V*, respectively, such that 











Hrvy(g(w)) = pry(w), 

Cigyy (8(0)) = orv(w), 

Aavy (g(w)) = Arv(w), V w € V* 
M(sey(gGw)g(z)) = nseyvz), 
sey (8 (w)g(z)) = i wz), 
Asey (g(w)g(z)) = Asg)(wz) V w,z € V*. 

and 

Bgvy(8(w)) = Bry), 

Cgyy (8(w)) = Cgy(w), 

Aqgwy(g(w)) = Agy(w) VweV* 
Iggy (GG (w)g(z)) = HGE) wz), 
C(sgy ((w)g(z)) = C(ggy (wz), 
Aggy(8(w)g(z) = Aqgg(wz) Vw,z e V* 

By Definition 7, we have 

Hse) (gGv)g(z) (ugv (v) A ugv(z)) — Hse) (wz) 
M(sg)(wz) =  (ugv(w) ^unv(z)) — nte) (wz) 

Yee (wz) = YL (unv(w)^umv(2)- Y, m(spy(wz) 
w,zEV* w,zEV* w,zEV* 

2 ), mse(wz) = Y, (nv(w)^nnv(2)) 

w,zEV* w,zEV* 

L He) (wz) = : Yo (urv(w) ^ urv(z)) 
w,zcv* w,zEV* 

C(spy(g(w)g(z)) = (orv(w) ^env(z)) — se) (wz) 
O(se)(wz) = (emv(w)^env(z)) — os on 
C(gp(wz) = Y, (orv(w) Aorv(z) sp) (wz) 

w,zEV* w,zeEV* w,zEV* 

2 Yo e(gg(wz) = Y, (env(w) Acrv(z)) 

w,zcV* w,zEV* 

E ostz) = 5 E (rvw) Acev(2)) 
w,zeV* wzev* 

Aq«sgy(8(w)g(z2)) =  (Anv(w) V Anv(z)) — ^(sp)(vz) 
Asp (wz) = (Arv(w) V Anv(2)) — Aqgg) (wz) 

X A (gE) (wz B y» (Any (vw) V Agy(z)) — L À(SE) wz) 
w,zEV* w,zEV* w,zcV* 

2 Yo Agg(wz) = YO Arv(w)VArv(z)) 

w,zev* w,zev* 

E Aew) = 5 E (Arw) Vàr) 
w,zEV* w,zEV* 
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Similarly, it can be shown that 




















E (mw) = 5 E Quay) AnG) 
w,zcv* w,zEV* 
, %e(wz) : L, (egy(w) ^ ey (2) 
w,zeV* w,zeV* 
b Age (wz) : L Agy(w) V Agy(2)). 


w,zcV* w,zcV* 











This completes the proof. 





3. Application 


Investment is a very good way of getting profit and wisely invested money surely gives certain 
profit. The most important factors that influence individual investment decision are: company's 
reputation, corporate earnings and price per share. In this application, we combine these factors into 
one factor, i.e. company's status in industry, to describe overall performance of the company. Let us 
consider an individual Mr. Shahid who wants to invest his money. For this purpose, he considers some 
private companies, which are Telecommunication company (TC), Carpenter company (CC), Real Estate 
business (RE), Vehicle Leasing company (VL), Advertising company (AD), and Textile Testing company 
(TT). Let V*={TC, CC, RE, VL, AD, TT } bea set. Let T be an equivalence relation defined on V* 
as follows: 


i 010 1 0 
010000 
r-{|i 91010 
0 0 0 LO 1 
101010 
000101 


Let V = {(TC, 0.3, 0.4, 0.1), (CC, 0.8, 0.1, 0.5), (RE, 0.1, 0.2, 0.6), (VL, 0.9, 0.6, 0.1), (AD, 0.2, 0.5, 
0.2), (TT, 0.8, 0.6, 0.5)? be a neutrosophic set on V* with three components corresponding to each 
company, which represents its status in the industry and TV — (TV,TV) a rough neutrosophic set, 
where TV and TV are lower and upper approximations of V, respectively, as follows: 


TV = ((TC,0.1,02,0.6), (CC, 0.8,0.1,0.5), (RE, 0.1,0.2,0.6), (VL, 0.8,0.6,0.5), (AD, 
0.1,0.2,0.6), (TT, 0.8,0.6,0.5)), 
TV = ((TC,03,0.5,0.1), (CC, 0.8,0.1,0.5), (RE, 0.3,0.5,0.1), (VL, 0.9,0.6,0.1), (AD, 


0.3,0.5,0.1), (TT, 0.9, 0.6, 0.1)}. 


Let E* ((TC, CC), (TC, AD), (TC, RE), (CC, VL), (CC, TT), (AD, RE), (TT, VL)}, 


be the set of edges and S an equivalence relation on E* defined as follows: 


1000000 
0110010 
0110010 
5—|0001100 
0101100 
0 0. 1.0- 0. 1-0 
0000001 
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LetE = {((TC,CC),0.1,0.1,01), ((TC, AD),0.1,0.2,0.1), ((TC, RE),0.1,0.2,0.1), 


i 
((CC, VL),0.8,0.1,0.5), ((CC, TT),0.8,0.1,0.5), ((AD, RE), 0.1, 0.2, 0.1), 
((TT, VL),0.8,0.6,0.1) } 


be a neutrosophic set on E* which represents relationship between companies and SE = (SE, SE) 


a rough neutrosophic relation, where SE and SE are lower and upper upper approximations of E, 
respectively, as follows: 


SE= 


{((TC,CC),0.1,0.1,0.1), ((TC, AD), 0.1,0.2,0.1), ((TC, RE),0.1,0.2,0.1), 
((CC, VL),0.8,0.1,0.5), ((CC, TT), 0.8,0.1,0.5), ((AD, RE),0.1,0.2,0.1), 
((TT, VL),0.8,0.6,0.1) }, 
SE = {((TC,CC),0.1,0.1,0.1), ((TC, AD),0.1,0.2,0.1), ((TC, RE),0.1,0.2,0.1), 
((CC, VL),0.8,0.1,0.5), ((CC, TT), 0.8, 0.1, 0.5), ((AD, RE)0.1,0.2,0.1), 
((TT, VL), 0.8, 0.6, 0.1) }. 


Thus, G = (TV, SE) and G = (TV, SE) is a rough neutrosophic digraph as shown in Figure 14. 








(0.1,0.1,0.1) 





(oTo TO 
(0.8,0.1,0.5) 










Z(08,06,05 Ye” 1) 


(TV, SE) 


(0.1,0.1,0.1) 


(voco ro) 
(0.8.0.1,0.5) 


CTLs os EE 


G = (TV. SE) 


Figure 14. Rough neutrosophic digraph G = (G, G). 


To find out the most suitable investment company, we define the score values 








U wee 3— (T(oivj) + ICoivj) — F(vivj))' 
where 
T(vj) = Deren, 
I(vj) = M 
F(vj) .. E(vj)F(vj) 
and 
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T(vivj)--T(vivj) 





T(vivj) on Cc 
I(vj0;) = Foe rieen 
F(v;v;) = Lea 


of each selected company and industry decision is vy if o = max S(v;). By calculation, we have 
1 


S(TC) = 0.4926, S(CC) = 1.4038, S(RE) = 0.0667, S(VL) = 0.3833, S(AD) = 0.1429 and S(TT) = 1.3529. 
Clearly, CC is the optimal decision. Therefore, the carpenter company is selected to get maximum 
possible profit. We present our proposed method as an algorithm. This Algorithm 1 returns the optimal 
solution for the investment problem. 


Algorithm 1 Calculation of Optimal decision 





: Input the vertex set V*. 

: Construct an equivalence relation T on the set V*. 
: Calculate the approximation sets TV and TV. 

: Input the edge set E* C V* x V*. 

: Construct an equivalence relation S on E*. 

: Calculate the approximation sets SE and SE. 

: Calculate the score value, by using formula 


ND oO À&& OQ M HG 


T(vj) + I(vj) — F(vj) 
3 — (T(vivj) + I(vivj) — F(vivj)) 





S(vi) = 





vjoj € E* 
8: The decision is S(vy) = max S(v;). 
yey" 


9: If vy has more than one value, then any one of S(v,) may be chosen. 





4. Conclusions and Future Directions 


Neutrosophic sets and rough sets are very important models to handle uncertainty from two 
different perspectives. A rough neutrosophic model is a hybrid model which is made by combining 
two mathematical models, namely, rough sets and neutrosophic sets. This hybrid model deals with soft 
computing and vagueness by using the lower and upper approximation spaces. A rough neutrosophic 
set model gives more precise results for decision-making problems as compared to neutrosophic set 
model. In this paper, we have introduced the notion of rough neutrosophic digraphs. This research 
work can be extended to: (1) rough bipolar neutrosophic soft graphs; (2) bipolar neutrosophic soft 
rough graphs; (3) interval-valued bipolar neutrosophic rough graphs; and (4) neutrosophic soft 
rough graphs. 
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1. Introduction 


There are many real-life problems which are beyond a single expert. It is because of the need to 
involve a wide domain of knowledge. As a generalization of the intuitionistic fuzzy set, paraconsistent 
set and intuitionistic set, the neutrosophic logic and set is introduced by F. Smarandache [1] and it is 
a useful tool to deal with uncertainty in several social and natural aspects. Neutrosophy provides a 
foundation for a whole family of new mathematical theories with the generalization of both classical 
and fuzzy counterparts. In a neutrosophic set, an element has three associated defining functions 
such as truth membership function (T), indeterminate membership function (I) and false membership 
function (F) defined on a universe of discourse X. These three functions are independent completely. 
The neutrosophic set has vast applications in various fields (see [2—6]). 

In order to provide mathematical tool for dealing with negative information, Y. B. Jun, K. J. Lee 
and S. Z. Song [7] introduced the notion of negative-valued function, and constructed A'-structures. 
M. Khan, S. Anis, F. Smarandache and Y. B. Jun [8] introduced the notion of neutrosophic M -structures, 
and it is applied to semigroups (see [8]) and BCK/BCI-algebras (see [9]). S. Z. Song, F. Smarandache 
and Y. B. Jun [10] studied a neutrosophic commutative \-ideal in BCK-algebras. As well-known, 
BCK-algebras originated from two different ways: one of them is based on set theory, and another 
is from classical and non-classical propositional calculi (see [11]. The bounded commutative 
BCK-algebras are precisely MV-algebras. For MV-algebras, see [12]. The background of this study is 
displayed in the second section. In the third section, we introduce the notion of a neutrosophic positive 
implicative A -ideal in BCK-algebras, and investigate several properties. We discuss relations between 
a neutrosophic V -ideal and a neutrosophic positive implicative A/-ideal, and provide conditions for a 
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neutrosophic M-ideal to be a neutrosophic positive implicative V-ideal. We consider characterizations 
of a neutrosophic positive implicative \V-ideal. We establish an extension property of a neutrosophic 
positive implicative V -ideal based on the negative indeterminacy membership function. Conclusions 
are provided in the final section. 


2. Preliminaries 


DN 


By a BCI-algebra we mean a set X with a binary operation “*” and a special element "0" in which 
the following conditions are satisfied: 


(D. ((xey)s(xwz))s(z*y) —0, 
QD (x*(x*y))*y —0, 
(II) x*x=0, 
(IV) xxy=yxx=0 > x=y 
for all x,y,z € X. By a BCK-algebra, we mean a BCI-algebra X satisfying the condition 
(Vx € X)(0* x = 0). 
A partial ordering < on X is defined by 
(Vx,y E X)(xxy > x*y-0). 
Every BCK/BCI-algebra X verifies the following properties. 


(Vx € X) (x «0 =x), a) 
(Vx,y,z € X) ((x*y)*z = (x*z)* y). (2) 


Let I be a subset of a BCK/BCI-algebra. Then I is called an ideal of X if it satisfies the 
following conditions. 


0 € I, (3) 
(Yx,y E€ X)(x«yeLyel- xel). (4) 


Let I be a subset of a BCK-algebra. Then I is called a positive implicative ideal of X if the Condition (3) 
holds and the following assertion is valid. 


(Vx, y,z E€ X)((x«y)«zeL y«zelI > x«zel). (5) 
Any positive implicative ideal is an ideal, but the converse is not true (see [13]). 


Lemma 1 ([13]). A subset I of a BCK-algebra X is a positive implicative ideal of X if and only if I is an ideal of 
X which satisfies the following condition. 


(Vx,y E€ X)((x*«y)*ye I > x*y EIl). (6) 


We refer the reader to the books [13,14] for further information regarding BCK/BCI-algebras. 
For any family (a; | i € A} of real numbers, we define 


Vai | i € A} := sup{a; | i € A} 


and 
{ai |i € A} := inf{a; | i € A}. 
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We denote the collection of functions from a set X to [—1,0] by F(X, [—1,0]). An element of 
F(X, [-1,0]) is called a negative-valued function from X to [—1,0] (briefly, N/-function on X). An ordered 
pair (X, f) of X and an N-function f on X is called an N'-structure (see [7]). 

A neutrosophic N-structure over a nonempty universe of discourse X (see [8]) is defined to be 
the structure 





Xn = Uses | 1€ X] 7) 


where Ty, Iy and Fy are N-functions on X which are called the negative truth membership function, 
the negative indeterminacy membership function and the negative falsity membership function, respectively, 
on X. 

For the sake of simplicity, we will use the notation XN or Xv :— 
neutrosophic A -structure in (7). 

Recall that every neutrosophic M -structure Xy over X satisfies the following condition: 


TET instead of the 


(Vx € X) (-3 < Ty(x) + In(x) + Fy(x) < 0). 
3. Neutrosophic Positive Implicative M -ideals 
In what follows, let X denote a BCK-algebra unless otherwise specified. 

Definition 1 ([9]). Let Xy be a neutrosophic N -structure over X. Then Xy is called a neutrosophic N -ideal 
of X if the following condition holds. 

Ty(0) < T(x) S VUIN(x * y), Tu QD) 

n(x) = AUn(x*y),IN(9)) | (8) 

Fy(x) < V{Ew(x*y),Fw(y)} 


Definition 2. A neutrosophic N -structure Xy over X is called a neutrosophic positive implicative N -ideal of 
X if the following assertions are valid. 


(Vx € X) (TN(0) € T(x), IN(0) > In(x), FN(0) € Fu(x)), 9) 
Ty(x*z) < VUTN(GO y) * z), Tuy * z)) 

(Vx,y,z E€ X) | In(x*z) > A(Iu(G y) *z), In(y*z)} : (10) 
Fy (x*z) € V{Fn((x * y) * z), Fu (y * z)) 


Example 1. Let X = {0,1,2,3,4} bea BCK-algebra with the Cayley table in Table 1. 


Table 1. Cayley table for the binary operation “*”. 





* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 0 1 0 
2 2 2 0 2 0 
3 3 3 3 0 3 
4 4 4 4 4 0 


Let 


bem 





0 1 2 3 4 
lox (707,—-0.6,—0.7)/ (—0.5,—-0.7,-0.6)’ (—0:1, 04, —0.4) orton } 


be a neutrosophic N -structure over X. Then Xy is a neutrosophic positive implicative N-ideal of X. 
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If we take z = 0 in (10) and use (1), then we have the following theorem. 
Theorem 1. Every neutrosophic positive implicative N -ideal is a neutrosophic N -ideal. 

The following example shows that the converse of Theorem 1 does not holds. 
Example 2. Let X = {0,a,b,c} be a BCK-algebra with the Cayley table in Table 2. 


Table 2. Cayley table for the binary operation “*”. 





a SA Ol| * 
a Sa Oo 
a a OOR 
aooor 
oca Ola 


Let 








0 a b ë 
XN { (to, io, fo)’ (t, &, fo)’ (tu in, f2)' (ta, to, fi) } 


be a a neutrosophic N -structure over X where tg < ty < tz, io < i1 < ig and fo < fı < fo in |-1,0]. Then 
Xy is a neutrosophic N -ideal of X. But it is not a neutrosophic positive implicative N -ideal of X since 





Ty(b* a) = Tn(a) = ty £ to V UN ((b s a) xa), TN (a * a)), 
In(b xa) =In(a) = i Z i = Af ((b * a) *a),In(a*a)}, 





or 








Fy(b* a) = Fy(a) = fa £ fo = V UN((b a) x a), Fy (a a)). 


Given a neutrosophic A'-structure Xy over X and a, B,y € [71,0] with -3 < «4- B4- y < 0, 
we define the following sets. 


N= (x € X | Ty(x) < a}, 
É := {x € X | In(x) = B) 
Ey: {x € X | Fn(x) < 7}. 


Then we say that the set 
Xn (a, p, 7) = {x € X | Tw(x) < a, I(x) > B, Fu() < 9] 
is the (a, B, y)-level set of Xy (see [9]). Obviously, we have 
Xu(x, B, y) = Te IR n Fg. 


Theorem 2. If Xy is a neutrosophic positive implicative N-ideal of X, then T%, if and F}, are positive 
implicative ideals of X for all x, B,*y € [—1,0] with —3 < « + B + y € 0 whenever they are nonempty. 


Proof. Assume that Ty, É and Fy are nonempty for all a, 6, y € [71,0] with —3 € «+B + y € 0. 
Then x € Ty, y € É and z € FY for some x,y,z € X. Thus Ty(0) € Tw(x) € a, IN(0) > 
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In(y) > B, and Fy(0) € Fy(z) € y, that is, 0 € THA É n EX. Let (x«y) «z € TS and ysz € Th. 
Then Ty((x * y) *z) € x and Ty(y *z) € «, which imply that 


Tn(x*z) € Vi{Tw((x*y) xz), TN(y*z)) <a, 
that is, x «z € Ty. If (a« b) «c € IÊ and b«c € IË, then Iu ((a * b) xc) > Band Ix(b*c) > B. Thus 
Iy(axc) > A {In((a* b)» c), In(b *c)} > B, 


and soa*c € if. Finally, suppose that (u * v) x w € F} and v « w € F}. Then Fy((u*v) * w) € yand 
Fy(v*w) € y. Thus 


Ey (u* w) € \/{Fx((u*0) * w), Fy(v*w)} € y, 











that is, u * w € EL Therefore Th, É and F} are positive implicative ideals of X. 





Corollary 1. Let Xy be a neutrosophic N -structure over X and let x, B,*y € |—1,0] be such that —3 < 
x+ß+y € 0. If Xy is a neutrosophic positive implicative N -ideal of X, then the nonempty (a, D, y)-level set 
of Xy is a positive implicative ideal of X. 





Proof. Straightforward. O 


The following example illustrates Theorem 2. 
Example 3. Let X = {0,1,2,3,4} bea BCK-algebra with the Cayley table in Table 3. 


Table 3. Cayley table for the binary operation “*”. 





PUNEO 

SB oNmn|Bo|oco 
HS 0 n2cCcc0|nm 
BS o0o0onO!|tnm 
Boumc|o 
cococoocco!/mr 


Let 





Xu = 0 1 2 3 4 
N (—0.8,-0.3,-0.7)’ (—0.7,-0.6,-0.4)’ (-04,-04,-05)’ (-03,-05,-06)’ (—02,—03,—0.1) 


be a neutrosophic N -structure over X. Routine calculations show that Xy is a neutrosophic positive implicative 
A -ideal of X. Then 


Ø ifa € [4, —0.8), 
(0) ifa € [-0.8, —0.7), 

r=) (01) ifa € [-07,-04), 
(01,2) ifa € [-0.4,—-0.3), 
{0,1,2,3} ifa € [-03,—0.2), 
X ifa € [-0.2,0], 
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Ø if B € (—0.3,0], 
{0} if B € (—0.4, —0.3], 
p) (02) if B € (—0.5, —0.4], 
N ) {0,2,3} ifBe(-056,—0.5], 
{0,1,2,3} ifB € (—0.9, —0.6], 
x if B € [-1, —0.9], 
and 
Ø if y € [-1,-0.7), 
{0} if y € [-0.7, —0.6), 


) 
{0,3} if y € [-0.6, —0.5), 
(02,3) ify € [-0.5, —0.4), 
{0,1,2,3} if y € [-04, —0.1) 
X if y € [-0.1,0], 


des 
Fy = 


, 





which are positive implicative ideals of X. 
Lemma 2 ([9]). Every neutrosophic N-ideal Xy of X satisfies the following assertions: 
(x,y € X) (x 3y > Ty(x) < Tw(y), In(x) > In(y), Fx(x) < Fn(y)). (11) 


We discuss conditions for a neutrosophic \V-ideal to be a neutrosophic positive implicative 
N-ideal. 


Theorem 3. Let Xy be a neutrosophic N-ideal of X. Then Xy is a neutrosophic positive implicative N -ideal 
of X if and only if the following assertion is valid. 


Tu (xy) € Tu((x y) * y), 
(Vx,y € X) | In(x*y) > In((x*y) *y), i (12) 
Fy(x*y) € Fy((x*y)* y) 


Proof. Assume that Xy is a neutrosophic positive implicative N-ideal of X. If z is replaced by y 
in (10), then 


Ty (xy) € VUN( * y) * v) Tu(y * v)) 
= VUN(x* y) * y), TN(0)) = Tu((x * y) * y), 


In(x*y) > AUx(Q y) * y), In(y* y)} 
= Af£N(o y) * y), IN(0)) = In((x y) y), 


and 


Fy(xs y) € VUN(G y) *y), Fu(y*y)} 
= V{Fn((x y) * y), EN(0)) = Fy ((x * y) * y) 


by (III) and (9). 
Conversely, let Xy be a neutrosophic A -ideal of X satisfying (12). Since 


((x*z)*z)x*(ysxz) < (x«z)*y = (X*Y) *Z 
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for all x,y,z € X, we have 


Tn (((x *z) *Z) * (yY*Z)) € Ty((x* y) *z), 
(Vx,y,z€X) | In(((x*z) *z) * (y*z)) > In((x* y) *Z), 
Fru (((x *z) *z) * (y*z)) € Fry((x*y) *z) 


by Lemma 2. It follows from (8) and (12) that 
Tn (x * Zz) € Ty((x *z) *z) 


€ V{Tn(((x *z) *z) * (y *z)), Tn(y * z)} 
< V{Tn((x y) *z), Tw(y *z)}, 


Iu(xsz) > In((x *z) *z) 
> {In (((x * z) * z) * (y z)), In(y * z)} 
> NUn ((x y) * z), In(y * z)}, 


and 


Fy(x*z) € Fy((x *z) z) 
€ V{EN(((x * z) * z) * (y z)) En(y * 2)} 
< MEG y) * z), Fy(y * z)}. 














Therefore Xy is a neutrosophic positive implicative M -ideal of X. 
Lemma 3 ([9]). For any neutrosophic N -ideal Xy of X, we have 


Tw (x) € VUTN(y), TN (2) 
(VxwzeX)| x«yXz — 4 Iu(x) > Af{In(y), In(z)} . (13) 
F(x) € V{En(y), Fn (z)} 


Lemma 4. Ifa neutrosophic N-structure Xy over X satisfies the condition (13), then Xy is a neutrosophic 
N-ideal of X. 


Proof. Since 0 « x < x for all x € X, we have Ty(0) € Tw(x), IN(0) > In(x) and Fy(0) € Fyw(x) 
for all x € X by (13). Note that x * (x « y) < y for all x,y € X. It follows from (13) that 


Ty(x) € V (Tu(x y), Tu(y)}, IN(x) > AtIn(x * y), In(y)}, and FN(x) < VEEN(x * y),Fu(y)t 
for all x,y € X. Therefore Xy is a neutrosophic N-ideal of X. 














Theorem 4. For any neutrosophic N-structure Xj over X, the following assertions are equivalent. 


(1) Xy is a neutrosophic positive implicative N -ideal of X. 
(2) Xy satisfies the following condition. 


Tu(x*y) € V{Tn (4), TN(D)), 
((x*y)*y)*aXb —«4 Ix(x*y) > AfIx(a),Iu(b)), (14) 
Fy(x y) € V{En (a), FE (b), 


for all x, y,a,b € X. 
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Proof. Suppose that Xy is a neutrosophic positive implicative A/-ideal of X. Then Xy is a neutrosophic 
A -ideal of X by Theorem 1. Let x, y, a,b € X be such that ((x « y) * y) a < b. Then 


Ty(x*y) € Tu((Gx y) *y)) < VETNG), TN (0)), 

Iu (xy) > In(((x*y) *)) > AGx(2), In (0)), 

Fy(x*y) € Fu((Gr y) *y)) € VV {Fn (a), Fn (0)) 
by Theorem 3 and Lemma 3. 


Conversely, let Xy be a neutrosophic A -structure over X that satisfies (14). Let x, a,b € X be such 
that x «a < b. Then ((x *0) « 0) «a < b, and so 


Ty (x) = Ty(x 0) € V(Ty(a), Tu (b)}, 
Iy(x) = In(x*0) > A(Iu(a), In(b)}, 
Fy (x) = Fy(x*y) € VIBsG) (a), Fy (b)}. 


Hence Xy is a neutrosophic A -ideal of X by Lemma 4. Since ((x * y) * y) * ((x * y) *y) < 0, it 
follows from (14) and (9) that 


Ty(x*y) € VUN(QG y) * y) TN(0)) = Tuc y) * y), 
In(x*y) > AfIn(Gx*y) * y), In(0)} = In((x* y) * y), 
Fa(x y) < V{En((x * y) * y) EN(0)) = EG y) * y), 














for all x, y € X. Therefore Xy is a neutrosophic positive implicative A -ideal of X by Theorem 3. 


Lemma 5 ([9]). Let Xy be a neutrosophic N -structure over X and assume that Tx, it and Fy are ideals of X 
for all x, B, y € [-1,0] with —3 € « + B + y € 0. Then Xy is a neutrosophic N -ideal of X. 


Theorem 5. Let Xy be a neutrosophic N-structure over X and assume that TX, Ip, and Ex, are positive 
implicative ideals of X for all x, B, y € [—1,0] with —3 € a + B + y < 0. Then Xy is a neutrosophic positive 
implicative N -ideal of X. 


Proof. If Tx, É and FY are positive implicative ideals of X, then Ty, É and E, are ideals of X. 
Thus Xy is a neutrosophic M-ideal of X by Lemma 5. Let x,y € X and a,B,y € [-1,0] with 
—3 < w+ B+ y <0 such that Ty((x * y) * y) =a, IN((x y) *y) = Band Fy((x*y) *y) = y. Then 
(x*y)*y € THA Ë n F}. Since T£. N if N Fi is a positive implicative ideal of X, it follows from 
Lemma 1 that x «y € TEN if n Fi. Hence 


Ty(x*y) <a = Ty((x*y) *y), 
In(x*y) > B= IN((x*y)*y), 
Fy(x#y) € y = Fu((x* y) * y). 














Therefore Xy is a neutrosophic positive implicative V -ideal of X by Theorem 3. 
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Lemma 6 ([9]). Let Xy be a neutrosophic N -ideal of X. Then Xy satisfies the condition (12) if and only if it 
satisfies the following condition. 


Tn((x * Zz) * (ysz)) € TN((xy) *z), 
(Vx,y,z E€ X) | In((x*z)* (y*z)) > IN((x«y)*z) |- (15) 
Fy ((x*z) * (ysz)) < Fry ((x *y) * 2) 


Corollary 2. Let Xy be a neutrosophic N -ideal of X. Then Xy is a neutrosophic positive implicative N -ideal 
of X if and only if Xy satisfies (15). 











Proof. It follows from Theorem 3 and Lemma 6. 





Theorem 6. For any neutrosophic N -structure Xy over X, the following assertions are equivalent. 


(1) Xy is a neutrosophic positive implicative N -ideal of X. 
(2) Xy satisfies the following condition. 


Ty ((x *z) * (yz)) € V{Tn(a), TN(b)), 
((x*y)*z)*azb —« Iu((x*z)*(ysz)) > AfIu(a), IN(b)), (16) 
Fy((x* z)» (yz)) € V{En(a), EN(b)), 


for all x, y,z,a,b € X. 
Proof. Suppose that Xy is a neutrosophic positive implicative N-ideal of X. Then Xy is a neutrosophic 


A -ideal of X by Theorem 1. Let x, y,z, a,b € X be such that ((x * y) xz) «a < b. Using Corollary 2 and 
Lemma 3, we have 


Ty (Gr z) (y z)) < Tu(((x* y) «z)) € VUTN(G), Tw(b)}, 
In((x* z) (y z)) > In(((x*y) *z)) > A{In(a), In (b), 
Fy ((x* 2) * (y*z)) < FN((x*y)*z) < VF (a Fry (b)} 


for all x,y,z,a,b € X. 
Conversely, let Xy be a neutrosophic structure over X that satisfies (16). Let x, y,a,b € X be 
such that ((x * y) * y) «a < b. Then 


Ty (xy) = Tu(G y) * (re y)) € VON, Tw(b)}, 
In (xy) = In((x*y) * (y*y)) > NUn (a), In (0)), 
Fax y) = Fx((x*y) * (y y)) € VON), Fn (b)} 


by (II), (1) and (16). It follows from Theorem 4 that Xy is a neutrosophic positive implicative A -ideal 
of X. 














Theorem 7. Let Xy be a neutrosophic N -structure over X. Then Xy is a neutrosophic positive implicative 
AN -ideal of X if and only if Xy satisfies (9) and 


Tu(xy) € VUIN(( y) * y) *z), TN(z)) 
(Yx,y,z E€ X) | In(x*y) > A{In(((x* y) *y) *z) In(z)}, ; (17) 
Fy(x* y) € VAEN(x * y) * y) * 2), Ev(z)) 
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Proof. Assume that Xy is a neutrosophic positive implicative \V-ideal of X. Then Xy is a neutrosophic 
N-ideal of X by Theorem 1, and so the condition (9) is valid. Using (8), (III), (1), (2) and (15), we have 


N(x*y) € VUN(G* y) * z), Tw (z)} 
= V{Tw(((x * z) * y) * (y * y)), Tw(z)} 
< VN(G * z) * y) * y), Tw) 
= V{Tn((( 


IN(x*y) > Af 
= Af 
> NUn 
= NUN 





and 


xx y) *z),Fy(z)} 

(xz) xy) * (y*y)), En(z)} 
(x*z)*y)* y), Fn(z)} 

(x y) *y)* z), Fn(z)} 


N(x*y) < VUN 


for all x,y,z € X. Therefore (17) is valid. 
Conversely, if Xy is a neutrosophic M -structure over X satisfying two Conditions (9) and (17), then 


Tn(x) = Ty(x * 0) < Vx(( (((x * 0) * 0) *z), Ty(z)} = V {T(x * 2), Tn(z)}, 
In(x) = In(x * 0) > Af In (((x * 0) * 0) * z), In(z)} = A {n(x * z), In(2)}, 
Fy (x) = Fy (x *0) < VN (x 0) 0) * z), Fu (z (2) = V{En( xx z), Fy(z)} 


for all x,z € X. Hence Xy is a neutrosophic M-ideal of X. Now, if we take z = 0 in (17) and use (1), then 


Tw(x * y) € VUIN((G * y) * y) * 0), Tu(0)} 
= V{Tn((x*y) * y), Tw(0)} = Tx((x * y) * y), 


Ix (xy) > [\{In(((x x y) * y) * 0), In(0)} 
= [{In((x*y) *y),IN(0)) = In((x y) *y), 


and 
Fy(x*y) € VUN(QG * y) * y) *0), Fu (0)} 
= V{Fw((x y) * y), FN(0)) = F(x *y) * y) 


for all x,y € X. It follows from Theorem 3 that Xy is a neutrosophic positive implicative AN -ideal 
of X. 














Summarizing the above results, we have a characterization of a neutrosophic positive 
implicative M-ideal. 
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Theorem 8. For a neutrosophic N-structure Xy over X, the following assertions are equivalent. 


(1) Xy isa neutrosophic positive implicative N -ideal of X. 

(2 Xy is a neutrosophic N -ideal of X satisfying the condition (12). 
(3) Xy isa neutrosophic N -ideal of X satisfying the condition (15). 
(4) XN satisfies two conditions (9) and (17). 

(5) XN satisfies the condition (14). 

(6) Xy satisfies the condition (3). 


For any fixed numbers ĉr, Cr € [—1,0), čr € (—1, 0] and a nonempty subset G of X, a neutrosophic 
N-structure XG over X is defined to be the structure 


G.. X = x 
X7 acts 7 Lacie l EX} Gs) 





where TS, I E and FG are N -functions on X which are given as follows: 


ifx eG, 


TE: X > [-1 or 
N > [4,0], deer l 0 otherwise, 


ifx EG 
I6: X [-1 ort f 
N > [L0], x> l —1 otherwise, 


and 


Čr ifx€G, 
FẸ : X > [-1,0]), x4 > 
N | Lx l 0 otherwise. 
Theorem 9. Given a nonempty subset G of X, a neutrosophic N -structure xg over X is a neutrosophic positive 
implicative N -ideal of X if and only if G is a positive implicative ideal of X. 


Proof. Assume that G is a positive implicative ideal of X. Since 0 € G, it follows that TG(0) = ĉr < TE (x), 
IK (0) => IS (x), and FS (0) =Or< FE (x) for all x € X. For any x,y,z € X, we consider four cases: 


Case 1. (x * y) sz € Gand y«z €G, 
Case 2. (x« y) ez e Gand y«z ¢ G, 
Case 3. (x« y) ez é Gand y*«z € G, 
Case 4. (x«y) xz é Gand y «z ¢ G. 


Case 1 implies that x * z € G, and thus 


TG (x * z) = TS((x*y) *z)-— TS(y * z) = čr, 
Ig (x *z) = IŅ((x * y) *z) = IN(y*2) = čr, 
FG(x* 2) = FE (xy) +z) = FẸ (y z) = ĉr. 


Hence 


TN (x *z) < VU (GU * y) * z), TRQ *2)}, 
IN(x*z) > AUN ((x*y) * z), IN(y*2)}, 
FA (x #2) € \V{EN((x y) *2), EN (y *z)}- 
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If Case 2 is valid, then TG(y * z) = 0, IG(y *z) = —1 and FẸ (y * z) = 0. Thus 
TR(x*z) < 0 = VER y) * z) THY * 2)), 
IS (x * z) )>-1= AUS (xx y) * z), Ig(y* z)), 
FR(x*z) < 0 = \V{EN((x*y) * z), FN (y * 2))- 


For the Case 3, it is similar to the Case 2. 
For the Case 4, it is clear that 


Ty (x *z) € VOR(Go y) *2), TN(Y 2) 

IN(x* z) > AUIN((x* y) #2), IN(y *z)}, 

FR (x *z) € \V {EN ((x y) * z), FN (y *2)}- 
Therefore XG is a neutrosophic positive implicative N -ideal of X. 


or 
Conversely, suppose that X is a neutrosophic positive implicative N-ideal of X. Then (TẸ) ? = G, 





gr gr 
(IS) ? = Gand (FG) ? = Gare positive implicative ideals of X by Theorem 2. 











We consider an extension property of a neutrosophic positive implicative A/-ideal based on the 
negative indeterminacy membership function. 


Lemma 7 ([13]). Let A and B be ideals of X such that A C B. If A is a positive implicative ideal of X, then so is B. 


Theorem 10. Let 











i X c 
Xn = ao = mamal * © X] 


and 





= X = 
Xwc— mong aanl ER] 


be neutrosophic .N -ideals of X such that XN(—, €, —)Xy, that is, Ty(x) = Tm(x), IN(x) € Iy(x) and 
Fy(x) = Fm(x) for all x € X. If Xy is a neutrosophic positive implicative N -ideal of X, then so is Xy. 


Proof. Assume that Xy is a neutrosophic positive implicative A -ideal of X. Then TX, É and F}, are 
positive implicative ideals of X for all a, $, y € [-1,0] by Theorem 2. The condition Xy (=, €, =)XM 
implies that TËT = Dr K € g and FEF = FE, It follows from Lemma 7 that T%, D and E. 
are positive implicative ideals of X for all a, 6, y € [—1,0]. Therefore Xy is a neutrosophic positive 
implicative N-ideal of X by Theorem 5. 














4. Conclusions 


The aim of this paper is to study neutrosophic A-structure of positive implicative ideal in 
BCK-algebras, and to provide a mathematical tool for dealing with several informations containing 
uncertainty, for example, decision making problem, medical diagnosis, graph theory, pattern 
recognition, etc. As a more general platform which extends the concepts of the classic set and fuzzy 
set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set, F. Smarandache have developed 
neutrosophic set (NS) in [1,15]. In this manuscript, we have discussed the notion of a neutrosophic 
positive implicative N-ideal in BCK-algebras, and investigated several properties. We have considered 
relations between a neutrosophic V-ideal and a neutrosophic positive implicative V -ideal. We have 
provided conditions for a neutrosophic V-ideal to be a neutrosophic positive implicative A -ideal, and 
considered characterizations of a neutrosophic positive implicative A -ideal. We have established an 
extension property of a neutrosophic positive implicative \V-ideal based on the negative indeterminacy 
membership function. 
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Various sources of uncertainty can be a challenge to make a reliable decision. Based on the results 
in this paper, our future research will be focused to solve real-life problems under the opinions of 
experts in a neutrosophic set environment, for example, decision making problem, medical diagnosis 
etc. The future works also may use the study neutrosophic set theory on several related algebraic 
structures, BL-algebras, MTL-algebras, Rg-algebras, MV-algebras, EQ-algebras and lattice implication 
algebras etc. 
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Abstract: Hough transform (HT) is a useful tool for both pattern recognition and image processing 
communities. In the view of pattern recognition, it can extract unique features for description of 
various shapes, such as lines, circles, ellipses, and etc. In the view of image processing, a dozen of 
applications can be handled with HT, such as lane detection for autonomous cars, blood cell detection 
in microscope images, and so on. As HT is a straight forward shape detector in a given image, 
its shape detection ability is low in noisy images. To alleviate its weakness on noisy images and 
improve its shape detection performance, in this paper, we proposed neutrosophic Hough transform 
(NHT). As it was proved earlier, neutrosophy theory based image processing applications were 
successful in noisy environments. To this end, the Hough space is initially transferred into the 
NS domain by calculating the NS membership triples (T, I, and F). An indeterminacy filtering is 
constructed where the neighborhood information is used in order to remove the indeterminacy in 
the spatial neighborhood of neutrosophic Hough space. The potential peaks are detected based on 
thresholding on the neutrosophic Hough space, and these peak locations are then used to detect the 
lines in the image domain. Extensive experiments on noisy and noise-free images are performed in 
order to show the efficiency of the proposed NHT algorithm. We also compared our proposed NHT 
with traditional HT and fuzzy HT methods on variety of images. The obtained results showed the 
efficiency of the proposed NHT on noisy images. 


Keywords: Hough transform; fuzzy Hough transform; neutrosophy theory; line detection 





1. Introduction 


The Hough transform (HT), which is known as a popular pattern descriptor, was proposed 
in sixties by Paul Hough [1]. This popular and efficient shape based pattern descriptor was then 
introduced to the image processing and computer vision community in seventies by Duda and Hart [2]. 
The HT converts image domain features (e.g., edges) into another parameter space, namely Hough 
space. In Hough space, every points (x;, yj) on a straight line in the image domain, corresponds a 
point (p;,6;). 

In the literature, there have been so many variations of Hough's proposal [3-14]. In [3], 
Chung etal. proposed a new HT based on affine transformation. Memory-usage efficiency was 
provided by proposed affine transformation, which was in the center of Chung's method. Authors 
targeted to detect the lines by using slope intercept parameters in the Hough space. In [4], Guo et al. 
proposed a methodology for an efficient HT by utilizing surround-suppression. Authors introduced a 


Axioms 2017, 6, 35; doi:10.3390/axioms6040035 181 www.mdpi.com/journal/axioms 


Axioms 2017, 6,35 


measure of isotropic surround-suppression, which suppresses the false peaks caused by the texture 
regions in Hough space. In traditional HT, image features are voted in the parameter space in order 
to construct the Hough space. Thus, if an image has more features (e.g., texture), construction of the 
Hough space becomes computationally expensive. In [5], Walsh et al. proposed the probabilistic HT. 
Probabilistic HT was proposed in order to reduce the computation-cost of the traditional HT by using 
a selection step. The selection step in probabilistic HT approach just considered the image features that 
contributed the Hough space. In [6], Xu et al. proposed another probabilistic HT algorithm, called 
randomized HT. Authors used a random selection mechanism to select a number of image domain 
features in order to construct the Hough space parameters. In other words, only the hypothesized 
parameter set was used to increment the accumulator. In [7], Han et al. used the fuzzy concept in HT 
(FHT) for detecting the shapes in noisy images. FHT enables detecting shapes in noisy environment 
by approximately fitting the image features avoiding the spurious detected using the traditional HT. 
The FTH can be obtained by one-dimensional (1-D) convolution of the rows of the Hough space. In [8], 
Montseny et al. proposed a new FHT method where edge orientations were considered. Gradient 
vectors were considered to enable edge orientations in FHT. Based on the stability properties of 
the gradient vectors, some relevant orientations were taken into consideration, which reduced the 
computation burden, dramatically. In [9], Mathavan et al. proposed an algorithm to detect cracks in 
pavement images based on FHT. Authors indicated that due to the intensity variations and texture 
content of the pavement images, FHT was quite convenient to detect the short lines (cracks). In [10], 
Chatzis et al. proposed a variation of HT. In the proposed method, authors first split the Hough space 
into fuzzy cells, which were defined as fuzzy numbers. Then, a fuzzy voting procedure was adopted 
to construct the Hough domain parameters. In [11], Suetake et al. proposed a generalized FHT (GFHT) 
for arbitrary shape detection in contour images. The GFHT was derived by fuzzifying the vote process 
in the HT. In [12], Chung et al. proposed another orientation based HT for real world applications. 
In the proposed method, authors filtered out those inappropriate edge pixels before performing their 
HT based methodology. In [13], Cheng et al. proposed an eliminating- particle-swarm-optimization 
(EPSO) algorithm to reduce the computation cost of HT. In [14], Zhu et al. proposed a new HT for 
reducing the computation complexity of the traditional HT. The authors called their new method as 
Probabilistic Convergent Hough Transform (PCHT). To enable the HT to detect an arbitrary object, 
the Generalized Hough Transform (GHT) is the modification of the HT using the idea of template 
matching [15]. The problem of finding the object is solved by finding the model’s position, and the 
transformation’s parameter in GHT. 

The theory of neutrosophy (NS) was introduced by Smarandache as a new branch of 
philosophy [16,17]. Different from fuzzy logic, in NS, every event has not only a certain degree of truth, 
but also a falsity degree and an indeterminacy degree that have to be considered independently from 
each other [18]. Thus, an event or entity {A} is considered with its opposite {Anti-A} and the neutrality 
{Neut-A}. In this paper, we proposed a novel HT algorithm, namely NHT, to improve the line detection 
ability of the HT in noisy environments. Specifically, the neutrosophic theory was adopted to improve 
the noise consistency of the HT. To this end, the Hough space is initially transferred into the NS 
domain by calculating the NS memberships. A filtering mechanism is adopted that is based on the 
indeterminacy membership of the NS domain. This filter considers the neighborhood information 
in order to remove the indeterminacy in the spatial neighborhood of Hough space. A peak search 
algorithm on the Hough space is then employed to detect the potential lines in the image domain. 
Extensive experiments on noisy and noise-free images are performed in order to show the efficiency of 
the proposed NHT algorithm. We further compare our proposed NHT with traditional HT and FHT 
methods on a variety of images. The obtained results show the efficiency of the proposed NHT on 
both noisy and noise-free images. 

The rest of the paper is structured as follows: Section 2 briefly reviews the Hough transform and 
fuzzy Hough transform. Section 3 describes the proposed method based on neutrosophic domain 
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images and indeterminacy filtering. Section 4 describes the extensive experimental works and results, 
and conclusions are drawn in Section 5. 


2. Previous Works 


In the following sub-sections, we briefly re-visit the theories of HT and FHT. The interested 
readers may refer to the related references for more details about the methodologies. 


2.1. Hough Transform 


As it was mentioned in the introduction section, HT is a popular feature extractor for image based 
pattern recognition applications. In other definitions, HT constructs a specific parameter space, called 
Hough space, and then uses it to detect the arbitrary shapes in a given image. The construction of the 
Hough space is handled by a voting procedure. Let us consider a line given in an image domain as; 


y=kx+b (1) 


where k is the slope and b is the intercept. Figure 1 depicts such a straight line with p and 0 in image 
domain. In Equation (1), if we replace (k, b) with (p, 0), then we then obtain the following equation; 


cos p 
( E) Tn sind @) 











0 


Figure 1. A straight line in an image domain. 


If we re-write the Equation (2), as shown in Equation (3), the image domain data can be represented 
in the Hough space parameters. 
p = xcos + ysin (3) 


Thus, a point in the Hough space can specify a straight line in the image domain. After Hough 
transform, an image I in the image domain is transferred into Hough space, which is denoted as Ipr. 


2.2. Fuzzy Hough Transform 


Introducing fuzzy concept into HT is arisen due to the lines that are not straight in the image 
domain [19]. In other words, traditional HT only considers the pixels that align on a straight line and 
non-straight lines detection with HT becomes challenging. Non-straight lines generally occur due to the 
noise or discrepancies in pre-processing operations, such as thresholding or edge detection. FHT aims 
to alleviate this problem by applying a strategy. In this strategy, closer the pixel to any line contributes 
more to the corresponding accumulator array bin. As it was mentioned in [7], the application of the 
FHT can be achieved by two successive steps. In the first step, the traditional HT is applied to obtain 
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the Hough parameter space. In the second step, a 1-D Gaussian function is used to convolve the rows 
of the obtained Hough parameter space. The 1-D Gaussian function is given as following; 


E (4) 


O,otherwise 
where R — c defining the width of the 1-D Gaussian function. 
3. Proposed Method 


3.1. Neutrosophic Hough Space Image 


An element in NS is defined as: let A = (A1, Ao, ...., Am} as a set of alternatives in neutrosophic 
set. The alternative A; is (T(A;), I(A;), F( A;)) / A;, where T(A;), I(A;), and F(A;) are the membership 
values to the true, indeterminate, and false set. 

A Hough space image Inr is mapped into neutrosophic set domain, denoted as Iwgr, 
which is interpreted using Tyr, Int, and Fyr. Given a pixel P(o,0) in Ipr, it is interpreted 
as Pyyr(p,9) = (Tur(o,0), Ipr(p,0), Fur(o,0) }. Tur(p,0), Inre 0), and Fyr(p, 0) represent the 
memberships belonging to foreground, indeterminate set, and background, respectively [20-27]. 

Based on the Hough transformed value and local neighborhood information, the true membership 
and indeterminacy membership are used to describe the indeterminacy among local neighborhood as: 


g(p, 0) — 8min 
T| ,8) = ow on 5 
Hre ) gmax — gmin ( ) 
Gd(p,0) — Gdmin 
Tyr(p,0) = Cale, 8) fni (6) 
Fir (p,0) = 1— Tur(p,0) (7) 


where g(o,0) and Gd(p,0) are the HT values and its gradient magnitude at the pixel of Pyur(p, 0) on 
the image Iur. 


3.2. Indeterminacy Filtering 


A filter is defined based on the indeterminacy and is used to remove the effect of indeterminacy 
information for further segmentation, whose the kernel function is defined as follows: 


1 p? + 0? 
8 
27102 ev( 20? ) (8) 


Gi(p,0) = 





where c; is the standard deviation value where is defined as a function f(-) that is associated to the 
indeterminacy degree. When the indeterminacy level is high, oj is large and the filtering can make the 
current local neighborhood more smooth. When the indeterminacy level is low, o; is small and the 
filtering takes a less smooth operation on the local neighborhood. 

An indeterminate filtering is taken on Tyr(p, 0) to make it more homogeneous. 


0-m/2  ptm/2 


T'ar(p,9) = Tar(o,9) © Gr(u v) = YE à, Tur(e - 4,8 — v)Gr(u, v) (9) 
v=0—m/2u=p—m/2 





1 2 ER 2 
Gy(u,v) = 2n ee( = =a ) (10) 
o1(p,8) = f (limn(p,)) = alur(p,6) +b (11) 
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where T’ pr is the indeterminate filtering result, a and b are the parameters in the linear function to 
transform the indeterminacy level to standard deviation value. 


3.3. Thresholding Based on Histogram in Neutrosophic Hough Image 


After indeterminacy filtering, the new true membership set T'gr in Hough space image become 
homogenous, and the clusters with high HT values become compact, which is suitable to be identified. 
A thresholding method is used on T’ yr to pick up the clustering with high HT values, which respond to 
the lines in original image domain. The thresholding value is automatic determined by the maximum 
peak on this histogram of the new Hough space image. 


1 Tyr(e,9) > Thur 


12 
0 otherwise (12) 


Tgw (p, 0) = 


where Thr is the threshold value that is obtained from the histogram of T^g. 

In the binary image after thresholding, the object regions are detected and the coordinators of 
their center are identified as the parameters (p, 0) of the detected lines. Finally, the detected lines are 
found and recovered in the original images using the values of p and 0. 


4. Experimental Results 


In order to specify the efficiency of our proposed NHT, we conducted various experiments on a 
variety of noisy and noise-free images. Before illustration of the obtained results, we opted to show the 
effect of our proposed NHT on a synthetic image. All of the necessary parameters for NHT were fixed 
in the experiments where the sigma parameter and the window size of the indeterminacy filter were 
chosen as 0.5 and 7, respectively. The value of a and b in Equation (11) are set as 0.5 by the trial and 
error method. 

In Figure 2, a synthetic image, its NS Hough space, detected peaks on NS Hough space and the 
detected lines illustration are illustrated below. 

As seen in Figure 2a, we constructed a synthetic image, where four dotted lines were crossed in 
the center of image. The lines are designed not to be perfectly straight in order to test the proposed 
NHT. Figure 2b shows the NS Hough space of the input image. As seen in Figure 2b, each image point 
in the image domain corresponds to a sinus curve in NS Hough space, and the intersections of these 
sinus curves indicate the straight lines in the image domain. The intersected curves regions, as shown 
in Figure 2b, were detected based on the histogram thresholding method and the exact location of the 
peaks was determined by finding the center of the region. The obtained peaks locations are shown 
in Figure 2c. The obtained peak locations were then converted to lines and the detected lines were 
superimposed in the image domain, as shown in Figure 2d. 

We performed the above experiment one more time when the input synthetic image was corrupted 
with noise. With this experiment, we can investigate the behavior of our proposed NHT on noisy 
images. To this end, the input synthetic image was degraded with a 10% salt & pepper noise. 
The degraded input image can be seen in Figure 3a. The corresponding NS Hough space is depicted 
in Figure 3b. As seen in Figure 3b, the NS Hough space becomes denser when compared with the 
Figure 2b, because the all of the noise points contributed the NS Hough space. The thresholded 
the NS Hough space is illustrated in Figure 3c, where four peaks are still visible. Finally, as seen 
in Figure 3d, the proposed method can detect the four lines correctly in a noisy image. We further 
experimented on some noisy and noise-free images, and the obtained results were shown in Figure 4. 
While the images in the Figure 4a column show the input noisy and noise-free images, in Figure 4b 
column, we give the obtained results. As seen in the results, the proposed NHT is quite effective for 
both noisy and noise-free images. All of the lines were detected successfully. In addition, as shown in 
the first row of Figure 4, the proposed NHT could detect the lines that were not straight perfectly. 
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(c) (d) 


Figure 2. Application of the neutrosophic Hough transform (NHT) on a synthetic image, (a) input 
synthetic image; (b) neutrosophy (NS) Hough space; (c) Detected peaks in NS Hough space; and, (d) 
Detected lines. 








(b) 











(c) (d) 


Figure 3. Application of the NHT on a noisy synthetic image, (a) input noisy synthetic image; (b) NS 
Hough space; (c) Detected peaks in NS Hough space; and, (d) Detected lines. 
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(a) (b) 


Figure 4. Application of the NHT on a noisy synthetic image, (a) input noisy and noise-free synthetic 
image; (b) Detected lines with proposed NHT. 


As the proposed NHT was quite good in detection of the lines in both noise and noise-free 
synthetic images, we performed some experiments on gray scale real-world images. The obtained 
results were indicated in Figure 5. Six images were used and obtained lines were superimposed on the 
input images. As seen from the results, the proposed NHT yielded successful results. For example, 
for the images of Figure 5a,c-f, the NHT performed reasonable lines. For the chessboard image 
(Figure 5b), only few lines were missed. 
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We further compared the proposed NHT with FHT and the traditional HT on a variety of noisy 
images and obtained results were given in Figure 6. The first column of Figure 6 shows the HT 
performance, the second column shows the FHT achievements, and final column shows the obtained 
results with proposed NHT. 














(b) 





(d) (f) 


Figure 5. Various experimental results for gray scale real-world images (a-f). 


With visual inspection, the proposed method obtained better results than HT and FHT. Generally, 
HT missed one or two lines in the noisy environment. Especially for the noisy images that were given 
in the third row of Figure 6, HT just detected one line. FHT generally produced better results than 
HT. FHT rarely missed lines but frequently detected the lines in the noisy images due to its fuzzy 
nature. In addition, the detected lines with FHT were not on the ground-truth lines, as seen in first and 
second rows of Figure 6. NHT detected all of the lines in all noisy images that were given Figure 6. 
The detected lines with NHT were almost superimposed on the ground-truth lines as we inspected it 
visually. In order to evaluate the comparison results quantitatively, we computed the F-measure values 
for each method, which is defined as: 


2 x (precision x recall) 
precision + recall 





F-measure = (13) 
where precision is the number of correct results divided by the number of all returned results. The recall 
is the number of correct results divided by the number of results that should have been returned. 

To this end, the detected lines and the ground-truth lines were considered. A good line detector 
produces an F-measure percentage, which is close to 100%, while a poor one produces an F-measure 
value that is closer to 0%. As Figure 6 shows the comparison results, the corresponding F-measure 
values were tabulated in Table 1. As seen in Table 1, the highest average F-measure value was obtained 
by the proposed NHT method. The second highest average F-measure value was obtained by FHT. 
The worst F-measure values were produced by HT method. 
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Table 1. F-measure percentages for compared methods. 


Input Image HT FHT NHT 


First row (Figure 6) 81.09 85.96 89.50 
Second row (Figure 6) 71.87 86.75 98.28 
Third row (Figure 6) 32.85 42.58 59.96 
Average 61.94 71.76 82.58 





















































(a) (b) (c) 


Figure 6. Comparison of NHT with Hough transform (HT) and FHT on noisy images (a) HT results; 
(b) FHT results and (c) NHT results. 


We also experimented on various noisy real-world images and compared the obtained results with 
HT and FHT achievements. The real-world images were degraded with a 10% salt & pepper noise. 
The obtained results were given in Figure 7. The first, second, and third columns of Figure 7 show the HT, 
FHT, and NHT achievement, respectively. In addition, in the last column of Figure 7, the running 
times of each method for each image were given for comparison purposes. 

As can be seen in Figure 7, the proposed NHT method is quite robust against noise and can able to 
find the most of the true lines in the given images. In addition, with a visual inspection, the proposed 
NHT achieved better results than the compared HT and FHT. For example, for the image, which is 
depicted in the first row of Figure 7, the NHT detected all of the lines. FHT almost detected the lines 
with error. However, HT only detected just one line and missed the other lines. Similar results were 
also obtained for the other images that were depicted in the second and third rows of the Figure 7. 
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In addition, for a comparison of the running times, it is seen that there is no significant differences 
between the compared methods running times. 


Some noisy real-world images Running Times 


ELT 





HT: 0.265 secs. 
FHT: 0.320 secs. 
NHT: 0.329 secs. 


HT: 0.815 secs. 
FHT: 0.944 secs. 
NHT: 1.510 secs. 


HT: 1.080 secs. 
FHT: 1.177 secs. 
NHT: 0.214 secs. 





(a) (b) ' (9 


Figure 7. Comparison of NHT with HT and FHT on noisy images (a) HT results; (b) FHT results; and, 
(c) NHT results. 


5. Conclusions 


In this paper, a novel Hough transform, namely NHT, was proposed, which uses the NS theory 
in voting procedure of the HT algorithm. The proposed NHT is quite efficient in the detection of the 
lines in both noisy and noise-free images. We compared the performance achievement of proposed 
NHT with traditional HT and FHT methods on noisy images. NHT outperformed in line detection 
on noisy images. In future works, we are planning to extend the NHT on more complex images, 
such natural images, where there are so many textured regions. In addition, Neutrosophic circular HT 
will be investigated in our future works. 
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